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Commutative Algebra Assignment 2, Problem 4
Batchelder, Hower, Stanton

To show that the collection of radical ideals ordered by inclusion is a complete lattice, we need
to show that for any arbitrary collection of radical ideals, there exists a least upper bound
and greatest lower bound. Let {x;} be a collection of radical ideals, and let I be a radical
ideal containing all the z;. We have that I contains the ideal Y z;, and so we must have
I =T > /> z;. Hence, every radical ideal containing all the z; also contain the radical
ideal /> x;, so we have that /> x; is a least upper bound in the radical ideal lattice for
the collection {z;}.

Now, consider () z;. Suppose r™ € [ z; for some ring element  and positive integer n. Then
™ € x; = r € ./x; = x; for all i. Hence, r € (i, so [ z; is a radical ideal. Indeed, since
() x; is the largest set contained in all the x;, it follows that () z; is the least upper bound in
the ideal lattice for the collection {z;}.

Let y be a radical ideal, and {z;} a family of radical ideals. The complete distributive law
takes the following form in the lattice of radical ideals:

ARVOSETERVOSIIRE
Let r € yN /> x;. Then r € /> z;. By definition, this means that there exists a finite
collection of z; € z; and a natural number n such that ™ = " z;. Multiplying both sides by

r gives r"Tl = > rz. Now since r € y and z; € x;, we have rz; € y N z; for each i. Thus

e S yna, so wehave r € /> yNa;. ThusyN /> x; C /> yNa.
Let r € /> yNua;. Then there exists a finite collection of z; € y N z; and a natural number
n such that r™ = > z;. Since each z; € y, ™ € y. y is a radical ideal, so r € y. Moreover,

™ =32z €Y w501 € /Y, x;. We thus have r € y N /> x;, proving that y N /> x; 2
VY. yNx;. The complete distributive law follows.

The map /: I — VT is clearly a surjective map from Ideal(R) to the lattice of radical ideals.
Let a; be a collection of ideals. Let V denote the join in the lattice of radical ideals. To show
that v is a 4+-complete lattice homomorphism, we need to show that \/\/a; = \/>_ a; and

Vvan Vb =+Vanb.

From part a, \/ /a; = \/m. Since for each i, a; C \/a;, we have that > a; C ) /a;, and
so /> a; € /Y /ai = \/ va;. To see the reverse inclusion, note that \/ \/a; is the smallest
radical ideal containing each /a;. Since a; C Y a; for all i, we have that /a; C /> a;

for each i. But /) a; is a radical ideal, so \/v/a; € /> a;. Thus \/ Va; = /3 a;, so \/

preserves the complete join operation.

Finally, let a,b be two ideals in R. Recall from part a that the meet of two radical ideals
is simply their intersection. Since a Nb C ya N Vb, Vanb C /an vb. Conversely, if
r € v/aN /b, then there exists a positive integer n such that 7" € \/aN+/b. That is, 7" € \/a
and r” € v/b. Hence, there exist positive integers m1, mg such that r™™ € a and ™2 € b.

Hence, r"™"™2 ¢ ¢Nb =— r € VaNb. Hence, \/aﬂ\/l;c vanband so ﬁﬂ\/l;: vVanb.



