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Statement

Q: How do we evaluate κλ?

Theorem
Let κ and λ be cardinals with 2 ≤ κ and λ infinite.

(1) If κ ≤ λ, then κλ = 2λ.

Henceforth assume λ < κ. In particular, κ is infinite.

(2) If κ is λ-reachablea from some µ < κ, then κλ = µλ.

Henceforth assume that κ is λ-unreachable from below.

(3) (a) if λ < cf(κ), then κλ = κ.
(b) if cf(κ) ≤ λ, then κλ = κcf(κ).

aThis means that there is some µ < κ such that κ ≤ µλ.
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Proof of (1)

Assumptions: 2 ≤ κ ≤ λinf.

Conclusion: κλ = 2λ.

By Cantor’s Theorem and the Assumptions we know that 2 ≤ κ ≤ λ < 2λ.
Raise these inequalities to the power λ throughout:

2λ

↑
≤ κλ

↑
≤ λλ ≤ (2λ)λ = 2λ

↑
. 2
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Proof of (3)(a)

Assumptions:

λinf < cf(κ) (≤ κ).
κ is λ-unreachable from below.

Conclusion: κλ = κ.

Choose a sequence α0 < α1 < α2 < · · · < κ of length cf(κ) such that⋃
i<cf(κ) αi = κ. Any function f ∈ κλ has image of size |f [λ]| ≤ λ < cf(κ),

contained in κ, hence f [λ] is not cofinal in κ. It follows that f [λ] is bounded
above by some αi. This implies that

f ∈ κλ =⇒ f ∈ αλ
i

for some i < cf(κ). This implies that κλ =
⋃

i<cf(κ) αλ
i . Hence

κ
↑

≤ κλ

↑
= |

⋃
i<cf(κ) αλ

i | ≤ |
⊔

i<cf(κ) αλ
i |

=
∑

i<cf(κ) |αi|λ ≤
∑

i<cf(κ) κ ≤ cf(κ) · κ = κ
↑

. 2
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The α-truncation of f : λ → κ

κ

λ

f κ

α

λ

f κ

α

λ

fα

fα(x) =
{

f(x) if f(x) < α

0 else.

The α-truncation of f “reveals” the part of the graph of f bounded above by
the line y = α. Note:

f ∈ κλ =⇒ fα ∈ αλ.
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Proof of (3)(b)

Assumptions:

cf(κ) ≤ λ < κ.

κ is λ-unreachable from below.

Conclusion: κλ = κcf(κ).

Choose a sequence α0 < α1 < α2 < · · · < κ of length cf(κ) such that⋃
i<cf(κ) αi = κ.

Encode each f ∈ κλ as its sequence (fαi)i<cf(κ) of αi-truncations.
The number of codes is bounded above by

∏
i<cf(κ) |αi|λ. Since κ is

λ-unreachable from below, and |αi| ≤ αi < κ, we have |αi|λ < κ. Hence the
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