
COMMUTATIVE ALGEBRA HW 4

KELLER, SELKER

Problem 3 Let F be a field. Suppose that A and B are F -algebras and that B = F[b] is generated
as an F-algebra by a single element b ∈ B.

(1) Show that A⊗F B ∼= A[x]/minb,F(x).
(2) Restrict now to the case where A and B are fields. Give an example where A ⊗F B has

nonzero nilpotent elements, and another example where A ⊗F B (6= 0) has no nonzero
nilpotent elements.

Solution

(1) An F-algebra homomorphism ϕ : F[x] → F[b] is determined by ϕ(x) since F[x] is freely
generated by x as an F-algebra. The map x 7→ b extends uniquely to such an F-algebra
homomorphism ϕ. Since F[x] is a principal ideal domain, there exists a unique monic
polynomial that generates the ideal kerϕ C F[x] (we consider the zero polynomial to be
monic). We define minb,F(x) to be this unique monic polynomial. Henceforth, let

m(x) =
n∑

k=0

mkx
k

be the polynomial minb,F(x).

Now let α ⊗ β be a simple tensor in A ⊗F B. We define a normal form for any simple
tensor in α ⊗ β ∈ A ⊗ B as follows. We can represent this simple tensor uniquely as
α⊗β = cα⊗ p(b) where c ∈ F and p(x) is monic and of minimal degree. If α⊗β is zero, set
c = 0 and p(x) = 0. Otherwise we obtain c and p(x) by viewing β = q(b) where [q(x)] is an
element in F[x]/(m(x)) and choosing a representative q′(x) of this class of minimal degree.
Then q′(x) can be expressed uniquely as cp(x) where p(x) is monic and c ∈ F. It is clear
that cp(b) = q(b) = β since cp(x)− q(x) ∈ (m(x)) and hence cp(b)− q(b) = 0.

Then we define a map f : A×B → A[x]/m(x) as follows. Let (α, β) ∈ A×B. Let cα⊗ p(b)
be the normal form of the simple tensor α⊗ β. Then we define

f(α, β) = [cαp(x)]

where [cαp(x)] is the equivalence class of cαp(x). We will show that this map is F-balanced.
Let α1, α2 ∈ A, β1, β2 ∈ B. Consider the simple tensor α1 ⊗ (β1 + β2) with normal form
cα1⊗p(b) where c ∈ F. Now let c1α1⊗p1(b) and c2α1⊗p2(b) be the normal forms of α1⊗β1

and α1 ⊗ β2, respectively. Thus cp(x) ≡ c1p1(x) + c2p2(x) (mod m(x)), so

f(α1, β1) + f(α1, β2) = [c1α1p1(x)] + [c2α1p2(x)]

= [α1 (c1p1(x) + c2p2(x))]

= [cα1p(x)]

= f(α1, β1 + β2).

Now let cα1 ⊗ p(b) and cα2 ⊗ p(b) be the normal form of α1 ⊗ β1 and α2 ⊗ β1, respectively.
Then (cα1 + cα2)⊗ p(b) is the normal form of (α1 + α2)⊗ β and we have

f(α1 + α2, β) = [(cα1 + cα2)p(x)] = [cα1p(x)] + [cα2p(x)] = f(α1, β1) + f(α2, β1).
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Our definition of f implies that if c ∈ F then

f(α1c, β1) = f(α1, cβ1)

since the corresponding simple tensors have the same normal form. Then f is F-balanced,
so by the universal property of tensor product f extends uniquely to an F-algebra homo-
morphism ϕ : A⊗B → A[x]/m(x).

A×B
⊆

- A⊗B

A[x]/m(x)

ϕ

?

.................

f
-

We note that A[x] is generated by elements of the form αxn where α ∈ A and n ≥ 0. Then
A[x]/m(x) is generated by the corresponding equivalence classes. Since

ϕ(α⊗ bn) = [αxn]

it follows that ϕ maps A⊗B onto a generating set for A[x] and is therefore surjective.
Now we define a map ρ : A[x]→ A⊗B by setting anx

n + . . .+a0 7→ an⊗bn + . . .+a0⊗1.
Now if α⊗β is any nonzero simple tensor then α⊗β has some normal form cα⊗p(b), hence
ρ(cαp(x)) = cα⊗ p(b) = α⊗ β, so ρ is surjective. Note that if cα⊗ p(b) is the normal form
of any simple tensor then

ρ(ϕ(cα⊗ p(b))) = ρ(cαp(x)) = cα⊗ p(b).
Now because ϕ is surjective and ρ is its left inverse, ϕ and ρ are inverses of each other, thus
ϕ is an isomorphism.

(2) First consider the case A = B = F, for any field F. Note that F⊗F F ∼= F via a⊗ b 7→ a · b.
Fields do not have nonzero nilpotent elements.

Now let Fp be the field with p elements, for some prime, p, and let K = Fp[k] be a transcen-
dental extension of Fp. Now let α be a root of the polynomial xp − k. Thus K[α] is a free
K-module of rank p, with basis 1, α, . . . , αp−1. Thus K[α]⊗K K[α] is free of rank p2. The
set of simple tensors bi⊗ bj for any two basis elements bi, bj of K[α] are clearly a generating
set for K[α]⊗K[α], and by comparing their number to the dimension we see they must form
a basis. Because the basis is linearly independent, we must have that a := α⊗ 1− 1⊗ α is
a nonzero element of K[α]⊗K K[α]. However,

ap = (α⊗ 1− 1⊗ α)p

= αp ⊗ 1p − 1p ⊗ αp

= k ⊗ 1− 1⊗ k
= 1⊗ k − 1⊗ k
= 1⊗ 0,

thus a is a nonzero nilpotent of A⊗B.


