Problem 2. (Gern, Hower). (a) Assume that R is Noetherian, that M is a finitely generated

R-module and that L, N < M are submodules. Show that L C N if and only if L, C Ny for
all p € Ass(M/N).

(b) Show that any subset U C Spec(R) can be Ass(M) for some R-module M. Show that any

finite subset Uy C Spec(R) can be the set of associated primes of some finitely generated
module.

Solution: (a) For the forward implication suppose that L C N and let p € Ass(M/N). Then the

inclusion ¢ : L S Nis injective. Now consider ¢y, : Ly — Nj. Let % € ker(¢yp). Then % = %
in Ny, so there exists some v € R\ p such that v({-1—0-u) =vl =0 in N. Then since ¢ is
injective vl = 0 in L, so £ = 9 in Ly, so ker(¢p) = {0}. Then ¢, is injective, so L, C N,

For the reverse implication suppose that L. ¢ N. Then N C L+ N. Since R is Noetherian we
see that (L+N)/N must contain some associated prime p, so there exists some x € (L+N)\ N
such that p = (N : ). We see that also, p € Ass(M/N). Then L,+ N, = (L+N), by corollary
34,80 7 € Ly+ Ny, and § # % since there is no u € R\ p such that zu = 0. Now suppose
that 7 € Ny. Then § = 2 for some u € R\ p. Then there exists some ¢ € R\ p such that
t(ur —n) = 0, so tux = tn in M. But we see that tn € N, and tu € R\ p, so tuz ¢ N, a

contradiction. Therefore, x & Ny, so Ny C Ly + Np, and thus Ly, ¢ N,,.

Let U = {pi}icr C Spec(R), and set M = @,.; R/p;. (Note that M is finitely generated if
U is a finite set.) Since R/p; — M for alli € I, U C Ass(M).

Suppose that g = (0 : s) € Ass(M). We can write s = (r; + p;)ics, where r; € p; except for
finitely many indices i1, ..., iy.
Let t € g. Then for all i € I, tr; € p;. In particular, since each p;; is prime, and each r;, ¢ p; »
we have ¢ € p;; for 1 < j <n. Thus q C(;_, p;;-
On ths other hand, if t € ﬂ?zl pi;, then ¢t € g, since tr;; € p;; for 1 < j < n. Thus
Now q = (j_; pi; 2 [[j—; ps;- I have assumed that q is a prime ideal, so we must have that
some p;, is contained in . On the other hand, g is the intersection of the p;;’s, so q C p;, .
Thus q = p;, € U, and so Ass(M) =U.
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