Inner Product

[ & | ] &
G 1 g2 8r
X1 1 1 1

2l d | x2(g) | | x2(gr)

Xr || dr | xXr(g2) |- | xr(gr)
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Inner product

Let o, 8: G — C be functions.

Write (v, 3) for the quantity |G| > ecc ¥(8)B(g) = / ap dg,
G
which is a hermitian inner product on CC.

(It is linear in its second variable and antilinear in its first variable.)
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Example. The inner product of irreducible characters of S3

1 3 2
Syl[1](2)|(123)
X1 1 1 1
vl 1] =1 1
vil2] 0] -1

Inner Product 3/5



Example. The inner product of irreducible characters of S3

1 3 2

Sy || 1| (12)](123)

X1 1 1 1

x2 || 1] —1 1

X3 || 2 0 -1

Unmerge the columns:

’53 H 1 \ (12) \ (13) \ (2 3) \ (123) \ (132)\
x1 || 1 1 1 1 1 1
x2 || 1] —1 —1 -1 1
X3 || 2 0 0 0 -1 -1
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Example. The inner product of irreducible characters of S3

1 3 2

Sy || 1| (12)](123)

X1 1 1 1

x2 || 1] —1 1

X3 || 2 0 -1

Unmerge the columns:

]53 H 1 \ (12) \ (13) \ (2 3) \ (123) \ (132)\
x1 || 1 1 1 1 1 1
x2 || 1] —1 —1 -1 1
X3 || 2 0 0 0 -1 -1

(2, x3) = (@) + (=1)(0) + (=1)(0) + (=1)(0) + (1) (=1) + (1)(~1))
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Example. The inner product of irreducible characters of S3

1 3 2

Sy || 1| (12)](123)

X1 1 1 1

x2 || 1] —1 1

X3 || 2 0 -1

Unmerge the columns:

]53 H 1 \ (12) \ (13) \ (2 3) \ (123) \ (132)\
x1 || 1 1 1 1 1 1
x2 || 1] —1 —1 -1 1
X3 || 2 0 0 0 -1 -1

(2, x3) = §((DQ@) + (=1)(0) + (=1)(0) + (=1)(0) + (1)(=1) + (1)(~1)) =0
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Example. The inner product of irreducible characters of S3

1 3 2
Sy || 1| (12)](123)
X1 1 1 1
x2 || 1] —1 1
X3 || 2 0 -1
Unmerge the columns:
]S3 H 1 \ (12) \ (13) \ (2 3) \ (123) \ (132)\
X1 || 1 1 1 1 1 1
x2 || 1] —1 -1 -1 1
X3 || 2 0 0 0 -1 -1
(a2, x3) = %((T)(2)+(—1)( )+ (=1)(0) + (=1)(0) + (1)(~1) + (1)(~1)) =0
(axa) =52+ +02+ 07+ (1) 4 (-1)%) =1
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We don’t have to unmerge the columns to evaluate the inner product of
characters if we take the conjugacy class sizes into account.
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We don’t have to unmerge the columns to evaluate the inner product of
characters if we take the conjugacy class sizes into account.

1 ks . k,
G| 1 &2 || &
i1 1 . 1
X2 || d2 | x2(g2) | -+ | xa(gr)
Xr || dr | Xr(82) | - | xe(8r)
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We don’t have to unmerge the columns to evaluate the inner product of
characters if we take the conjugacy class sizes into account.

1k ] &
Gl1| & || &
il 1 1 .. 1
X2 || 4 | xa(g2) | - | xo(gr)
X.r d‘r Xr(gZ) ) Xr(gr)
(i xg) = 167 () (d)) + ka(xi(82)) (xi(82)) + -+ - + ke ((xilgr)) (X3 (81)))

161 et ke(xi(ge)) (x;(80)
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Most important facts

o If U and V are f.d. C[G]-modules, then (xy, xv) equals the dimension of
the C-vector space Homgg (U, V).
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Most important facts

o If U and V are f.d. C[G]-modules, then (xy, xv) equals the dimension of
the C-vector space Homgg (U, V).

@ The irreducible characters form an orthonormal basis for the space of
class functions under the inner product (__, ).
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