
Practice with abbreviations!

Write the following statements formally. In each case, draw a formula tree for the state-
ment.

(1) The Axiom of Extensionality.

(2) ϕx=∅(x), which expresses “x has no elements”. Then express the Axiom of the Empty
Set.

(3) ϕ(p={x,y})(x, y, p), which expresses “p = {x, y}”. Then express the Axiom of Pairing.

(4) ϕ(y=S(x))(x, y), which expresses “y is the successor of x”.

(5) ϕind(I), which expresses that I is an inductive set.

(6) Express the Axiom of Infinity.

(7) ϕ(y=
⋃

x)(x, y), which expresses that y is the union of x. Then express the Axiom of
Union.
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Some answers!
(1) (∀x)(∀y)((x = y) ↔ ∀z((z ∈ x) ↔ (z ∈ y))). (Tree?)

(2) ϕx=∅(x) could be

¬(∃y)(y ∈ x) or (∀y)(¬(y ∈ x)) or (∀y)(y /∈ x).

To express the Axiom of the Empty Set, write (∃x)ϕx=∅(x) or (∃x)(∀y)(¬(y ∈ x)).
(Tree?)

(3) ϕ(p={x,y})(x, y, p) could be

(∀z)((z ∈ p) ↔ ((z = x) ∨ (z = y))).

The Axiom of Pairing could be

(∀x)(∀y)(∃p)ϕ(p={x,y})(x, y, p),

or

(∀x)(∀y)(∃p)(∀z)((z ∈ p) ↔ ((z = x) ∨ (z = y))).

(4) ϕ(y=S(x))(x, y) could be

(∀z)((z ∈ y) ↔ (z ∈ x) ∨ (z = x)).

(5) ϕind(I) could be

(∃x)((x ∈ I) ∧ (ϕx=∅(x)) ∧ (∀y)((y ∈ I) → (∃z)((z ∈ I) ∧ ϕ(z=S(y))(y, z))).

(6) The Axiom of Infinity could be expressed

(∃I)ϕind(I).

(Try expanding this so that it uses no abbreviations!)

(7) ϕ(y=
⋃

x)(x, y) could be

(∀z)((z ∈ y) ↔ (∃w)((z ∈ w) ∧ (w ∈ x))).

The Axiom of Union could be

(∀x)(∃y)ϕ(y=
⋃

x)(x, y).


