COMMUTATIVE ALGEBRA HW 4

KELLER, SELKER

Problem 3 Let F be a field. Suppose that A and B are F-algebras and that B = F[b] is generated
as an FF-algebra by a single element b € B.

(1) Show that A ®p B = Alz]/ min,r(z).

(2) Restrict now to the case where A and B are fields. Give an example where A ®p B has
nonzero nilpotent elements, and another example where A ®r B (# 0) has no nonzero
nilpotent elements.

Solution

(1) An F-algebra homomorphism ¢: F[z] — F[b] is determined by ¢(x) since F[z] is freely
generated by = as an F-algebra. The map x +— b extends uniquely to such an F-algebra
homomorphism ¢. Since F[z]| is a principal ideal domain, there exists a unique monic
polynomial that generates the ideal ker ¢ <1 Flz] (we consider the zero polynomial to be
monic). We define miny y(z) to be this unique monic polynomial. Henceforth, let

n
m(z) = Z myz®
k=0

be the polynomial min, r(z).

Now let @ ® 8 be a simple tensor in A ®p B. We define a normal form for any simple
tensor in a ® B € A ® B as follows. We can represent this simple tensor uniquely as
a® = ca®p(b) where ¢ € F and p(z) is monic and of minimal degree. If o ® (3 is zero, set
¢ =0 and p(z) = 0. Otherwise we obtain ¢ and p(z) by viewing § = ¢(b) where [¢(x)] is an
element in F[x]/(m(z)) and choosing a representative ¢’(z) of this class of minimal degree.
Then ¢'(x) can be expressed uniquely as c¢p(z) where p(z) is monic and ¢ € F. It is clear
that cp(b) = q(b) = [ since ep(x) — q(x) € (m(z)) and hence cp(b) — q(b) = 0.

Then we define a map f: A x B — Alz|/m(x) as follows. Let (a, 3) € A x B. Let ca® p(b)
be the normal form of the simple tensor a ® 5. Then we define
f(a, B) = [cap(x)]
where [cap(x)] is the equivalence class of cap(z). We will show that this map is F-balanced.
Let an, a9 € A, 1,82 € B. Consider the simple tensor ay ® (1 + (2) with normal form
ca1 @p(b) where ¢ € F. Now let c;a1 ®p1(b) and coar; @ p2(b) be the normal forms of a; ® 34
and a1 ® g, respectively. Thus ep(z) = e1p1(z) + cap2(z) (mod m(z)), so
flar, B1) + fla1, B2) = [craapi(z)] + [c2a1pa(z)]

= |1 (c1p1 (@) + capa(w))]

= [carp(z)]

= f(ahﬂl + ﬂ?)

Now let cay @ p(b) and cag ® p(b) be the normal form of a1 ® £; and e ® (31, respectively.
Then (cay + caz) ® p(b) is the normal form of (o + a2) ® 5 and we have

flar + ag, B) = [(car + caz)p(z)] = [canp(z)] + [conp(z)] = flar, B1) + flaz, B1).
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Our definition of f implies that if ¢ € F then
flone, Br) = fla, cf)

since the corresponding simple tensors have the same normal form. Then f is F-balanced,
so by the universal property of tensor product f extends uniquely to an F-algebra homo-
morphism ¢: A® B — Alz]/m(x).

C
AxB——> A®B

PN
:

Alz]/m(x)

We note that A[x] is generated by elements of the form az™ where o € A and n > 0. Then
Alx]/m(z) is generated by the corresponding equivalence classes. Since

pla®b") = [az"]
it follows that ¢ maps A ® B onto a generating set for A[z] and is therefore surjective.
Now we define a map p : A[z] — A® B by setting a2 +...+ap — a, Q0" +...+ay®1.
Now if a® 3 is any nonzero simple tensor then o ® /3 has some normal form ca ® p(b), hence
plcap(x)) = ca @ p(b) = a® (3, so p is surjective. Note that if ca ® p(b) is the normal form
of any simple tensor then

p(e(ca @ p(b))) = p(cap(x)) = ca @ p(b).
Now because ¢ is surjective and p is its left inverse, ¢ and p are inverses of each other, thus
 is an isomorphism.

First consider the case A = B = F, for any field F. Note that FQpF=F viaa® b+ a - b.
Fields do not have nonzero nilpotent elements.

Now let [F,, be the field with p elements, for some prime, p, and let K = [F,[k] be a transcen-
dental extension of F),. Now let a be a root of the polynomial 2P — k. Thus K([a] is a free
K-module of rank p, with basis 1,a,...,a”"!. Thus K[a] ® K|a] is free of rank p?. The
set of simple tensors b; ® b; for any two basis elements b;, b; of K|[a] are clearly a generating
set for K[a]® KJa], and by comparing their number to the dimension we see they must form
a basis. Because the basis is linearly independent, we must have that a :=a® 1 —1® « is
a nonzero element of K|a] @ x K[a]. However,

d=a®l-10a)’
=a?®1P-1P®o”

—k®1-10k
—1k—10k
=1®0,

thus a is a nonzero nilpotent of A ® B.



