
t**÷÷÷÷
.

it
t

wit



÷::

si÷÷÷
:*"

f.(g Cx) - f ex)) dXI f g Cx) dx - ffcxsdx¥¥¥i



Growth rates
-

Given functions fcx) ,gcx7,
we will be considering

li÷.th¥orli÷'Ii
In particular, we usually consider

factions f, g
which are positive,

& either increasing - or decreasing



language :

decreasing increasing

fth fix)
Oslin gaps? →slim Tapas

X9o Ago

we sat here
f shrinks at the "

grows
at

- i

same rate as g the same rate
- -
= -

f-CX) - find
lim - IO lim - IO
xeo 9th nay god
f shrinks faster g grows

faster

g
shrinks slower f grows

slower

f- CX)
f- Cx) --

- - lim gud
- O

Iim gud
- O

xxx
x90

g shirks
fasten f grows

faster

f- shrinks
Stowe- g grows

slower



why not

l im Cfha
- god 7 ?

Xoxo

¥i
= l im I

f! Indx
xxx

S ? tdx
= o

\



Consider X
" In

x

suppose n > M

compare x
" XM
-Xk n-

M

Iim In
-

-
lion x

NTA
XTa

= no

X
"

grows faster
M

1- Ian X

-

compare ÷, d Lam



"%..
Him
..

m- h

= lim x
show that Xeno

= O¥i¥¥¥÷¥"than g ,

¥ shrinks I
'
faster than tg /
-

How does this relate to improper

integrals



Say we have positive functions
f
,

g , h , such that f! fenpdx converges,
a

f!gud da diverges.
The following

statements relate
to conveyances divergence

of f? hixdx.
a

h so then

• If
Iim sad
Xo x

J ? hlxldx Converges

• If oclim..
FYI, then

f! hlxldx diverges .



° Compare
with

f. k¥1 dnt # (hoping
i fIritty n > t )

In Cx)
rt

"I..
' in..
'¥n
x

If n C3,
then [Hop tot

= ":.I÷⇒



J! 5dx slim ¥

Converges
×,

Cn-314

because

f- I. dx
It no

then

does.

↳
"Ya.¥xF
= 0

loglloglxl)

logllogllogl
H

.



Left end point
If the orange#Ynet
area was great

. -t¥*¥±*÷÷÷÷÷÷is l l l °

green , we all

it an
Underapproximation

t¥



¥.

for every line in the region¥g:*::" ÷. ::'s.: "-
cyl

vi.*A:i



Trying to compute Vol Stx)

subdivide X , appt ? function which

a.%¥÷÷¥¥÷÷i¥÷:÷- at x

Tx axis internal Cais]

T.suuxtfii.it[onidx
I

€



length is x
- o=x

area
of cross section

←
is a

=
consider the region bounded by

T

y:X ,
in# a:-c

¥E
with square cross sections

having one leg parallel to yaxis



Need an interval ( co ,
'II)

function which girls cross sectional

coma at points on that interval

in¥4 length of side
is H - sin I

# area
of cross section is

x

j
.

"

2

(x- sin x) dx
o f



Say we have a region and

an axis

,

9

"i
w --3
,

t

say at a given w
,

the

area of a cross section being

~

Lzwsinlwl - et)1oo##
J
,

-13W sink) - ew) dm



÷:c
.

•ya
(L

g.lid defined by

÷::÷÷÷÷÷÷÷
iyH

"

volume is

g. gzryjdy



- define a solid by

rotating A
about the

X-axis

¥÷¥÷¥



d

:
"
::*

. "¥¥
region

about th x

axis

-

Warning about approximation

¥**E
length of

line



Go

*a

B-D

←:
.

.

,

"approximation
"

is always /

""

t
..

¥n.

ugh it

I



Volney
• pick an axis

or integrate surface area over the axis

rise
→

÷



'

t
a

;
is

cross section looks IT (et)!- ITe
"

like a

,
washer

merit be

fine.idx⑤
→



A
→

Surface area

Itfrxlitx

for sarky area of the region A
=

(Nof -volume of solid or
sirtrface

area of cries sections)

JOYE- rnddx



Volume should be

J!TCexYdx -
"

what is scourer

but
"

-

volume of
"what is scooped out

"

is

{
'

ltlrxldx

-
Ove
-all volume is

fine'5dxfiTcrx5dx

if:(Text -Tedx



Itisnot X

X)? IT ( ex- rxPdx
Toi !

X

-6
¥÷i "

""""

"¥:Eif
I



o

£ (IT Cxtsxl
'
- Thay . fend

g€#hL '

x
'

¥¥¥÷t. fungus
.

Ex iz cylinder?

ZITX . height
t

Z
y - X
'

f. zITxC*xYd× zitxcy-E)
°



idea the solid formed

by rotating sin CAH fwm x=o

to as 21T about the x-axis

.
which integral represents the

volume

A f!Cosfxltldx Bf!
"

Sinnott dx

( fi'T#ninth'dx Dfjtutsinhatildx



M W f in person option

T Th all online
--
center of mass(Balance point

di da

• o⑧#o
M D me

This will balance if M, d , I Mz
da

or if we a-e considering signed

distance so d , is negative ,

Fate?:D.
)

• we can think of Mass . distance

as beng a measure of
"rotational

pressure
" or almost as torque



• find
"rotational pressure

"

(book calls
this moments ) with rotational

axis being x or y axis

The center of mass will be

the point whine
,
if all our

mass was concentrated them
,

the
"rotational pressure

" would be

the same .

•

"

Rotator al pressure
"

or

"

Ned
"

about the y
axis is

¥E÷÷.si*



The
"
balance point

"
fo- axis

parallel to y - axis will be the

line x#oaoxfcxklx It

÷:*.

"
m d

"
about X

- axis is

J!'zHxi)dx
So balance at

a:s¥÷:::



fix

'
it

x balance

gptx H) -Hsinnd tD)dx

item.



Y balance mm,
ditty jax

s:**i¥A÷÷.
S! fix, ax

da! V

Iii:*:*::÷÷÷÷:
-

- f!(sinxti - ffsinxitD)4)



①→ tons
8kg

① y,g→
" Ms

* Work will be a measure

of transfer of entry

-we will want

Force • distance



if gravitational
acceleration

landscape 107,2

01kg
G t

¥:
gravity stop at

same height as start-

-

work will be computed bi

taking a force put on an object

and multiplying by the distance

across which hat free is applied work done

on theBOX
4
yo this

''tf"
⇒Dried
f-



A I

Ez -d t Eid -_ f.d

say I have a rope hungry off

a building

⇒ F



How much work does it

take to pull up the rope

at.÷:÷÷÷÷i÷ .portion ?

-

-
Consider region A

rotate A about the

y-axis to form a solid

which of the following gives
the volume for our solid?



A filthy'dx BJ!Tcry5dyC%uTx.D%rxkx



ED Finn:
force / acceleration

mass

f- →I]ThJ→a
a is

the same
fo- each bot ,

mis ta

So f on each smaller

box will be tz the original



O
"'

was

0%,
I
"" "-

÷÷÷÷÷"¥÷÷÷÷÷i
s.nq¥¥d%¥:D:c:c*

0 to work done

1kg is

%¥oMgakg=loN
.

Fed :"
.



j!! *
cacao.a÷i
Tulle..



"sit for rope
is 1kg

-

HIU gao 's.

( you
might seet

:*
.

¥E {9=9.87.
DxE

DX force on small segment is

lo.bxm.lim-io.sn
I

l

? = flow . Ida↳-
= g!" . fremd'



Ion fo - the
fluid

,

we will say gravity
"" Eoin.¥¥Ei:÷¥÷

surface art" to

IX. A work > f. x.x. sodt
O

• to:?so=s×.× =L"sox'd*
• dist traveled vill be X

• app x
work will be X. IX. x.so



( hack in will be take home

Due before start of

quail



Q : Determine the center

of mass for the
surface

bounded by F- X? F- o,

and "I

¥
-
-

Bones : consider the f
of fluid where g

:!! "tutti:
the fluid with a force of l Nim

.

• Determine the work done

ground level by gravity to drain
the

tank
.

• Determine the height, H, of the center of

mass of the fluid in
the tank above ground

level . Determine the
total force

, f. acting on

the fluid in the tank. What is FH? Why is this nice?



{ acceleration → Velocity
-

f. velocity
# position (dist tramp
→

f.work per unit length→
Work

velocitrisdistperunittrme@dfintegrakw.r.t.t
to get d

acceleration is velocity change M

un . t tire

% Have → I



In general if we want to compute

some quantity with
units µ

with an integral with
respect to

x with units v
'
ve want to

integrate a quantity
with units

Yu .



Jewett?§÷.

Tune:*.D
t f> 2.x

fspriny-2.dw-z.x.sn
-

work - f!-zxdx



Terror
T.cleeee.me

Ft

-
D.It? timeout
First : Algebraic

"pointwise
"

equations

Think about
solving

x
'
-1=0 X'tho

pot



( Atl)Cx
-H Io

gso this is true
if Existence

f¥µ x=
p

GI
'
- I Io
/

uniqueness (- l )
'

- 1=1 - I = o
V

-

Fi"⇐÷÷:' No solution !



If we allow

imaginary
numbers

x'tho is solved

by
"
- i or it

'

i' th - Itt : o

←
Now

differential

find =f¥f'extra
I could

check

fuas asf'T ex



find = ¥67: ex

f-ha =x2 /
2x ? x'NI

The function find-7T

does not satisfy the

differential equation
f
'

= fix)



What is

f-
'

CHI x
'

asking?

- what is ant the
antide-Native

of x2

- How do we solve

f. x'DX

=÷
what is this end

to at

Ko ? C!



¥0
Idont have uniqueness,

but maybe
I can restrict

infunutn

more to get it?
"

Initial value problem ( IVP)
"

{timef- Co) -1



Is then some (only one function

of the form

fan:{ X'tc
is zatx.-o?

Hot. } COP the

fco)=2 if
and onlyif

CI 2 ,

and so

finds
'zx3t2
-
In general , given

a fixed function

gon fix . ghani gun -- et grits;)



we approach f
'
X
'

f' txt- gu) f
'

#ex

byftp.sincxlfgcxldx
-

Harder is when we depend on

both f and f
'

f-
'

th> fix) solved by Instant
t
x

f. ex fcxt.AE



Once we
have a solution

different things
can go wrong

• Nicest case

solution has arbitrarily
many

derivatives ,
exists for all

time , and is unique

I 1
IF I

f-
'i'⇒

#
. .

f'Hk zf



I-2lt
fth -- o ✓
f- (x) Ix
'

f'to = 2x

Z l x'It = 21×1

fit =Itf
'

GD

-



t#
y÷

y
'
-

-
tagged



Existence questions to- particular

DIY
-

we can
solve either yup)

( DE) f4x7=gH)fix) GH) or { flog -_ a

where f is our unknown
.

Because this is just
an antiduira the

question .

lfiegwghat
is the atrdrinrh)
-
we#ookatthde
y's eye, f

'W=xfhD



Separable DE

y
'

> Ny) .MN)
on Hy

'
-

-mad

Lightning,

when Nd Mane
fixed

functions (not unknowns )
.

Examples
Non example

j.sincx.com y
'-.xtyX

y
''

- yfrlnx

y
'

: x. y't x. sing
,

= yztsiuy)



Implicit differentiation :

Given some curve ,
andwe assume

the curve B locally represented
by a

function

ylxl : g-
find

#yia¥ad
EX guy)=htxH

T &
k

gCylxD=
had
t

t

gtflx)
-

-

had
differentiate

both sooty

g 'CfcxD.f4x7=h
'
Cx)



tr v

g
'

Cy) . y
'
= hits

up -y
'

= Next

If Llyn g'Cy) ¢Next- tied

them If gcythhd,
this relation

"satisfies the DE
"



If g
has an inverse,

then y=g' ( hind) is
a function, and

should

solve our PE .

Suppose I
had a fmotsn

yha satisfy

Lly)y'=N
Then

Lighty'lxkNtH



of Take an
antidentata

in terms of y

fLlylxDy4xIdx=fNWdx
w

Illy)dy=fNkIdx
N> ti We

could also

look at

f. Lcyldy:(INcxldxttc
for any constant C



Completing the solution

once we integrate or

anti
differentiate

,
we just

have to do algebral pre -calc

to Solve for
y
-_

y
'

: Ey → g.y
'

#

✓ yixing
'

'" -- ×

÷t÷¥*÷.exEf¥E



y:-Eto

z:-÷÷. µydq=Sxd
.

Eg { y
'
= 'zx'to

4

µ

shims.!¥,y¥xr



dy
= Nix.MW

t

tmiy, dy = Next
dx

*

Smtpdy -- frcxldx
e-TE.nu



Y's g.
fix)

by Yeo
case y's lo) .

fix)

yto
Y
'

=
find it

a solution
- -

y
( think about y# o)

-4
ftydyffcxdx



Assume Fox) is some

µ anti def
'not

lnlyl I f-HI to
-

Iyl = efts
to

f- end to

g. I e

All of our Solutions an



Y
-

-

o

y
= I e

fWtc

-

yet e
'
.et
'⇒

we actually get
the

solutions

ya
Aef"

fo - ayy
real

number A



Thun : If f-
'

end = ft),

then
f-CX)

y
-

-
Ae

solves

y's y
fend

for any A in the real

numbers.



General solutions y
'

II

¥ ::*
.

If I pick a point
(X,,y , ), I

can plugin

Y, '#Btc,
and find

Some c which makes this



+rub.

-

Full Idea of General solution

"¥÷:÷i÷:÷÷÷÷i..You can find a curve passing
through the point

.

-

what you should think (especially

fer separable)

set of solutions relying on
some constant



A
for separable , always

the

"
t c
"
from integration step
-

fth¥¥e
ftf

-guide

fflxtgcx)
DX



y
'
I y t 3xy

{y
Y
' ight

3x)

t.gg
'

= Its
x

ftydy
-

-
Html dx



lnnlyl -- x
t Int
# 2

⑥gxt
Ex

"

want
www. X

"

I
rft

o
+15

3. = A
e

.

3-
-

A



Solution to
the Ivp

{ y
' '-7+3×2

yw) =3

is given
by

xthx
y⇒
e

j='



Parametric equations
a-

"⇒ tie
ct.ba#gdr3tinct
¥



C- I.s, o)
t 4h27

y
2 ooo •

t

.
S
,

1.75)

÷¥¥¥¥÷:E-S
(l
,
o) T

TA

T
xY

X - •Ti

i
-9 . • if I¥*¥¥*µ- •

-



I 447 =
Cost

tf: Itv. . .

T Ityet
-

-

s int

Hn.

→ ¥¥i÷÷.



Calculus question, to ma frm

*speed ? drtatgymi.tn
accelerator ?

* distance
traveled ? ← integration

question

start speed makes sense
already

III.If, if we are training

• at a
"constant rate

"

in

a straight line .¥tb,y, speed is

"

" distracted( end ⇐ittime



length of the TAFFE
time tuned for b- a

speed:=fFznIi)



what is

Trx speed,

Idea :

close up

"differentiable
"

look at a small .
Curves are

change
in t.mu

"

At
"

"almost linear
"

approximate speed by

dist ( point at tar , point
at E-atstj

#



-

-

T(datAtl -Wah'tfycatsts- yeas)
-

St

9
Idea ! looking

at the limitof

this as It 70 , should{ giepeaeg good
definition of

÷:

÷
.



Easier question

Hon far
have I

traveled in the

⇐ after St ?

I
approximates

diff trade
dx

in X
ductus after gin

time .

dy
ft

approximatesdisttn.ve/dinydrectr#



Speed from X,y app x

F⇐EH'HEIST
r-

St

-
- Eti it III
7¥

=



A bit sapprivy
that it actually

works but we can de fir

speed
of a parameterization by

speed:aE¥¥eT
e.

this d .

da:i: .fi it:÷.se ;¥*F÷go:p date dg dry

t.g.it. a-
' a-
'raise;



appt change in

plane
after St

÷÷÷:iii.if:÷÷÷÷÷±.of a tangent line

• Are length
-

~•t=y {
E- fit,

:*:*: !:
"

.

.

. {regL{x = flea
{*tks)

K y: g
lat)

Y--gas)



speed : nAraidij
Eiti
-

rEEeEi
Check : speed of change of

parameter will be twice speed
under original parameterization .



Tangut tiny tangent slope

fatalist !
Gdr

E. is⇒ Eat
It

Hope : slope name is µ¥/d⇒
So we

are hoping
to have

÷. ÷. . '¥i



Note that by chair rule

d¥=d%;E
internship question - is date

iii.
'

÷.



.¥¥¥¥
-

looking at

dat, vs Fat

II. vs Ig when

y
has an inverse



in:* →

g-
fix netty,

de

III. tix, gift Gi

want to use f- (f-
'

Cx)) :X

↳Alim
: E.GI
-

Haitian .#i't.tt



⇐ but;r¥÷¥
÷ .- ÷ . '¥i
Say d%! is It evaluated atx

or (day)#y'



"¥÷¥ti¥i.
Xlt)

¥1 : has



III.i. Ea't . :#*,
true by chain rule .

" "

data. 'k¥I .
we get

t.H.it#i 't:*,



=

HEH



Consider the differential

"III.f
.

%::tbC
• does this in CX)

solve this eaaatim?

•
what

aint flxtcoscxl ?

• what about
fix)= Sinha

teas Cx)
?

Bonus : Give
two solutions to

- Hint :
the WP

qf
'

's -f Thi!! It
f- 107=1 z parts .



Spee!.EE#Iisloeed8q,-.dY/dI.aiIIIHat
what happens

for linear

{xlttm-ttb.kylt.me



¥ 'm III. m!
t.MN#tt- En.
to determine a theft
• 2 pts constant

• I pt
¢ slope



Want to pass through

( ai
,
b

.
) & ( oh , be)

P T

t
-

-
o I

{
xittta-a.tt tag .

Jlt) (b.- b.)ttb
.

.



i

y k
x

as a f n tin

speed ?
of t

set E- x

EEE; e
.



Are length

re all speed
is dist
time

I din Casa
.

p4t7= Vlt )

( V Htt = position

In general
dist traveled = fabspeed de



~At . speed
-

-stiff

EE.fi→
for parametric or

arc length
6

dist traveled
E. a to

f. b
is given by

satire



Eiti: sittin ±::::*
y

to:
.

s
.

"

.ee
. a. t.IE.

date -- - silt) III cos
It



Iot

f! Idt
-

-

2T

-
say

we
have yefcxtq

we parameterize

{ IIIa,
speed :

fifth'



are length from x. atob

#rfI⇒a
Tb .

Same as
a
- c length to

{III,
t finna

tab

-

are length

sifted



'

- I!FtEdx
=

Compute tangent line to
TIE

EEE' t -

-Fr
at E- 2 fyErx

i. Ftr



"

tricky part
"

.

.

a. ¥
DIEMEN
diff =3 E
¥. it

dE÷



dry,?Y=3.

line passing through
.

(4127,245-14,8)
with slope 3µ
-

what ab panuetric
?

X line passing than

4 @ - E- C
co)

drift 4



/

Jl i. e passing through

-8 @ E- c lol

Ty
ft
= 12

{
xH=4tt4
yHI2tt8



Summary : thy)
- w

for parametric ( r, -0)

{XHK
feel

oylttgct)

speed TEFFT
'
-

-Fight'

÷::t::a¥¥k¥,
tf!!!!!!, :=f!speed'

'

dt://EFE.TT#fogotyxtm--b.iftFaEIdx



=Mitt b ,
• note if we have µj¥¥g%=mEth
If f, g

are both lines than this

parametric curve is also a line .

--

for a general parametric curve,

we
need to be a bit

careful w/

are length .

Y:X
'

"

curve y=x
"

Eatin:* fly' Ii
*

"I



If I ask for arc length between

E- - I , and t
-

- I what do I mean

• distance traveled

• length of the fraud
line

* too



Polar co -ordinates

⑤
¥:÷÷÷¥÷÷.
we would (at this point)
usually use parametric
functions

(x
-

-
rcosftl

y
-

-
r sin It

A
hen t is describing
an angle
parametrize

in terms of

-0,
(o is a nice name

for an angle )



"

(x: r
cos cos

call this y
= r sin lol

fait dist T

It
ifreasonably

r

.

.
.
-
-

-

*¥E÷i::÷÷÷:negative ,' information do

:* pneuieitaetemm
s
'

/ -

Q :

what points
the point ?

have
the Same this point could

be described with

angle ① r

⑧¥*¥Eth r



One way we can deal with

tht weirdness (for the most part)

is restrict -
or

• 01041T. . O fo LIT
and

wer f " "

r

't"

we can't help the weirdness .to
,

but it turns out that is not so bad.



We can form new co - ordinates

foggy ( or true'll natin

Heyl forty .tt )
-

Hot

+ i
often we want to write rains as a

function of angle .



r

it
HAHA what is the

area

•how
'

j!n÷÷¥÷,

⑧%.?



r
'
-

-
x'to

tanto -_ ¥
9

These relations connect

the systems

=
Idea of changing coordinates

-U - sub was a l -dimensional

"change of coordnnty
"

f¥÷÷÷÷÷÷÷."to





I think avoiding the origin gives the

most clear geometric picture of the

" unwrapping
"
we are dung from polar fu

Cartesian

it

stuntwindm's

i

? I fire

HEE



So overall we get th

mappings
from " wedges

"
to

rectangles
r p

¥¥. .it#.
but the origin in the x. y plane has to

"

blow up
" to become the O- axis


