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The Goal

In this set of slides we argue part of the proof that

Theorem. Let V be a model of ZFC and let M be a c.t.m. in V . If
P = ⟨P ; ≤, 1⟩ ∈ M is forcing order and G ⊆ P is a generic filter,
then M [G] is a c.t.m.

For the complete proof, see NST Theorem 28.24, pages 609-611.
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Preliminaries: (unordered pairs = UP ; ordered pairs = OP )

Given P -names σ, τ in M :

1 Let UP (σ, τ) := {(σ, 1), (τ, 1)}.

2 Let OP (σ, τ) := UP (UP (σ, σ), UP (σ, τ)).

Claim. UP (σ, τ) and OP (σ, τ) are P -names in M .
Recall that a set π is a P -name iff π is a binary relation such that for every (α, p) ∈ π
it is the case that α is a P -name and p ∈ P .
The Claim is clear for UP (σ, τ) = {(σ, 1), (τ, 1)}, hence if σ, τ ∈ MP , then
UP (σ, τ) ∈ MP .
Using this implication, we get that OP (σ, τ) = UP (UP (σ, σ), UP (σ, τ)) ∈ MP .

Recall that αG = {βG | (∃p ∈ G)((β, p) ∈ α)}. Hence:

1 UP (σ, τ)G = {σG, τG}.

2 OP (σ, τ)G = {{σG}, {σG, τG}} = (σG, τG).
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Proof of the theorem: Extensionality

M [G] is a countable transitive set in V .
If two elements of M [G] have the same elements in M [G],
then they have the same elements in V ,
hence they are equal in V ,
hence they are equal in M [G].
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Proof of the theorem: Pairing

Choose X, Y ∈ M [G].
Choose α, β ∈ MP such that αG = X and βG = Y .
Then γ := UP (α, β) ∈ MP and

γG = {αG, βG} = {X, Y } (∈ M [G]).
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Proof of the theorem: Union (weak version)

Choose X ∈ M [G]. Choose α ∈ MP such that αG = X .
Example: α = {(β, p), (γ, q), . . .}.
Since M is a c.t.m., and α ∈ MP ⊆ M , dom(α) ∈ M , hence⋃

dom(α) ∈ M . Let α =
⋃

dom(α).
Example: = α = (elements of β) ∪M (elements of γ) ∪M · · ·
α ∈ MP , hence αG ∈ M [G].

Claim. αG contains all elements of the elements of αG (= X).

Assume that γG ∈ βG ∈ αG. Then γ, β ∈ MP and ∃p, q ∈ G such that
(γ, q) ∈ β and (β, p) ∈ α. We have β ∈ dom(α), so (γ, q) ∈ α. It follows
that γG ∈ αG.

This shows that
⋃

X ⊆ α in M [G].
Comprehension will complete the argument.
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Proof of the theorem: Comprehension

Our goal is to prove that if φ(x, y0, . . . , ym−1) is a formula and
α, β0, . . . , βm−1 ∈ MP , then

y := {x ∈ αG | φ(x, β0G, . . . , β(m−1)G)} ∈ M [G].

Claim.

ρ := {(π, p) ∈ dom(α) × P | (p ⊩∗ ((π ∈ α) ∧ φ(π, β0, . . . , βm−1))M }

is in MP . (Check!)
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Proof of the theorem: Comprehension, 2

Claim. ρG = y.

1 If z ∈ ρG, then z = πG for some (π, p) ∈ dom(α) × P with p ∈ G such
that (p ⊩∗ ((π ∈ α) ∧ φ(π, β0, . . . , βm−1))M .

2 M [G] |= πG ∈ αG and φ(πG, β0G, . . . , β(m−1)G) by Corollary to
Forcing Theorem.

3 Thus z ∈ y.
4 Conversely, choose w ∈ y. I.e., w ∈ αG and φ(w, β0G, . . . , β(m−1)G)

holds in M [G].
5 w = πG for some (π, q) ∈ α with q ∈ G and φ(πG, β0G, . . . , β(m−1)G)

holds in M [G].
6 (p ⊩∗ ((π ∈ α) ∧ φ(π, β0, . . . , βm−1))M for some p ∈ G by the Forcing

Theorem.
7 Thus (π, p) ∈ ρ for some p ∈ G, so w = πG ∈ ρG.
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Proof of the theorem: Infinity

Assume N ∈ V is a c.t. strong substructure in V . If a ∈ b in V and b ∈ N ,
then a ∈ N by transitivity, and a ∈ b in N since N is a strong substructure.
Hence, the set of V -elements of b ∈ N is the same as the set of N -elements of
b.

This applies to both N = M and N = M [G].

Since M [G] satisfies Extensionality, Pairing, and Union, M [G] is closed
under S(x) = x ∪ {x}. By the above remarks, the successor function in
M [G] restricts to the successor function of M . Thus ω ∈ M is an inductive
set in M [G].
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Proof of the theorem: AC/WO

We argue that every αG ∈ M [G], is well-orderable.

1 Well order dom(α) ∈ M with a bijection f : κcard → dom(α).
2 Let β = {OP (λ̌, f(λ)) | λ < κ} × {1}. β ∈ MP .
3 βG = {(λ, f(λ)G) | λ < κ} is a function in M [G] with domain κ.
4 βG defines a surjective partial function from κ to αG.

(Check surjectivity.)

1 If γG ∈ αG, then ∃(γ, p) ∈ α with γ ∈ MP and p ∈ G.
2 ∃λ < κ such that f(λ) = γ.
3 f(λ)G = γG.

5 κ is totally ordered by ∈ in M , hence V , hence M [G].
6 κ is well ordered in M [G].
7 Well order αG be γG 7→ least λ ∈ κ such that f(λ)G = γG.

M [G] is a model 11 / 11
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1 If γG ∈ αG, then ∃(γ, p) ∈ α with γ ∈ MP and p ∈ G.
2 ∃λ < κ such that f(λ) = γ.
3 f(λ)G = γG.

5 κ is totally ordered by ∈ in M , hence V ,

hence M [G].

6 κ is well ordered in M [G].
7 Well order αG be γG 7→ least λ ∈ κ such that f(λ)G = γG.

M [G] is a model 11 / 11
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