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Problem 1.

(a) Show that a group is 2-Engel (satisfies [z,y,y] = 1) if and only if every 1-generated
normal subgroup is abelian.

(b) Show that the following laws are consequences of [z,y,y] = 1:

(i) [2,y,2] = [y, 2, 2]
(i) [z,y,2) =1
(iii) [z,y,z,t] =1

Proposition 1. Satisfying the law [a,b,b] = 1 is equivalent to [a,b] = [b~' a]. Hence,
la,b]7! = [a, b7 '] in a 2-Engel group.

Proof. Notice that
[a,b,b] = b ra"bab 'a" b abb = [b, a]b~'[a, b]b.

Thus [a, b, b] = 1 if and only if

b~ 'a,b)b = [a, b]
[a,b] = bla,b]b™!
[a,b] = ba" b tabb™?
[a. ] =[b"",q]

]

Proposition 2. A group G is 2-Engel if and only if every 1-generated normal subgroup is
abelian.

Proof. A normal subgroup generated by = € G is the subgroup of G generated by {y~zy :
y € G}. Thus, it suffices to show that x commutes with its conjugates. Observe that

xy~lzy = y~lzyx if and only if
xy_lacy = y_lxya:
xy’lxy:v’l = y’lxy
g layzl = &y \ay
ly, 27" = [z, y].
Hence, the result follows from Proposition 1, with a =y, b = 27! n
Proposition 3. Let A be the normal closure of a € G, then the map ry(x) = [z,b] is an

endomorphism of A for each g € G. Since A is commutative, we use the notation r, + r. to
denote the map x — ry(x)r.(x) and —ry to denote the map x — [x, b~ . Furthermore, this
endomorphism satisfies m, o r, =0 (0 denoting the map x +— 1).
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Proof. For z,y € A, notice that since [x,b] is a product of conjugates of x and z~! which
all commute with y. Thus, ry(zy) = [zy, b] = [z, b]Y[z,b] = [z, b][y,b] = ro(x) + rp(y). Next,
applying Proposition 1, we have r,(—z) = [z71,0] = [b,27 ]t = [b,2] = [x,0]7! = —r(b).
The fact that r, o r, = 0 is just the 2-Engel condition: r, o ry(z) = [z, b,0] = 1. O

Proposition 4. Let b,c € G. Then
(i) rp-1 = —r1y
(1i) The =Te+ T+ 10T
(iii) rpor. = —T 0Ty
Proof.
(i) This follows from Proposition 1, that [z, b~ = [z, ] .
(ii) Observe that

[z,bc] = [z, [z, b]° = [x, [z, b][z,b] ‘e [z, be = [x, [z, b][z,b, ¢] = (retrytreory)(z).

(iii) Applying (i) and (ii), we have that

T(e-15-1) © The =(Tp-1 +Te-1 +1p-1 07¢-1) 0 (T + 15 +Tc0Tp)
=rp-10Te+Tp-107Tp +Tp-10T.0T +T¢-107c+Tc-10T +Te-107.0Ty
+Tp-107c-1 07T+ Tp-10T~1 07T +7Thp-10T~1 07,07y
= —TpOTe —TpOTp —TpOTcOTy —Te¢OTe —TecOTHp —TecOT:0Ty
—1p0(=re0me) =10 (=re0ry) =T 0 (=T 0T 0Ty)
= —TpOTc—TpOTcOTp —TcOTp + 10107y

= —TpOTe—TcOTy.

Note that the fourth equality follows from the third because r, o r, = 0 for arbitrary
a € A. That is, terms with an endomorphism composed with itself disappears. Now,
T(e=15-1) © The = T'(he)=1 © Toe = —Tpe © Tpe = 0. Hence 0 = —ry0r. — 1. 07173

O
Proposition 5. The following are identities in a 2-Engel group G:
(1) [,y 2] = ly, z, 2]
(i) [z,y,2]> =1

(iii) [x,y,z,t] =1
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Proof.

(i) Using Proposition 4 (iii), we have r, o ry(x) = —r, o r,(z). Expanding this, we have

(i)

[z,y,2] = [x,2,9]"". Now, observe that

1 1 1

[z, 2,y) 7 = ([, 2]y 7o, 2ly) ™ =y e, 2]y, 2

Then, since [z, z] commutes with conjugates of its inverse, we can re-write

1 1

yfl[sz]— y[I,Z] = [x?z]yil[xvz]ily = [va]i yil[zax]y = [Z>x7y]'

That is, [z,y,2] = [z,2,y]. Applying the same argument again to [z, x,y| gives
[z, y,2] = [y, 2, 2].

1 1

Using (i), notice that [x,y7', 2] = [z,2,y7! = [z, 2] 'y[z, 2]y~! is a product of y~*
and a conjugate of y. Thus, [z,y™!, 2] commutes with y so [z,y™,2]Y = [z,y7},2].
Furthermore, again using that elements commute with conjugates of their inverses,

™ T =ylealy el = [y e ] Ty = (1, 2,y = [y, 2]

[z, 2] ylz, 2]y

Thus, we have [z,y71, 2] = [x,y, 2] 7! so applying the Hall-Witt identity, we have

L= [,y 2y, 27 [z, 27 g
1= o,y 2y, 2 2z, 27y
1= [z,y, 2] [y, 2, 2] [z, 2,97
1=[z,y, 2>

Then, multiplying through by [z, ¥, 2]® gives the desired result.

Note that [z,y, z,t] =, or, ory(z), so it suffices to show that 740 r. o, =0 for any
b,c,d € G. Applying Proposition 4 (iii), we have r, 0 rog = —7rq 0 15. So applying part
(ii) of the same proposition to 7.4, we have

rpo (rg+ret+rqgor.) =—(rq+r.+rqor.) o
ThOTqg+TpOTe+TpOTgOT T = —TqOTp —Tc0Tp) —TqOT.0Ty
Tporg+ryor.+ryorgor,=—(—rpory) — (—=rpor.) —rg0T . OMTY

ThOTqgOTe=—TgOTcOTy

2rgor.omr, = 0.

The last equality is the result of ryorgor, = —(rqory)or, = —rqo(—re.ory) = rqor.ory,.
We also have 3rg o r. o, = 0 since 3rgor.ory(z) = [z,b,¢,d]® = [[z,b],c,d]* = 0 by
part (ii). Thus, 2r4 01, 01y, = 3rg 0 1. 0 13, from which we get r40 7, 07 = 0.

]



