MATH 6270 Assignment 3, Problem 2 Connor Meredith

Problem 2. Show that if x € Irr(G) and x(1) > 1, then x(g) = 0 for some g € G.

Solution Let G be a group and let xy € Irr(G). Suppose x(1) > 1. Then by the row
orthogonality theorem,

1=(x,x) = é%@x(g) = |—é| > Ix(g)P
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Then by applying the arithmetic-geometric mean inequality (which states that the geometric
mean of a collection of numbers is at most the arithmetic mean,) we see

(T )Py < r_(1;| S () =1
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The arithmetic-geometric mean inequality also specifies that equality is obtained if and only
if all numbers in the given collection are equal. This cannot be the case here, since if it were,
then we would have 1/|G]| 2969 |X(g)|2‘: (|G||X(1)|2)/|G| = |X(1)|2 > ‘1, Which.cont‘radicts
(x, x) = 1. Hence, the geometric mean is strictly less than the arithmetic mean in this case.
Moreover, since each term in the mean is positive, so is the overall mean, so we can write

0 < [T 1P < ] Ix))@ <1
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Now recall that if L/K is a Galois extension, the norm of an element « € L is

I[I o

c€Gal(L/K)

That is, the norm of o € L is the product of all Galois conjugates of . In our case,
character values belong to the extension of Q by the |G| — th roots of unity, say Q[w], which
is a Galois extension. Let 0 € Gal(Q[w]/Q) and let x € Irr(G) be a character afforded by
representation p. Then oo p is a representation of GG, and must be irreducible (otherwise, we
could apply o~! to obtain a reduction of p.) Moreover, each ¢ extends to an automorphism
of C, so applying ¢ to the character table of G simply permutes the rows of the table. As
before, we have (7 o x,0 0 x) = 1 and eventually 0 <[] __[(c 0 x)(g)|* < 1. Our choice of
o was arbitrary, so this is true for all elements of Gal(Q|w]/Q), yielding that

Noer[w]/Q(H x(9)]*) = H H (0 0x)(9)I
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is a rational number contained in [0, 1).

The only rational numbers that are also algebraic integers are the rational integers, so the
norm of this product is a rational integer. There is exactly one rational integer ¢ that satisfies
0 < ¢ < 1, namely, ¢ = 0, so the product has norm zero. Hence, some term of the product
has norm zero, so we must have that for some g € G, |x(g)| = 0. Hence, x(g) is itself zero,
so the result has been shown.



