Some Convergence Tests for Series.

Theorem 2.7.4. (Comparison Test). Assume (a;);en+ and (b;);en+ are sequences satis-
fying 0 < a; < b; for all © € N*.

(1) If Y722, b; converges, then > .~ a; converges.

(i) If >0, a; diverges, then Y >°, b; diverges.

Theorem. (Deleting First N Terms). > * a; and > ° , a; both converge or both

diverge.

Example 2.7.5. (Geometric Series). > ar' = ;% if |r| < 1. > ar' diverges if
|r| > 1 and a # 0.

Theorem 2.7.6. (Absolute Convergence Test). If the series > ".° | |a;| converges, then
> o2, a; converges.

Exercise 2.7.9 (Ratio Test). Assume that ) .-, a; is a series with nonzero terms. If

Qk+1
Qg

lim

k—00

=r <1,

then > 7 a; converges absolutely.

Exercise 2.7.14 (Dirichlet’s Test). Let (a;);en+ be a sequence with
(i) a3 > ag > -+, and
(ii) lim; o0 a; = 0.

If 77, by has bounded partial sums, then ), | axby converges.

Theorem 2.7.7 (Alternating Series Test). Let (a;);en+ be a sequence with
(i) @y > ag > ---, and
(ii) lim;_ oo a; = 0.

Then Y77 (—1)*ay, converges.
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