MATH 6150 COMMUTATIVE ALGEBRA SEPTEMBER 30, 2009

Assignment IV, Problem 4 Batchelder, Jones, Tuley

4 (a) Show that Q [ﬂ] ®g Q [\/ﬁ] ~Q [ﬁ] xQ [ﬂ] as Q-algebras.

Solution. Recall the universal property of tensor product: letting 1 denote the natural inclusion, any
bilinear map ¢ from Q [\/ﬁ] x Q [\/ﬁ] to another Q-module X (in our case, Q [\/ﬁ] x Q [\/ﬁ]),
there exists a unique ® : Q [\/m] ®g Q[v/m] so that g = Do s:

[}

Q[Vm]xQlvm] —— Q[vm]egQ[vm]

T

D
Q[vm]xQ[vm]

PR

Define ¢ by ¢ : (a,b) — (ab, ab), where a + 8/m = « — f/m denotes the usual conjugate. We
claim this is a bilinear map: for a, b, x, y € Q [/m],

p(ax +y,b) = ((ax + y)b, (ax + y)b) ¢(a,bx +y) = (ab(x + y),a(bx +y))
= (axb + yb, axb + yb) = (abx + ay,a(bx +7))
= a(xb,xb) + (yb, yb) = (abx, abx) + (ay,ay)
=agp(x,b) +¢(y,b) =bg(a,x) +¢(a,y)

Hence there is a unique @ which lifts ¢.

We now define a basis of Q [\/ﬁ] x Q [\/ﬁ] over Q as a Q-algebra:
bO = (1’1) bl = (\/%) \/%) bZ = (\/%:_\/E) b3 = (m’ _m)'

This is a basis: if
0=a(L1) +b(vm,/m)+c(v/m,~/m)+d(m,~m),

then

a+md=0
a-md=0 =>a=0=>d=0
b+c=0
b-c=0
2b=0
b=0 =c=0.

Abasis of Q [/m] ®g Q[/m] is
vo=1®1 n=vmel v=1eoVm vs=vmevm

by Corollary 19 on pg. 374 of Dummit and Foote.
Let @ be the induced map Q [/m] ®g Q[/m] > Q[\/m] x Q[/m]; observe that since @ is a

lift of ¢, we get a® b + (ab, ab). Furthermore, we must send basis to basis, which we observe happens
thus:

1910 (1,1) Vm® 1 (Vm,/m)
1@ Vm = (V/m,—/m) Vm @ /m e (m,—m).
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(b)

(c)

Since the image of ® contains a basis of Q [\ / m] xQ [\ / m], it is surjective. We now show it is injective:
Q [\ / m] ®Q [\ / m] is a four-dimensional vector space with the above basis; if a linear combination of

those vectors is sent to zero, then the result is some combination of basis vectors in [\ / m] xQ [\ / m],
and so is only zero if each coefficient is zero; since @ is a bilinear map, this means that the preimage
must be zero.

Hence @ is an isomorphism, so Q [\/m] ®g Q[v/m] = Q[v/m] x Q[/m]. ]
Find the idempotents in Q [\/ﬁ] ®o Q [\/m] that induce the direct decomposition described in (a).

Solution. Idempotent elements in Q [\/m] x Q [\/m] are (0,0), (0,1), (1,0), and (1,1); since ® is
an isomorphism, the pullback of each of those elements is also idempotent. Those pullbacks are:

®7'(0,0)=0®0
®7(1,0) %(1@1) + ﬁ (Vm®/m)

®7'(0,1) %(1®1) - ﬁ (Vm e /m)
O7'(1,1) = d71(0,1) + @'(1,0) = (1®1).

The two nontrivial idempotents induce the direct decomposition courtesy of homework 1, problem 3. i
Find an idempotent e # 0,1in Q[~/2] ® Q[+/2].
Solution. One exampleise = %(1®1) - % (/2 ® V4) - % (V2 ® V4):
- g(ml)z_é(1®1)(€/§®\3/1)—$(1®1) (Vie v2)
L(VEe¥a) ey + L (Ve va) + L (VievE) (Vi V2)
-5 (Vaeva) oy + o (VieV2) (Vae V) + o (Vie V2)
:§(1®1)—l(%®ﬁ)+1(ﬁ®%)—l(%®ﬁ)+%(%‘1@%)
v (VB8 VE) - (VaeVa)+ oo (VBa VB) + - (Vise V4)

(5036736 a0+ [5 -5+ 5| (Ve vA)+ [1 5 3 (Vie¥2)

=e.

This example was found by observing the structure of the idempotents in the previous question, then
generalizing the structure and searching likely candidates until a suitable element was found. ]




