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Recall

Theorem. (Cohen)
Let M be a c.t.m., κ ∈ M be an infinite cardinal, and G ⊆ F (κ × ω, 2, ω) be a
generic filter.

1 M [G] is a c.t.m. with the same ordinals as M ,
2 M [G] has the same cardinals and cofinalities of limit ordinals as M , and
3 κ ≤ 2ω holds in M [G].

We proved the first claim of Item (1) (except power set and replacement!) on Dec 3.
We proved the second claim of Item (1) on Nov 19 (see Slide 14!). We proved Item
(3) assuming Item (2). We proved that this Forcing is a c.c.c.-forcing on Nov 12 (see
Slide 10). We proved Item (3) modulo Item (2) and the fact that this is a c.c.c.-forcing
on Nov 10. It remains to prove Item (2). it will rely on:
The Forcing Theorem. Let M be a c.t.m., P ∈ M be a forcing order, and G ⊆ P be
a generic filter over M . For any formula φ with all free variables among
v0, . . . , vm−1 and for any σ0, . . . , σm−1 ∈ MP , the following conditions are
equivalent:

1 φ(σ0G, . . . , σ(m−1)G) holds in M [G].
2 There is a p ∈ G such that

(
p ⊩∗ φ(σ0, . . . , σm−1)

)M
.
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Stage 0 (a cofinality fact)

Lemma. Let γ be a limit ordinal. If (δi)i<α and (ϵj)j<β are strictly increasing
sequences of ordinals that are cofinal in γ, then cf(β) ≤ α and similarly
cf(α) ≤ β. In particular, if α and β are regular cardinals, then they are equal.

Proof: Define f : α → β by f(i) = j if j is least index for δi ≤ ϵj . This
yields a (≤ α)-length cofinal sequence in β, so cf(β) ≤ α. 2
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Stage 1

Theorem. Let M be a c.t.m. and let P ∈ M be a forcing order.

1 If P preserves infinite regular cardinals, then P preserves cofinalities of
limit ordinals.

2 If P preserves cofinalities of limit ordinals, then P preserves cardinals.

Proof: (1) Assume α ∈ M is a limit ordinal.

cfM (α) is an infinite regular cardinal in M , hence in M [G].
α has a strictly increasing cfM (α)-cofinal sequence in M and a
cfM [G](α)-cofinal sequence in M [G], so by the Stage 0 Lemma we have
cfM (α) = cfM [G](α).
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Stage 1, Part (2)

(2) Assume not and let λ ∈ M be the least cardinal in M that not a cardinal in
M [G]. λ is uncountable since ωM = ωM [G] by the absoluteness of “least
limit ordinal”.

(λ regular in M )
λ = cfM (λ) = cfM [G](λ), contradicting that λ is not a cardinal in M [G].
A

(λ singular in M )
λ =

⋃
µcard<λ µ, by singularity. Each µcard < λ remains a cardinal in

M [G], by leastness of λ. Hence λ is the union of strictly smaller
cardinals in M [G]. This forces λ to be a cardinal in M [G]. A 2
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Stage 2

Theorem. Let M be a c.t.m., let κ be an infinite cardinal in M , let P ∈ M be a
forcing order such that P satisfies the c.c.c. in M . Let G ⊆ P be a generic filter. If
A, B ∈ M , and f ∈ M [G] is a function f : A → B, then there exists F ∈ M such
that F : A → P(B) is a function satisfying

1 (∀a ∈ A)(f(a) ∈ F (a)), and

2 (∀a ∈ A)(|F (a)| ≤ ω)M .

Proof: If f : A → B in M [G] for A, B ∈ M , then f = τG for some τ ∈ MP and the
statement “τG is a function from ǍG to B̌G” holds in M [G]. Hence there is some
p ∈ G such that

p ⊩ “τ is a function Ǎ → B̌”.

Define
F (a) = {b ∈ B | (∃q ≤ p)(q ⊩ OP (ǎ, b̌) ∈ τ)}

= {b ∈ B | (∃q ≤ p)(q ⊩∗ (OP (ǎ, b̌) ∈ τ)M )}

F ∈ M by the second description.
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Stage 2, Part 2

We verify Item (1): Choose a ∈ A and b = f(a) ∈ B.

(OP (ǎ, b̌))G = (ǎG, b̌G) = (a, b) ∈ f = τG, hence
(∃r ∈ G)(r ⊩ OP (ǎ, b̌) ∈ τ).

For q ∈ G with q ≤ p, r we have q ⊩ OP (ǎ, b̌) ∈ τ (q ≤ r),
so b ∈ F (a) according to the definition of F (q ≤ p).

We verify Item (2): The idea will be to show, for any a ∈ A, that there is an injection
I : F (a) → P whose image is a strong antichain.
Using AC in M , for each b ∈ F (a) choose qb ∈ G such that qb ≤ p such that
qb ⊩ OP (ǎ, b̌) ∈ τ . Define I(b) = qb.

Claim. b ̸= c in F (a) implies I(b) ⊥ I(c).
Assume not. Choose r ∈ G with r ≤ qb, qc. We have r ⊩ OP (ǎ, b̌) ∈ τ ,
r ⊩ OP (ǎ, č) ∈ τ , and r ⊩ “τ is a function Ǎ → B̌”. This and the function property
contradicts b ̸= c. 2

c.c.c. forcing preserves cardinals 7 / 8
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For q ∈ G with q ≤ p, r we have q ⊩ OP (ǎ, b̌) ∈ τ (q ≤ r),
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contradicts b ̸= c. 2

c.c.c. forcing preserves cardinals 7 / 8



Stage 2, Part 2

We verify Item (1): Choose a ∈ A and b = f(a) ∈ B.
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= (ǎG, b̌G) = (a, b) ∈ f = τG, hence
(∃r ∈ G)(r ⊩ OP (ǎ, b̌) ∈ τ).
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so b ∈ F (a) according to the definition of F (q ≤ p).

We verify Item (2): The idea will be to show, for any a ∈ A, that there is an injection
I : F (a) → P whose image is a strong antichain.
Using AC in M , for each b ∈ F (a) choose qb ∈ G such that qb ≤ p such that
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= (a, b) ∈ f = τG, hence
(∃r ∈ G)(r ⊩ OP (ǎ, b̌) ∈ τ).
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so b ∈ F (a) according to the definition of F (q ≤ p).

We verify Item (2): The idea will be to show, for any a ∈ A, that there is an injection
I : F (a) → P whose image is a strong antichain.
Using AC in M , for each b ∈ F (a) choose qb ∈ G such that qb ≤ p such that
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qb ⊩ OP (ǎ, b̌) ∈ τ . Define I(b) = qb.

Claim. b ̸= c in F (a) implies I(b) ⊥ I(c).
Assume not. Choose r ∈ G with r ≤ qb, qc. We have r ⊩ OP (ǎ, b̌) ∈ τ ,
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For q ∈ G with q ≤ p, r we have q ⊩ OP (ǎ, b̌) ∈ τ (q ≤ r),
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qb ⊩ OP (ǎ, b̌) ∈ τ . Define I(b) = qb.

Claim. b ̸= c in F (a) implies I(b) ⊥ I(c).
Assume not. Choose r ∈ G with r ≤ qb, qc. We have r ⊩ OP (ǎ, b̌) ∈ τ ,
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For q ∈ G with q ≤ p, r we have q ⊩ OP (ǎ, b̌) ∈ τ (q ≤ r),
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For q ∈ G with q ≤ p, r we have q ⊩ OP (ǎ, b̌) ∈ τ (q ≤ r),
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qb ⊩ OP (ǎ, b̌) ∈ τ . Define I(b) = qb.

Claim.

b ̸= c in F (a) implies I(b) ⊥ I(c).
Assume not. Choose r ∈ G with r ≤ qb, qc. We have r ⊩ OP (ǎ, b̌) ∈ τ ,
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so b ∈ F (a) according to the definition of F (q ≤ p).

We verify Item (2): The idea will be to show, for any a ∈ A, that there is an injection
I : F (a) → P whose image is a strong antichain.
Using AC in M , for each b ∈ F (a) choose qb ∈ G such that qb ≤ p such that
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qb ⊩ OP (ǎ, b̌) ∈ τ . Define I(b) = qb.

Claim. b ̸= c in F (a) implies I(b) ⊥ I(c).
Assume not. Choose r ∈ G with r ≤ qb, qc. We have r ⊩ OP (ǎ, b̌) ∈ τ ,
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(OP (ǎ, b̌))G = (ǎG, b̌G) = (a, b) ∈ f = τG, hence
(∃r ∈ G)(r ⊩ OP (ǎ, b̌) ∈ τ).
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qb ⊩ OP (ǎ, b̌) ∈ τ . Define I(b) = qb.

Claim. b ̸= c in F (a) implies I(b) ⊥ I(c).
Assume not. Choose r ∈ G with r ≤ qb, qc. We have r ⊩ OP (ǎ, b̌) ∈ τ ,
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so b ∈ F (a) according to the definition of F (q ≤ p).

We verify Item (2): The idea will be to show, for any a ∈ A, that there is an injection
I : F (a) → P whose image is a strong antichain.
Using AC in M , for each b ∈ F (a) choose qb ∈ G such that qb ≤ p such that
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Stage 3

Theorem. Let M be a c.t.m. and let P ∈ M be a c.c.c. forcing order.

1 P preserves infinite regular cardinals.
2 P preserves cofinalities of limit ordinals.
3 P preserves cardinals.

Proof: It suffices to prove the first statement, then cite the Stage 1 Theorem.

Forcing preserves ω, so it suffices to prove the Theorem (1) for uncountable
regular cardinals. Assume that λ ∈ M is an infinite regular cardinal that is not
a regular cardinal in M [G].

In M [G], there is an α = cfM [G](λ) < λ and a function f : α → λ
whose image is unbounded in λ.

In M , there is a function F : α → P(λ) such that for a ∈ α we have
f(a) ∈ F (a) and |F (a)| countably infinite.

S =
⋃

a∈α F (a) is cofinal in λ in M , but smaller than λ = cfM (λ). A
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In M , there is a function F : α → P(λ) such that for a ∈ α we have
f(a) ∈ F (a) and |F (a)| countably infinite.

S =
⋃

a∈α F (a) is cofinal in λ in M , but smaller than λ = cfM (λ). A
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