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P = (P;<,1) € M is forcing order and G C P is a generic filter,
then M[G] is ac.t.m.
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then a € N by transitivity, and @ € bin N since N is a strong substructure.
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under S(z) = = U {x}. By the above remarks, the successor function in

M [G] restricts to the successor function of M. Thus w € M is an inductive
setin M[G].

M [G] is a model 10/11



Proof of the theorem: AC/WO

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 3= {OP(\, f(\) | A <k} x {1}.

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 3= {OP(\, f(\) | A <k} x {1}.

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.
@ [¢ defines a surjective partial function from & to ag.

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.
@ [¢ defines a surjective partial function from & to ag.

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)

O Ifyg € ag, then 3(v,p) € a withy € M¥ and p € G.

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)

O Ifyg € ag, then 3(v,p) € a withy € M¥ and p € G.

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)

O Ifyg € ag, then 3(v,p) € a withy € M¥ and p € G.
® 3\ < ksuch that f(\) = .

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)

O Ifyg € ag, then 3(v,p) € a withy € M¥ and p € G.
® 3\ < ksuch that f(\) = .

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)
O Ifyg € ag, then 3(v,p) € a withy € M¥ and p € G.
® 3\ < ksuch that f(\) = .
@ f(Ne =1e-

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)
O Ifyg € ag, then 3(v,p) € a withy € M¥ and p € G.
® 3\ < ksuch that f(\) = .
@ f(Ne =1e-

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)
O Ifyg € ag, then 3(v,p) € a withy € M¥ and p € G.
® 3\ < ksuch that f(\) = .
@ f(Ne=1e-
© « is totally ordered by € in M,

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)
O Ifyg € ag, then 3(v,p) € a withy € M¥ and p € G.
® 3\ < ksuch that f(\) = .
@ f(Ne=1e-
© « is totally ordered by € in M,

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)
O Ifyg € ag, then 3(v,p) € a withy € M¥ and p € G.
® 3\ < ksuch that f(\) = .
@ f(Ne=1e-
© « is totally ordered by € in M, hence V,

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)
O Ifyg € ag, then 3(v,p) € a withy € M¥ and p € G.
® 3\ < ksuch that f(\) = .
@ f(Ne=1e-
@ & is totally ordered by € in M, hence V, hence M [G].

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)

O Ifyg € ag, then 3(v,p) € a withy € M¥ and p € G.
® 3\ < ksuch that f(\) = .

0 f(Ne =1
@ & is totally ordered by € in M, hence V, hence M [G].
@ xis well ordered in M[G].

M [G] is a model 11/11



Proof of the theorem: AC/WO

We argue that every g € M[G], is well-orderable.
@ Well order dom(a) € M with a bijection f: x4 — dom(a).
Q Let 5 ={OP(\, f(\) | A< r} x {1}. B e MP.
Q Be={(\, f(N)a) | A < Kk} is a function in M [G] with domain k.

@ [¢ defines a surjective partial function from & to ag.
(Check surjectivity.)

O Ifyg € ag, then 3(v,p) € a withy € M¥ and p € G.
® 3\ < ksuch that f(\) = .

0 f(Ne =1
@ & is totally ordered by € in M, hence V, hence M [G].
@ xis well ordered in M[G].

@ Well order ag be v — least A € k such that f(A\)g = 6.

M [G] is a model 11/11



