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Geometric proofs of reciprocity laws

By David Grant at Boulder

The relationship between power reciprocity laws and geometry has a long history:
Fisenstein used the arithmetic of torsion points on the elliptic curves y> — y = x> and
y? = x3 — x to give proofs of cubic and biquadratic reciprocity. For a description of this
and related history, see [C], [BEW], [Hilb], [IR], [Le], [W1], and [W2].

Some years ago, Kubota explored these relationships in [Kubl], and then in [Kub2]
used power reciprocity laws to prove a geometric statement. Namely, let F' be an abelian
extension of the rationals containing a primitive Z-root of unity ¢, and let 4 be an abso-
lutely simple abelian variety over F with complex multiplication i : Oy — End(4) defined
over F by the ring of integers Oy of F. Then if 7 is a function in F(4) such that i({) "t = (t,
B =1mod/?isin O, and ¢ is regular on the non-trivial f-torsion points A[f]" of 4, Ku-
bota used power reciprocity laws to prove that

(1) I i) = po o

ueAlp)’
where @ is the CM-type of (4,1), ¢, € Z is such that (“° = {, and p € F.

The goal of this paper is to do the converse: to prove formulas like (1) directly for
some choices of 7, A, t, and torsion points on 4, and then to derive power reciprocity laws
from it. This is a generalization of the approach taken by Eisenstein and which we took in
[Gra] to derive quintic reciprocity from the arithmetic of the Jacobian of y? = x> 4 1/4.

In sections 7 and 8, for regular primes 7, and for some choices of ¢ and torsion points,
we will prove a formula like (1) for the 4 which are the Jacobians of rational images of the
/"M-Fermat curve, which will allow us to derive the main law of /"-power Kummer reci-
procity. Interestingly, if we look at the statement analogous to (1) for certain tori with
“complex multiplication,” we can similarly derive Eisenstein reciprocity. We do this first in
sections 5 and 6 because it sets the stage for the proof of Kummer reciprocity. The state-
ment of the reciprocity laws will be given in section 1.

In deference to the age of the theorems, we have tried to make the paper as elemen-
tary and self-contained as possible. The chief tools are the theory of abelian varieties in
arbitrary characteristic and the theory of formal groups. Formal groups have many rela-
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92 Grant, Geometric proofs of reciprocity laws

tions to reciprocity. See for example [I1] on local class field theory, [D] on global class field
theory over function fields, [HT] on the local Langlands conjecture, and [Ho| on quadratic
reciprocity. Section 2 contains what we will need of the theory of formal groups. The
technical heart of the paper is a computation with p-typical formal groups with “complex
multiplication” in section 3. From this we derive in section 4 a generalized Stickelberger
relation (Theorem 3) which is the basis for the proofs of both reciprocity laws.

Perhaps some explanation is necessary to justify interest at the dawn of the 21st cen-
tury in new proofs of theorems that were first proved in the 19th century, and which in the
20th century became corollaries of Artin reciprocity. On the one hand, work on the meta-
plectic group has shown the enduring import of power reciprocity laws in modern number
theory, and on the other hand, product formulas in the shape of (1) have applications
outside of reciprocity. In section 9 we discuss applications to Gauss sums and Manin-
Mumford problems. There has also been recent remarkable work on proofs of power reci-
procity laws achieved without the edifice of class field theory [Kub3], [Kub4], [KO], [Hilll],
[Hill2]. Finally, Weil described the work of Kummer and Eisenstein on higher reciprocity
laws as a place “where quite possibly there are valuable ideas which have not yet been fully
exploited; the same can perhaps be said of the connections discovered by Eisenstein be-
tween elliptic functions and the cubic and biquadratic reciprocity laws’ [W3]. We hope this
paper adds to the understanding of those connections.

I would like to thank Nancy Childress for suggesting to me that formal groups could
also be used to prove higher reciprocity laws [CG], Charles Matthews for introducing me to
Kubota’s work and this circle of ideas, John Boxall, Christopher Rowe, and Brett Tangedal
for helpful discussions on this material, and the referee for useful comments on an earlier
version of this paper. Some of the time the author was working on this paper he was sup-
ported by the NSF, and part of the time he was enjoying the hospitality of Columbia
University.

§1. Statements of the reciprocity laws

Let / be an odd prime and ¢ a primitive /" -root of unity. Then Z[(] is the ring of
integers in K = Q({), and 4 = 1 — { generates the lone prime in Z[{] above /. Recall that
we call an element o € Z[{] prime to A semi-primary if it is congruent to a rational integer
mod /2. Let p be a prime ideal of Z[¢] prime to 4, and let o € Z[] be prime to p. We then

define the /™-power residue symbol (%) of o on p to be the /M-root of unity ¢’ such that
VP = modp,
where N denotes the norm from K to Q.
We extend the definition to non-prime ideals by the formula
XY (E) (%
ab/  \a/\b)’
and to integral elements by the rule
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Grant, Geometric proofs of reciprocity laws 93

(3) = (@)
p A
Eisenstein proved the following in 1850 [E].

Theorem 1 (Eisenstein reciprocity). Let ae€ Z be prime to £, and o€ Z[{] semi-
primary and prime to a. Then

Recall that we call a semi-primary element o € Z[{] primary if o times its complex
conjugate & is congruent to a rational integer mod A’ ~!'. Now take / to be a regular prime,
so that if /i is the class number of K, then /4 is not divisible by /. Kummer proved that if o
is prime to A, then o has a primary associate, and that any unit which is primary is the /-
power of a unit [Hilb], Thms. 156, 157. Let 4" be an integer such that 44* = 1 mod /. Now
let p and q be any distinct prime ideals of Z[{] prime to 1. We then define

(6)-(5)
q qa/)’
where o is any primary generator of the principal ideal p”. It follows by the above that the
definition is independent of the choices of o and /*.

Kummer proved the following in 1858 [Kum)].

Theorem 2 (Kummer reciprocity). Let p and q be distinct prime ideals in Z[(] prime

' 90

If a and b are any relatively prime ideals in Z[{] prime to A, we can extend the

definition of the /"-power residue symbol by bilinearity to (g), and then Theorem 2 is

equivalent to
@y _ (®
b/ \a)

Remark. In what follows, we will let A= Gal(K/Q), and for ne (Z//7)", let
g, € A denote the element such that ¢,,({) = {". The odd prime / will be arbitrary, except in

section 8, where it is assumed to be regular. For a prime p, we let Z(,) = (Z — pZ)AZ.

§2. Preliminaries on formal groups

We need a variety of results on formal groups, for which we refer to [Ha] as a general

reference. We recall what we can for the ease of exposition.
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94 Grant, Geometric proofs of reciprocity laws

Let A be a commutative ring with identity, and W, X, and Y be column vectors of
g variables. We say a g-tuple of power series over A, # = (#,,...,%,) in 2g-variables
defines a g-dimensional formal group (law) over A if

F(X,Y)=X+Y+(d° 22, F(FW,X),Y)=F(W,7(X,Y)),

where (d° = m) denotes a g-tuple of power series, all of whose terms are of total degree at
least m. If in addition # (X, Y) = #(Y,X), then & is a commutative formal group. We
will assume throughout that all our formal groups are commutative. We will also write
X+z7 Yfor7(X,Y).

If &, % are, respectively, g- and h-dimensional formal groups over A4, a homo-
morphism ¢ :  — 4 over A is an h-tuple of power series ¢ in g-variables over A, without
constant terms, such that ¢(F (X, Y)) = %(4(X),¢(Y)). If p: 4 — B is a ring homo-
morphism, applying p to the coefficients of # and ¥ give formal groups over B and ap-
plying p to ¢ gives a homomorphism over B we call, respectively, the reduced formal groups
and homomorphism. We will assume throughout that our homomorphisms are always
between formal groups of the same dimension.

Let = '(y,...,¥,) be a g-tuple of power series in g-variables T' = ‘(#1, ..., 1,) over
g

A without constant terms, and suppose the linear term of y,(7) is > axtx. We call the
k=1

matrix [aul, <; , <, the jacobian j(y) of y. By definition, a homomorphism ¢ of formal
groups is an isomorphism if it has a two-sided inverse. The following is elementary.

Lemma 1. A4 homomorphism ¢ between two formal groups of the same dimension over
a ring A is an isomorphism if and only if j(§) is an invertible matrix over A.

If j(¢) is the identity, we say that ¢ is a strict isomorphism. Part (a) of the following is
(A.4.7) in [Ha]. Its proof can be easily adapted to give part (b).

Lemma 2 (Formal implicit function theorem). Let U be an m-tuple of variables and
S be an n-tuple of variables. Let F(U, S) be an n-tuple of power series over A in the variables
U and S without constant terms. Suppose that when F is evaluated at U = 0 its jacobian with
respect to S is invertible over A.

(@) Then there exists a unique n-tuple o of power series in m-variables over A such that
F(U,x(U)) =0.

(b) If A is a complete discrete valuation ring with maximal ideal m, then the solutions
to F(U,S) =0 in m"™" are precisely the solutions S = o(U), U € m™.

Let p be a prime number. We now need to recall some of the properties of p-typical
formal groups. The theory is considerably simpler if 4 is a characteristic 0 ring, by which
we mean that 4 — 4 ® Q is an injection. From now on A will denote a characteristic 0
ring.

Let # be a g-dimensional formal group over A and ¢ a variable. We consider the set

of curves
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C(7) = () |y e A[[1])7,7(0) = 0}.
Then C(%) is a group under the operation
(71 +7 22)(0) = 7 (1(1), 12(1)).

If oeEnd(#), y(t)e C(F), then a(y)(r) =a(y(t)) is a curve, so we get a map
v: End(#) — End(C(%)) by v(«) = &. This turns C(#) into an End(# )-module.

On C(Z) we define operators:
Homothety: For any a € A, < a = y(t) = y(at).
Verschiebung: For any n = 1, V,y(¢) = y(¢").

These operators commute with the group structure and module structure v on C(F),
so can be considered as endomorphisms of the End(% )-module C(%).

There is a unique strict isomorphism (called the logarithm of %), log, : # — Gg,
defined over 4 ® Q, from # to the g-dimensional formal additive group, which is defined
by GY(X,Y)=X+7Y.

A curve y is called p-typical if log, y(1) = 3 a;t?', for some column vectors
i=0

a; € (A ® Q)Y. The formal group 7 is called p-typical if its logarithm is of the form

IOng(T) = Z A”l(tll?nv' . '7Z§n)7

n=0
where 4, € M,(4 ® Q), the ring of g x g matrices with entries in 4 ® Q. If # is p-typical,
then the curve J;(¢), which is defined to be 0 in all components except in the i'", where it is ¢,
is p-typical.
The following is established by taking logarithms of both sides.

Lemma 3. Let F be a g-dimensional p-typical formal group over a characteristic 0
ring. Then

h H 0
ty 0 ty
Suppose from now on that A is a characteristic 0 ring and a Z,-algebra. Then any

formal group ¢ over A is strictly isomorphic to a p-typical formal group %, which can be
constructed as follows [Ha], (16.4.15). Given the logarithm of #

logj(T) = Z aNti“ "'Z;l-", aNe(A®@)g,
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96 Grant, Geometric proofs of reciprocity laws

we form the g-tuple

fT) =S 4,2, "), Aye My(4®Q),

n=0

by omitting those terms in log , that are not powers of some #; with an exponent which is a
power of p. Then

(2) F(X,Y) = (f(X)+ f(Y))

is a p-typical formal group over 4 which is strictly isomorphic over 4 to ¢, the iso-
morphism ¢ : ¢ — % being given by 10g;71 olog,. By construction log, = f. We call 7
the p-typification of ¢.

Recall from the last section that / is an odd prime, { is a primitive /" -root of unity,
K = Q({), and A = Gal(K/Q). Suppose from now on that the prime p # /, and that Z[(] is
a subring of 4. Let ® = (a,,,...,0,,) be distinct elements of A. We say a g-dimensional
formal group # = (7,..., %) over A has CM-type @ if for all 1 £i < g, Z(X,Y) is
isobaric of weight 7, mod /7, when x; and y; are given the weight n;mod/, forall 1 £ j < g.
This means the map defined by {(#;) = {"¢; is an endomorphism of %, so we get an em-
bedding Z[{] < End(Z). For o € Z[{], we let [«] denote the corresponding endomorphism
of 7, and write [o]t; for [o](T),. Let x; and y; denote the i" entries of X and Y. By defi-
nition, Z;(X,Y)=x;+ y;+ (d° = 2) for any 1 <i =g, so for any rational integer «,
[a]*t; = at; + (d° = 2), and by the assumption on the CM-type,

(3) (o] "t = on ()t + (d° 2 2),
for any a € Z[(].
Let Z be the g x g diagonal matrix with diagonal entries ({",...,{").

Lemma 4. Let ¢ be a g-dimensional formal group with CM-type ® = (6,,,...,0,,)
defined over a characteristic 0 ring A which contains Z|(] as a subring. Further suppose that A
is a Z,)-algebra, and that () p™A = 0.

m=0

(@) Forall 1 £i <y, (log/(T))i is isobaric of weight nymod/, when t; is given the
weight nymod/, for all 1 < j < g.

(b) If F is the p-typification of ¢, then for all 1 <i <y, (logy(T))l. is isobaric of
weight nymod /, when t; is given the weight nymod/, for all 1 < j < g.

(c) Forall 1 £i<y, (log}I(T))i is isobaric of weight nymod/, when t; is given the
weight nymod/, forall 1 < j < g.

(d) If ¢ = (log}l) olog , is the isomorphism from ¢ to 7, then for all 1 < i < g, ¢,(T)
is isobaric of weight nymod ¢, when t; is given the weight nymod/, for all 1 < j < g.

(e) F is of CM-type ©.
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[p]"(T)
p}’ﬂ

Proof.  (a) By the hypotheses on 4, we have log ,(T) = lim

m—o0

[Ha), (11.1.17).

Hence (log 4T ))l. is also isobaric of weight n; mod Z, when ¢ is given the weight n;mod /.
(b) This follows immediately from (a) by the construction of log.

(c) Since logs(ZT) = Zlog,(T), we get that ZT =log,' (Zlogs(T)), so if
T' =log;(T), then Zlog,' (T') = log; (ZT").

(d) This follows immediately from parts (a) and (c).
(e) This follows immediately from parts (b) and (c) using (2).

If 7 is a p-typical formal group, the set of p-typical curves C,(#) < C() forms
a subgroup, and is fixed by all the homothety operators, as well as by V' = V,. Any
y € Cy(F) can be written uniquely in terms of the “V-basis” d; as

g
4) Y= 2727 VIZa, 26,

q=0 i=1

for some a,; € A, where ), denotes that the sum is taking place using the group law of
C(7).

Let # be a p-typical formal group over 4 of CM-type ® = (ay,, ..., 0,,). Then tak-
ing logarithms, it is clear that [{] preserves C,( ). Hence we can consider Z[{] as endo-
morphisms of C,(#) which commute with all homotheties.

71 71

For any curve y=| : e C(F), we have [{|y=Z| : |. For ieZ/(Z, we

Vg _ Vg
want to study the Z[(]-submodules C'(#) < C,(#), consisting of those y such that
< {=y=[{'y. Note that C°(F) =0, since if <{ =y =7y, y e C,(F), then y is isobaric
of weight 0 mod/, but since log y(1) = 3 a,t?", a, € (A ® @)Y, and p" is never 0mod 7,

we get y = 0. nz0

Lemma 5. Let A be a characteristic 0 ring which is a Z,)-algebra containing Z[{] as a
subring, and F be a p-typical formal group over A of CM-type for some ®.

/—1
(a) Taking the sum in C,(F), we get C,(F) = @ C/(F).
i=1

(b) The C'(F) are Z[{]-modules preserved by the homothety operators. We also have
V:CU(F)— CP(F).

Proof. (a) For 1 < j </, we define the operator

140 . .
i=0
Brought to you by | University of Colorado - Boulder
Authenticated
Download Date | 2/19/18 9:04 PM



98 Grant, Geometric proofs of reciprocity laws

A calculation shows that the ¢, 1 < j </, are commuting idempotents whose sum
(using the group law in End(C,(#))) is the identity. Finally, a calculation shows that
C/(7) = &C,(F), and we have shown C°(F) = 0.

(b) The first statement is clear since the idempotents commute with Z[{] and homo-
theties. Take y € C/(F). The second statement follows from

Vy=V <0 2y = V[ = V).

lIA

¢

1\

Now let k be a field of characteristic p > 0. Let &, 4, be g-dimensional formal groups
over k, and let « : # — % be a homomorphism over k. Using the theory of p-typical for-
mal groups, it is shown in [Ha], (28.2.6), that there are isomorphisms of formal groups
¢:F — F'y: % — G such that the homomorphism f =y o oo ¢! is of the form

hy

B(i(tr,... 1)) ="(",....2"0,...,0).

If r =g, we call « an isogeny. Hence « is an isogeny if and only if k[[#;,...,¢,]] is a

1y
finitely-generated module over the subring k[[oi(t1,..., 1), .., %4(t1,...,1,)]], and if so,
g
k[[t1,...,1,]] is in fact free over k[[o1(t1,...,1,),---,05(t1,-..,2,)]] of rank p”, h=>"h,.
i=1
We call & = ht(«) the height of the isogeny «. Using this, the following is easy to establish.

Lemma 6. Let o: % — % and f:9 — A be homomorphisms of formal groups
over k.

(@) If o and p are isogenies, then so is their composite, and
ht(f o a) = ht(a) + ht(f).
(b) If f oo is an isogeny, then so are o and .

If now A4 is any ring, and m is a maximal ideal of 4 with residue field k& of charac-
teristic p > 0, and « is a homomorphism over 4 from a formal group # over A4 to a formal
group 4 over A, we define ht,,(«), the height of o at m, to be the height of the reduced
homomorphism & over k from the reduced formal group # over k to the reduced formal
group ¥ over k.

§3. A calculation with formal groups

Throughout the rest of the paper, we fix the following notation. Let p be a prime
different from Z, and p be a prime of K above p. Let D be the decomposition group of p in
A, and f = # (D). Let R be the completion of Z[{] at p, K,, be its fraction field, and let B
denote the maximal ideal of R. Let L denote an algebraic closure of K, ¢ its ring of in-
tegers, and m the maximal ideal of (.

Let # be a formal group of dimension g defined over R with CM type
® = (6y,...,0,,). For x, y e mY, defining the sum of x and y as F(x,y) e m? gives a
group structure on m? we denote by . (m), which is also a Z[{]-module. For any o € Z[(]
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we denote the corresponding endomorphism of % as [«], which we think of as g-tuple
of power series in the variables 7' = '(t,...,t,), and whose i"-component we write as
[e] “2;. We let Z [«] denote the a-torsion in # (m), which is the set of simultaneous solutions
to the power series equations [¢]“7; =0 for 1 <i<g. For an ideal a = Z[{], we let

Fla] = () Z|o). We let F[a]" denote the non-zero elements of #[a]. We can also view T
aea

as a set of coordinate functions on . [a], so for u = “(uy, ..., u,) € Z[a], we will also write
t,-(u) for u;.

Let s be the number of cosets of D in A which have non-trivial intersection with @, let
W,, 1 <r <s, denote these intersections, and d, = # (W,). We arbitrarily choose an ele-

ment g, € W, for each 1 < r < s. We call such an ordering of W, ..., W, and selection of
om, € W, a choice of type coset representatives, and denote a given choice by ¢ = ¢(p, ®).
Since g, generates D, given such a choice ¢ we have W, = {amra;"", e ,amra;," 1, for some
integers

(5) O=e 1< - <eq<f.

So for each 1 <i < g, there are unique 1 <r < s and 1 < j < d, such that g,, = amra,f""

Mapping i into these r and j, and considering j mod d,, defines a bijection from {1,..., g}
to the disjoint union Z/d,Z 11 --- 11 Z/d,Z. We denote the inverse of this bijection as y, so
forany 1 <r <sand je Z/d.Z we have

<6) Oy = Uer';r’j.
We call y the exponential indexing of {1,...,g} corresponding to c.

If there is an element o, € Z[{] such that [«,] reduces to the Frobenius morphism on
Z mod B, and such that the ideal it generates has a factorization

(7) () = I o,'(®)", 520, b =g,
then we say o, satisfies a weak congruence relation. If b, = d, for each 1 < r < s, then

-1
(8) (o) = 1o (),
and we say a, satisfies the strong congruence relation.

For any integer a and positive integer n, let {(a), and {a)" denote respectively the
least non-negative and the least positive residue of @ mod n, and let {(a) denote <{a),.

Proposition 1. Suppose that F is a g-dimensional p-typical formal group over R with
CM type ® = (Gy,,...,0,,). Let c(p, @) be a choice of type coset representatives and y(r, j),
1 <r<s,jeZ/dZ, be the corresponding exponential indexing of {1,...,g}.

Suppose there is an oy, € Z[{] such that [a,] reduces to the Frobenius on % mod B, and

which satisfies a weak congruence relation (7).
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100 Grant, Geometric proofs of reciprocity laws
(@) Then we have the strong congruence relation (8).

(b) Suppose further that 7 [a,,! (v*)] is a rank-one Z[(] /p“-module for every 1 < r < s.
Then forany 1 <r=<s, je Z/dZ,

ordy I tepw= 3 prie,

ue oy () ze2/d,z

where T = '(t1,...,1,) are the coordinate functions on ﬁ[a;}(p)].

Proof. For any r, 1 <r < s, by the Chinese remainder theorem, there is a 7, € Z[(]
such that ord,. i, 7, = 1, and ord,y,) 7, = 0, for all o' ¢, D. Hence

9) Hnb _—3

for some f € Z[{] prime to p.

Forany 1 <r <, je Z/dZ, writing [7,)0,(, ;) in terms of the V-basis di, . ..,d, as in
(4), we have
(10) [ﬁ]éx(r,j) - Zg? F F & é Ay k,z 2 5x(k,z)7

for some a, 1 - € R.

Using the decomposition of Lemma 5, we can equate the C?(%)-components of the
curves in both sides of (10) for 1 <5 </ — 1. Also by Lemma 5 we have induced maps on
curves, [7,] : CO(F) — CV(F),and V : CV(F 7) = Cr*(F). Hence since d . ) eC o (F),
S0 1S [0, ;- Now V4 < ay k- Z 0y, ) € c” ) (#) implies that p? n;((k,z) = x(w’) mod /.
So since o, generates D, for a,- to be non-zero, by (6) we need that
Ny(k,z) = p!(p“/m,) mod/, which implies that o, , € W,, and hence k = r. But this im-

plies that p®: = p?t¢; mod ¢, which holds if and only ife,. =g+ e, ;modf. So we have
that

(11) [7%}]5)((}~71) = Zf] ZO/T Vq é aquvz Z 5}{(7,2)
zeZ/d,Z q=e, -—e, jmod f
q=0

— 2 er +
=S dorj 20 t7 %;z penm e L ag, g 5z 2 Oty
ze
mz0

Writing (11) as a power series in the variable 7 we have

(12) (@100 (D) ) = 0.0+ (d° = 2),

but from (3) (taking . ;) = ¢, t, = 0 for v # x(r, j)), we have

~ _ 4
(13) ([nr]é;{(r,j)(t))l(r’j) - O-nl(r,j) (ni’)t + (d g 2) )
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Suppose now that b, > 0. Comparing (12) and (13) gives ag ;= oy, ,(7,) = 0 mod P.
Note therefore that we can rewrite (11) as

= Cr, j+17€r j !
(14) [nr]él(r,j) (t) = é O-nx(,,j) (7'[,) g 5}((1‘,]) (t) +7 V< I ’ VM,»J) (Z)a
where

(15) y;((r,j)(t> = ZX/:;;Z V(e,-.:—er.j+1>/»+mf < a<e,_:fe,-‘j>f+mf7r,z > 5)((r,z)(t)7
zeZ/d,
m=0

IA

a(e;-,i+1—er,j>f,r,j+l = 5X(V7j+1)(t) + (do = 2>’

since by (5), <e. - — e, j>f is minimized when z = j + 1 mod d,.
From Lemma 3, we have for variables 7' = (¢, ..., ,) that
(16) [ (T) = [m](01(tr) +7 -+ +7 0y(ty)) = [T01(11) +7 -+ 7 [T (1y).
Hence from (14) and (16), we have

(17) ht([m]) = S <erjut — > = f.
jez/dZ

Now o] reduces mod P to the Frobenius morphism on % mod B, hence [«,] has height fg

S
at P. By Lemma 1 and (9), [f] is an automorphism of #, so Lemma 6 shows that [][z”]

r=1

has height fg at 8. Hence by Lemma 6 all the inequalities in (17) are equalities, and
(18) hty([]) = /-
If follows from (15) and (18) that for j € Z/d,Z,
(19) Ay eyl rja1 T O mod B.

Also by (3),if 1 £k <, k # r, then [mi|0,, - (1), z € Z/d,Z, is a g-tuple of power series in ¢
of the form < 0y, (nk) Z J,, (1) + (d° = 2), where

(20) Ony, (mx) =0 mod B.

Hence, since [o,] reduces mod % to the Frobenius morphism on C,(%), by (9), (15), (19)
and (20), we have

—

(21) 72104y () = K1V ES (1 iy (£) + (d° = pF + 1) mod B,

kH 7210,y (1) = 2kt VES 1 iy (1) + (d° = pF +1) mod B,
=1

= [Bll&10,)(8) = [BIV/ (1) mod B,
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102 Grant, Geometric proofs of reciprocity laws

b, .
where x| and x, are non-zero mod B, and E = ) {e, j1w — e, j>f . From (21) we have
w=1

d,

E=f=5 {ejyw— e,,_,'>f . Hence whenever b, >0, we have b,=4d,.. Since
Z b, = Z d. = g, we get b, = d, for all 1 <r < s, which gives part (a).
r=1 r=1

To show part (b), we first note that by assumption F|a,| = [[F [0,,] (0)],

r=1

5o #(F[op]) = pf" We claim that Z[o,!(p%)] = Z[z%]. Indeed, for all 1 <r<s,
F o, (p*)] = F[n?], and since by (9) and Lemma 1, [f] is invertible over R, all these in-
clusions must be equahtles. It follows that we can identify Z[o,,!(p)] and 7 [x,].

We now fix an r, 1 <r <s. To compute the value of the functions 7, ;) for j € Z /d. 7
on points of Z[r,], by (16) we need to solve in % (m) the simultaneous equations

(22) 0=[mT = 2z X7 [@ouuwntumn)
1<k<s heZ/dZ

= 2 7m0y (Giny) T7 27 207 TR0y (L))

jez/adZ ]1{(1 heZ/d,Z

For this it will be convenient to treat (7|0, ;) (£, ;)) as a specialization of a g-tuple of
power series in the two independent variables x,. ;) and y,. ;. So we define

(23) (710 1,1) 5 Yt iy) = Ot 1) ) 7 Vot ) W)

so that by (14), [7?’}5;{(&]’) (xx(w-), yx(,.’j)) = [ﬁr]éx(r-,j)(t;{(r,j)) when we substitute

Cep i1—er
- Y rj+17%r,j
Xy(r) = Ongry (M) lyrjy AN Yy ) = Ly,

Note by (15) and (23) that the linear term of [7] (0, ;) (Xy(r.j)> Vy(r.j)) 18

(24) 5)((’ /)( ( ])) + a(e, jr1—er, ,>/ r, 1+15 (r 7/+1)(yl(’7j))'

Now solving (22) is equivalent to solving g + 2d, power series equations, the first g
given by

(25) 0= X, @00 st Yeni) +7 S 3 B0 (L),

eZ/dZ k=1 hez/dZ
jez/ k+r /dk

and the other 24, series being

Xy(r,) = Ong ) () Lyir, )
<‘r Jj+1 "r‘j>’/

(26) yy(; j = 17() ) s ] € Z/er

By (24), the linear terms of the series in (25) are:

Xprif) T ey ey, > v Vari-1) T €L/,
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and
On Ah)( )[‘(k,h), l§k§S,k:i:V,h€Z/de,

where gy, (m), 1 <k <s,k+r,heZ/dZ, and Ao, e 5T Jj€Z/d,Z, are units in R.
Hence, for | £k <s, k+r, heZ/diZ, and je Z/d,Z, by the formal implicit function
theorem (Lemma 2) we can identically solve the system (25) by setting

(27) L) = Py X 1) - -+ s Xyrd))

Yoir) = Wor ) K1) - - -5 X))

for some power series @, ), ¥, With coefficients in R, which have no constant terms,
and where the linear term of wy(r )18 =Xy 1) /a@r 1—ery! r.j+1- The solutions of (22)
therefore are same as those of the system gotten by plugging (27) into (26). This gives d,
equations for j € Z/d,Z,

p<"r J+1 "r,j>/

(28) A, eyt by = O o) (W) i) + (A 2 2),

where the right hand side is a power series in Oy (m)ty(r,z), z€Z/d,Z. Now let
7 =a0m(n,), and | - | be an absolute value on L. Note that all the terms of degree at least
two in t?e right hand side of (28) evaluated at any u € 7 [q,,! (p)]’ have absolute value less
than |z|”.

Lemma 7. Forany ue 7[o,'(v)]’, and all 1 £ j < d,, |t, ;(u)| = |n].

Proof. Fixanyue 7 [a,;}(p)]’. Pick a j = jo such that |, ;)(u)| is maximal. Com-
paring terms of (28) of greatest absolute value, we have

<er, Jo ~Cr.jo— 1>

[t jo—1) (1) | = 17 1) @] 2 17 [ -1 ()],

by maximality, so since p<éio i1’ > 2,

<er, jo—er, i 71>f7
P O I A

Hence also from (28), comparing terms of greatest absolute value, we have

ey, Jo—17¢r, i 2> 2
@) =l g g )] 2 7,

and so |t j,—2)(u)| = |n|. Hence continuing successively in this manner, we get for all
J € Z/d,Z that |t ;(u)| = |n|, as desired.

As a consequence of Lemma 7, £, ;(u) + 0 for all j € Z/d,Z and all u € 7 [q;,! ().
So for all 1 < j < d,, comparing terms in (28) of greatest absolute value, from Lemma 7 we
have

<erj —Cr, j— 1>/‘

(29) 7 2 )] = 15401y ()" -
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104 Grant, Geometric proofs of reciprocity laws
Hence applying (29) repeatedly, we have

<)j e, j— 1>

/7]

Cep, jo1=er, j—2>! pleriTer -1

/Iml)” /|7r|

|P<"r=.f*€r-.j—2>’// 7| plerimen 0! 4

|y 0] = 12, -1y ()"

= (It @)

= |t){(r,j—2) (u)

Y Ly, j*é’r,:>f
zel/dyZ

Cer, j=er, j>1 e

fIml "7

<5p /*t’r.:>f

= |ty W)°

)
zel/drZ

= |ty @I/l

Therefore
p<L’r_ joerzf

- )
/_1 zeZ/dy7
Il [T )| = rf=

veF o, )
Remark. (1) If each W, contains only one element (for example, if / = 1), then the
same result holds without assuming # is p-typical. See the argument in [Gra2].

(2) Since ¢, 5 has no linear term, ordy(f,,n) 1 Sk =s, k+r, he Z/dZ, is at
least twice the minimum of ord, (Zx(r, j)), jez/dZ.

§4. Stickelberger relations on certain group varieties

We will say that a commutative group variety G defined over K has CM by Z[{] over
K if there is an embedding ¢ : Z[{] — End(G), whose image consists of endomorphisms
[o] = &(a) defined over K. For any o € Z[(], let G[o] denote the kernel of [«] in an algebraic
closure of K, and for any ideal a < Z[(], let G[a] = () G|«]. Let G[a]’ be the non-trivial

aea

elements of G[a]. We say the CM of G is simple at a if for all n = 1, G[a”"] is a rank-one
Z[{]/a"-module.

Let p be as in the last section. Note that if G has CM by Z[{] over K which is simple
at p, then any 7 € Gal(K(G[p])/K) acts on Gp] via an [«], o € Z[(]/p. We write T = 1,

Let y, denote the group of /®-roots of unity. The following is a generalized Gauss’s
Lemma, along the lines of [Kubl], which we include for the convenience of the reader.

Lemma 8 (Gauss’s Lemma). Suppose that G is a commutative group variety with CM
by Z[{] over K which is simple at p. Let S be a set of representatives of the orbits of G[p]’
under the action of u,, and 0 € K(G) a function regular at all points of G[p|', such that

[£]*0 = (6. Then
o) =) oo
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Grant, Geometric proofs of reciprocity laws 105

Proof. The result is trivial if the product vanishes, so suppose that [[ 6(u) + 0. Let

ueS
v be a basis for G[p] as a Z[{]/p-vector space. Then we can write S = Bv, where B is a set of

representatives of the orbits of (Z[{]/p)” under u,. Therefore we get that

() () - (gem)( omn)

1 1 0k 11 T "0

_ m=lkeBna ("B _ m=lze(™aBNB
I1 6([k]v) I 6([k]v)
keB keB

_ f[ Cnm #({{"aBNB}) ,
m=1

letting z = { ™ok. But the same argument with the function ¢’ defined on Z[{]/p by
0'(k) = k", gives mod p that

[1 0'(ak)

ﬁ Cnm#({(’”’aBmB}) _ keB

m=1 a H el(k)
keB
11 (0" N
_ KE — n(Np=1)/0 _
I1 k7 <p> F

keB

For every g € A, we let R, denote the completion of Z[{] at a(p), K, denote its
fraction field, and B, denote its maximal ideal. We let L, denote an algebraic closure of
K;p), Os be its ring of integers, and m, be the maximal ideal of 0.

We say a commutative group variety G of dimension g with CM by Z[{] over K has a
congruence formal group % at p of type ® = (6,,,...,0,,) if:

(i) There are local parameters 7 = ‘(t,...,t,) at the origin of G, defined over K,
such that [{]"#; = {"1;, and such that for independent generic points x, y on G, setting
4;(T(x), T(y)) to be the expansion of 7;(x +¢ y) in the completed local ring of the origin,
and then setting % = (%;), <, ,, defines a formal group over Z,[{] (so is of CM type ).
We call such a T a set of parameters for 4.

(ii) G extends to a group scheme G over Z(,[(], and for every o € ®, u — T'(u) is an
isomorphism from the kernel of reduction of G((,) modm, to %(m,). Hence we can also
think of 7" as a set of coordinate functions on % ().

(iii) For every o € ®@ there is an o,y € Z[{] such that [a,(,] reduces to the Frobenius
on ¥ mod 3, and satisfies a weak congruence relation (7) for some (hence any) choice of
type coset representatives c(P, ®).

Note that if the weak congruence relation (7) holds at some o(p) for o € @, and if a

corresponding b, > 0, then (iii) implies that G[a,,' (o(p))"'] is in the kernel of reduction
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106 Grant, Geometric proofs of reciprocity laws

mod my, so (ii) implies that we can identify ¢ [o,,! (a(p)) b"] = Gla, (a(p)) b’]. Hence if G is
a commutative group variety with CM by Z[{] over K with a congruence f?rmal group at p
of type @, and the CM is simple at o' (a(p)), we get that ¥[q,,! (o(p))”'] is a rank-one

Z[¢] /ot -module,

Theorem 3. Let ® = (oy,,,...,0,,), with ny = 1. Let G be a commutative group vari-
ety of dimension g with CM by Z[(] defined over K, which for every a,t € ® is simple at
7! (a(p)), and has a congruence formal group G at p of type ®@.

Then there is a w € K(G) satisfying [{]"w = {w, such that

(11 ww) = T’

ueGlp]

where a is a fractional ideal of K prime to [] o(p) which is £ t_power free, and b is some
non-zero fractional ideal. oed

Proof. Let ¢(p,®) be a choice of type coset representatives for p and @, and let
x(r ), 1 =r<s, jeZ/dZ be the corresponding exponential indexing of {1,...,g}. Let
T ="t,...,t,) be a set of parameters for 4.

Let # be the p-typification of 4, and ¢ : % — # the accompanying strict iso-
morphism of formal groups, both defined over Z(,)[{]. By Lemma 4, 7 also has CM type
®, and for every o € @, ¢ induces an isomorphism of %(m,) and Z (m,) as Z[{]-modules. In
particular, if V' = ‘(v1,...,vy) = ¢(T), then V is a set of coordinate functions on # (m,),
and [0, ()] reduces to the Frobenius endomorphism on .# mod *B,. We can consider .7 de-
fined over R,, and we can apply Proposition 1 (a) with p replaced by o(p) to show that the
strong congruence relation (8) holds. Hence by the discussion above, for any ¢ € ® and
1<r<s, 7 [a;,}_l (a(p)) d"] is a rank-one Z[{]/p“-module. Now we can apply Proposition 1
(b) with p replaced by a(p).

Hence for any 1 <r < sand j € Z/d,Z, identifying G[p] with ¥[p] and F [p], we get

(30) ordy, ) [T vgpp(u)= 3 plrimoor.
ueG[p]' ZEZ/(/{,Z

By Lemma 4, the i component of ¢ is a power series ¢ with coefficients in

Z»[Cll[x1,...,x4)] which is isobaric of weight n,mod/ when x; is given the weight
nrmod /. Now let ; € Z,[{][x1,...,x,] be the truncation of ¢; after a sufficiently high
power of xi,...,x, such that if w; =y,(T), then ord, w;(u) = ord, v;(u) for every

ue Gp]’, for every 1 <i <y, and for every o e ®, where g, is the maximal ideal in
K (Gp]). Then w; € K(G) and [{]*'w; = {"'w;. Hence for every 1 < r < sand je Z/d,Z,

(31) ords, ) I wyep() =ords, ) TI vy ().
ueGlpl’ ueGlp)’

In particular, since for every 1 <i < g, i = y(r, j) for some r and some j € Z/d,Z, we have
by (30) and (31) that for all 1 <i < g,
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IT wi(u) £0.

ueGly)'

Take 1 <r <s. Since p/ =1 mod/ and e, = 0, letting j = 1, the exponent on the right
hand side of (30) is

(32) plee g p/erpl=p a4 p e =m Y n' mod/.
eWw,

So by (32) and (31) we have, since y(r, 1) = m,,

(33) ords, ) [I wm(u) =m, > n;' mod/.
ueGlp]’ ew,

Since we required n; = 1, if w = wy, then [{]"w = {w. Let S be a set of representatives
for the orbits of the action of x, on G[p]’. Then by Gauss’s Lemma (Lemma 8), it follows
that

E= TTww)™/wy, (u) e K,

uesS

and & = J] wu)™ IT wm, (u), so from (33) we get that
ueGlp)' ueGlp)'

(34) ord,, (p) T ww= > n,:l mod/.
ueGlp)’ On € Wr

Finally, considering (34) for all 1 <r < s, we have,

(11 w@) = o)’

ueGlp]’

where a is a fractional ideal of K prime to [] a(p) which is /®-power free, and b is some
non-zero fractional ideal. oe®

Remark. By Remark (1) of section 3, if each W, contains only one element (for
example, if /= 1), then we can apply the result of Proposition 1 without assuming # is
p-typical, so we can take the g-tuple of power series ¢ to be the identity in the proof of
Theorem 3.

§5. Geometry of J

Our proof of Theorem 1 will use the arithmetic of tori with complex multiplication,
employed in a different fashion in [CG]. Let G be the group scheme defined over Z by
X1X3 . ..x; = 1. The group morphism +¢ for G is given by

(.X],Xz, s ,X/) +ac (y17y27 .. ->J’/) = (XIJ’szyza v 7x/y/)a
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108 Grant, Geometric proofs of reciprocity laws

and the inverse morphism is given by x; — [] x;. Note that G is isomorphic to the (/ — 1)-
i

fold product of the multiplicative group G,i. There is an automorphism z of order Z on G

defined by z(x;) = x;41 for 1 £i </ — 1, and z(x,) = x). Since z commutes with the group

morphism and 1+ z+---+z/~! =0, we get an embedding ¢ : Z[{] — End(G), sending

{ — z. We denote ¢(a) by [«]. The origin on G is the Z-point (1,1,...,1), and if we set

x; =x; —1,then x/, 1 £i </ —1, form a set of parameters at the origin of G, and

/=1

(35) xé’ = Z H(_xz{)ji EZ[[X{,...,X}?IH.

Ji =0, (]] yees JO—1 ) + (0' 0) i=1

Using these parameters, we can define a formal group at the origin of G by setting

!/

! !/ !/ !/ _ !/ _ !/ !/ !5,/
Gi(X1s o X Vs Vo) | = X Fa | vi [ = Xy x|

which are power series over Z, for 1 £i </ — 1. Then 9 = {%4,;},.,,_, is a formal group
over Z, which is just the product of / — 1 formal multiplicative groups. Since for any i,
[(]"x! is a power series in Z[[x{,...,x, ]|, for any o€ Z[(], we get an endomorphism
o] = “(py1,--..,ps_1) Of G by setting p;(x],...,x,_|) = [0 "x], p; € Z[[x],...,x,_4]].

Now considering % as a formal group over the p-adic integers Z,, if M is an al-
gebraic closure of Q,, Oy is its ring of integers, and ny, the maximal ideal of O,
we get an isomorphism from the kernel of reduction of G(¥j/) mod s to 4(my) via
u— (x{(u),...,x)_,(u)), the inverse being given by

/-1 .
(vl,...,v/_l)—><l+vl,...,l+v/_1,l+ > H(—vi)]‘).

JiZ0,(Jiyerjr—1) #(0,...,0) i=1

Define 1;,, 1 £i </, by

/ -
(36) ="
j=1
. —ij—1 |
Since [(7]; 2, i<, :Z[( li <j k=s> We get that

1= 11(1+ /0% a)

j=1 k=1

1 D . 1
defines a group scheme J; over Z {Z} which is isomorphic to G over Z [Z] [¢].

Letg=/—1,and ®y = (0y,...,0,,) = (01,...,0).
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Proposition 2. (a) Jy is a commutative group variety of dimension g with CM by Z[(]
defined over K which is simple at 7' (a(p)) for every o, 7 € ®y.

(b) Jo has a congruence formal group at p of type @y.
Proof. (a) Note that by (36),
(37) "=t
so Jo has CM by Z[({] defined over K. For every n = 1, the points of G[p”] are of the form

/
(Cphs - Gn), > ¢ = 0mod p”, so Jo[p"] = Z[(]/ p"Z[(], and the Chinese Remainder Theo-
i=1

rem shows that Jq [7"!(a(p))"] is a rank-one Z[¢]/p"-module for every o, € ®y.

(b) Using (35) and (36) for 1 <i</—1, we can write # = ¢;(x],...,x,_;),
/-1

with ¢; € Z[(][[x],...,x, ,]]. Since the linear term of ¢, is > ({7 — 1)x}, and
) 1. s
(7 - 1]1—;_’]_&,_1 — Z[C‘]k]lgj,kg/—l: we have that ¢ = {¢;},-,,_, is an invertible set of

. 1 . .
power series over Z [Z] [{]. Let  be the inverse. If for g-tuples of variables W and Z we set

. 1] . . 1 :
then # = {7}, ., is a formal group over Z {Z} isomorphic to % over Z {Z] [{], which

by (37) has CM-type ®,. For any ¢ € @y, considering # as a formal group over R, via ¢
we get an isomorphism from the kernel of reduction of Jy((,) mod m, to Z (m,).

Finally, since [p/] reduces to the Frobenius on Gmod a(p), for every o € @y, it does
the same on Jy and % mod a(p), and since n; = i, we have the (strong) congruence relation

(p") =TI ='(alp))-

red)o

§6. Proof of Eisenstein reciprocity

Now take o € Z[{] to be any semi-primary element. If p % (1), by Proposition 2 and
Theorem 3, there is a function wy € K(Jy), such that [{]"wy = {wp, and such that if we set

¥(p)= [I wo(u), then
uelJo[p]’

(¥ (p)) = rf ai(p)at,

where a is a fractional prime to p and is /"-power free, and b is a non-zero fractional ideal.
Note that wy is not unique, but we will assume that we have fixed a choice of wy for every
choice of p. Let {, be a primitive pP-root of unity. We saw in the proof of Proposition 2
that Jo[p] = K({,). Let S be a set of representatives of the orbits of Jy[p]" under the action
of u,, and v(p) = [] wo(u).
uesS
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Since v(p)’ = ¥(p), and v(p) € K(C »), which is ramified over K only at primes above
p, we see that a is the unit ideal.

We extend the definition of W to products of primes prime to 4 by
() =¥()¥(d),
and set W (o) = W ((«)). We define b € K by the rule
(38) Y(a) = Y(a)b,

/-1 /-1
PR > <ha .
where Y(o) = o=l =g . Then we have that ord, b = 0 mod/ for all primes q of

Z[(]. This shows that K(h'/*)/K is unramified outside /. In fact we have:
Lemma 9. K(b')/K is an unramified extension.

Proof of lemma. We only have to show that the extension is unramified over 4. We
know that for every p dividing o, K (v(p))/K is unramified over 4, so by (38) it suffices to

show that the same is true of K (Y(x)'"/")/K. For this it suffices to show ([CF], Ex. 2.12)
that

Y(B)=1 mod/’,

for f = o/ ~!. Note that since o is semi-primary, f = 1 mod A*. Since for all j prime to /, we
have

(39) (0, — j)/'zll igi 1 e (Z]A],

we have that Y(B)”/Y(B8)’ e (K*)’. Further, Y(8)”/Y(f)’ is congruent to 1mod A,
so it is congruent to 1mod A, and Y(B)? = Y(f)’ mod \’. Now write Y(f) = 1 + A%,
with ¢ € Z[{] prime to 4. We know that 4 > 1. Suppose that d < /. Then we have
(1+2%)7 = (14 2%)" mod 291!, so 1+ (1 — /)e% = 1 + jA% mod A?"!. Hence

(1=8)/(1 =) = jemod 4, or (1+{+---+ )%= jemod .

Therefore, j¢ = jmod/, for all (j,/) = 1. This gives d = 1 mod/ — 1, so since d > 1, we
have d = /, as desired.

Lemma 10. K (b'/) is abelian over Q.

Proof of lemma. We know for any prime p=+ A with p/ = Np, that
K(¥®)"") = K(v(»)) € Q((,¢,), which is abelian over @, so K(¥(x)"/’) is abelian
over Q. Hence by (38) it suffices to show that K (Y(oc)l/ /) is abelian over @, which is well
known ([Hilb], Theorem 147), and follows readily from (39).

Completion of proof of Theorem 1. We first claim that b € (K* )/. If not, let M be the

fixed field in K (h'/*) of the inertia group over @ of any (hence by Lemma 10, all) primes
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above /. Then by Lemma 9, [M : Q] =/ and M/Q is a totally unramified extension. By
the theorem of Hermite-Minkowski, this is a contradiction, so b = 7, for some y € K. Now
let q be any prime in K, with Nq prime to Ao, and say q lies over the rational prime ¢. Let
7 be the Frobenius attached to q in Gal(K(Jo[o])/K). Then for any prime p dividing «,
restricts to the Frobenius attached to q in Gal(K (Jo[p])/K), which is the restriction of the
map tyq : (, — C;Vq in Gal (K(Cp)/K). Since 7y, acts as multiplication by Nq on Jy[p], we
know by Gauss’s Lemma (Lemma 8) that for any p dividing «,

(o)) e = (B9).

p
Hence

(P ()) () = <¥>
But

(900! 0! = (o) M0 = () o () (TED) - q,

q q
Therefore
fil )
(5)-C)-[ %
o q q
R=YCs i_/fl azr,.1>"f B /1( o > B ( o >
Hence <g> = <g> , and Theorem 1 follows by bilinearity.

§7. Geometry of J,

Let C, be the projective non-singular curve defined over @ by the affine model
y(1 —p)*=x’,1<a</—2, which is a quotient of the /" Fermat curve. Then C, is
a curve of genus g = (/ —1)/2. Let oo denote the lone point at infinity on the affine
model. Let J, be the Jacobian of C, (for basic properties of abelian and Jacobian varieties,
we refer the reader to [Mi]). The automorphism ¢ over K of C, given by (x, y) — ({x, ),
extends to divisor classes, which gives an embedding ¢ : Z[{] — End(J,). The images of ¢
are endomorphisms which are all defined over K, and we denote ¢(x) by [z]. We let
Ja[p*] = U Ju[p"] and Jy 1ors = | Ju[n]. For f € End(J,), we let v(f) denote the degree
of ﬁ n=0 n=0

Note that C, and hence J, have good reduction at p. Until further notice, let a tilde

on top of a symbol denote its reduction mod p. Let
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112 Grant, Geometric proofs of reciprocity laws
n={1=n=s/—-1|<ny+<nay </ —1}.

Then #(#n) =g, and we pick an ordering # = {ny,...,n,} such that n; = 1. For every
n; € n, let ¢; be such that n;a — (m;ay = ¢;/. Then

;= x"dy/y(1 = )",
1 £i<y, isabasis of H(C,,Q). Note that &*w; = {"w;. The w; are defined over @, and
the @; form a basis of the holomorphic differentials on C,.

Let x : C, — J, denote the albanese embedding of C, into J, using co as base point,
which commutes with reduction mod p. Via the isomorphism «* : H°(J,,Q) — H(C,,Q),
we see that the Q; = (K*)_l(wi) are defined over Q, that the Q; form a basis of the holo-
morphic differentials on J,, and []7Q; = (",

Let n be the maximal ideal of the local ring at the origin of J,, and let ¥ be the iso-
morphism 1/n> — H°(J,,Q), which takes a # € n and maps it to the holomorphic differ-
ential represented by dt at the origin. Then iy commutes with [{]* and reduction mod p.
Since J, is defined over @ and has good reduction at p, n contains a set of parameters at
the origin of J, defined over @ which reduce to parameters at the origin of J,. Hence we

can find a set of parameters sy,...,s, at the origin of J, defined over Q that reduce mod 1}2
to the lp‘l(Q,-), and such that §p,...,5, form a system of parameters at the origin of J,.
Therefore [{]"s; = {"s; + (d° = 2) in the completed local ring at the origin. For 1 <i < g,
VS
we now set :ZZ ("¢ s;. Since for all o e A, [(]° = [(°], we have 1, € Q(J,). In
J=0
addition, [{]"t; = (", and t; = 5; + (d° =2 2),s0 T = '(11,...,1,) is a system of parameters
at the origin of J,, and (71, ...,1,) is a system of parameters at the origin of J,.

For independent generic points u and v on J,, we define a formal group
J={I i<, over Q by setting J(T(u), T(v)) to be the expansion of #;(u +, v) in the
completed local ring at the origin of J,. Again by good reduction, ji“ (T~(ﬁ), T (6)) gives the
expansion of #;(u + j, ¥) in the completed local ring of the origin of J,, for independent
generic points i, ¥ on J,. So S is a power series with coefficients in Z,. In addition, if
g € Q(J,) nn reduces to a function mod p, then the power series expansion of g at the or-
igin in 7 has coefficients in Z,). Hence for every o € A we have an isomorphism u — T'(u)
from the kernel of reduction modm, of J,(0,) to #%(m,). (Here J,(0,) denotes the
O,-points of the Néron model of J, over (,.) Since for all 1 £i <y, [{]*t; = "¢, for
any o € Z[(], we get an endomorphism [o] = /(py,...,p,) of #* over Z,[(] by setting
pi(ty, ... ty) = [«]"t;. We have shown the following:

Lemma 11. 7 is a formal group of dimension g defined over 7,y with CM-type
O, = (on,...,0,), and for all € ®,, J°(m,) is isomorphic to the kernel of reduction of
Ja(Oy) mod m,. Here ny = 1.

There is very little of the general theory of complex multiplication of abelian varieties
that we need to apply to J,. In keeping with the philosophy of the paper, we will develop
what we need directly, following [La] as a general reference. We just recall the following,
which follows from the fact that [K : Q] = 2dim(J,) and that Z[{] is the maximal order in

K [La], pp. 9, 112. Now let a tilde above a symbol denote its reduction mod p.
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Lemma 12. (a) For any non-zero ideal a = Z[{], J,[a] is a free Z[(]/a-module of
rank 1.

(b) The embedding ¢ is an isomorphism and we can identify K with End(J,) ® Q. Re-

ducing endomorphisms mod p, K is its own commutant in End(J,) ® Q.

There is an analytic isomorphism ¢ from J,(C) to a complex torus CY/A, where A is
a lattice in CY, which induces a degree-preserving isomorphism ¢, : End(J,) — End(C?/A)
from the (algebraic) endomorphisms of J, to the (analytic) endomorphisms of CY/A. Any
y € End(CY/A) lifts to an analytic endomorphism of its covering space CY, which must be a
linear map y’. Note that ’A = A, so picking a base for A, y can be represented as a matrix
M, € M»,(Z). Hence we get the faithful rational representation pg : End(J,) — M>,(Z) by

setting pg (f) = My, (p).

Lemma 13. For o€ Z[{], v([x]) = det pg([o]) = N (o).

Proof. By the irreducibility of the /"-cyclotomic polynomial over @, we get that
po([¢]) must have all possible conjugates of { as eigenvalues, so for o € Z[{], pg([o]) has
gi(a), 1 =i < 2g, as eigenvalues, and the result follows.

For any prime ¢, since (C?/A)[g"] = A/q"A, the g-adic representation p, of End(J,)
on the Tate module 7,(J/,(C)) = lim A(C)[q"] is equivalent to the rational representation,
so p,([o]) can be represented by a matrix in GLy,(Z,) whose determinant is N (a) = v([«])
for o € Z|{]. Now let ¢ be a prime different from p. Since J, has good reduction mod p,
representing endomorphisms on 7,(J,) inject when reduced mod p.

Lemma 14. (a) Gal(K(J4,1ors)/K) is abelian.

(b) Let Fr, denote the Frobenius morphism on J,. Then there exists an o, € Z[o] such
that (o] = Fry.

Proof. (a) It suffices to show for every non-zero ideal ac Z[{] that
G, = Gal(K(J,[a])/K) is abelian. The action of G, on J,[a] gives an injection
G, — Aut(J,[a]), and since all elements of &(Z[(]) are defined over K, the image is con-
tained in the group of automorphisms of J,[a] as an Z[(]/a-module. By Lemma 12 (a), G,
injects into the abelian group Aut(Z[{]/a).

(b) Since Fr, commutes with the reduction mod p of End(J/,) ® @, by Lemma 12 (b),
there exists an oy, € K that reduces to Fry. Since the characteristic polynomial of Fr, acting

on T,(J,) has integer coeflicients, and it coincides with the characteristic polynomials of
p4([2%p]) and pg ([op])—which has o, as a root—in fact «, € Z[(].

We now gather what we need about o,.

Lemma 15. (a) (Weak congruence relation) We have an ideal factorization

(o) = 11 ail(p)b”, where > by, =g.

ged, oged,

(b) (Strong congruence relation) (o) = [ o~ (p).
cged,
Brought to you by | University of Colorado - Boulder
Authenticated
Download Date | 2/19/18 9:04 PM



114 Grant, Geometric proofs of reciprocity laws
(c) apity = p/.
(d) oy is primary.

(e) The extension K(J,[p™])/K is unramified outside 1. [ o(p).

ged,

(f) Let q be a prime of K prime to A || o(p), and let t, be the Frobenius
oed,

automorphism attached to q in Gal(K(J,[p*])/K). Then t4(x) = [0g](x) for all x € J[p™].

Proof. (a) By Lemma 13, since degrees of endomorphisms are preserved under
reduction at a prime of good reduction, N(u) = v([op]) = v([op]) = N(p)? = p/9. Let
c(p, ®@,) be a choice of type coset representatives for p and ®,. Let C,y,..., C; denote the
cosets of D in A that have trivial intersection with ®,, and pick g, € C, for s+ 1 =r = t.

t
Hence we have (o) = H o, ( p)” for some b, with 3_ b, = g. We now claim that if r > s,
r=1
then b, = 0. Indeed, let m € Z[(] be such that ord,.i\,mw =1 but ord,1(,m =0 for all
o ¢ C,. Then J,[0,,! (p)] S Ja[n], but by Lemma 1, [z] is an automorphism of #, over R, so
S[o,,1(p)] is trivial. But all of J[x,] must be in the kernel of reduction modm, which es-
tablishes our claim.

(b) By Lemma 11 and part (a), considering #, defined over R, we can apply Propo-
sition 1 (a) to the p-typification of #“, and our weak congruence relation is the strong one.

(c) Since @, is a set of representatives for the orbits of A under the action of complex
conjugation, part (b) implies (o%,) = (p/), so there is a totally positive unit u € K such
that o, = up’.

Extending x to w-fold symmetric products C*) of C, we get that ® = x(C¥~1) is an
ample divisor of J, that defines a principal polarization.

Recall that for any ample divisor X on J,, there is an isogeny ¢y from J, to its dual
fa, taking a point V' € J, to the linear equivalence class of X}y — X, where X is the image
of X under the translation-by-J map. Note that an ample X is algebraically equivalent to a
divisor Y, which we write as X = Y, if and only if ¢y = ¢y. If o € End(J,), then pulling
back under o gives a transpose isogeny o’ : J — J. Since © glves a principal polarization,
¢e is an isomorphism, and for o € End(J,), we set &’ = ¢g' 0 o’ 0 ¢, the map o — o’ being
the Rosatti involution determined by ©.

Since @O is fixed under [{], it follows that the Rosatti involution determined by © is
complex conjugation on Z[(], and hence a calculation ([La], p. 71) shows that if ¢ € Z[(] is
such that [¢]"® = @, then ¢¢ = 1. It is standard that Fr*@ p/© as divisors mod p,
SO ¢[ e and ¢ ) have the same g-adic representations modp for any ¢ + p as isogenies

from J, to Ja ~ J,, and hence $s,)0 and ¢,/¢ have the same g-adic representations as
isogenies from J, to J,, and therefore are equal. Hence [¢]’® = p/®. Since © is de-
fined over @, we also have [#%,]'® = p/®. Hence [x,%,]"® = p¥®, and since always
[p/]°® = p¥ ®, we get that [u]*® = ©. Therefore uit = 1, and u is a totally positive unit of

absolute value 1 in some complex embedding, so u = 1.
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(d) By part (c), all we have to show is that o, is congruent to a rational integer
mod /2. Tt follows from a theorem of Greenberg [Gre] (which now has an explicit con-
struction by Tzermias [T1]) that J,[A°] is rational over K, so [4,] fixes J,[4’], and we even
get that o, = 1 mod A°.

(e) If g is a prime of K prime to A [][ o(p), then the same argument in part (a) shows
that J,[p*] injects mod q. 7P

(f) For any n =1, take x e J,[p"]. Since [o,] reduces to the Frobenius endo-
morphism on J, mod q, 74(x) and [«,](x) agree mod q. Since by (e), J,[p"] injects mod q, we
have 74(x) = [otq](x).

Proposition 3. (a) J, is a commutative group variety of dimension g with CM by Z[(]
defined over K which is simple at t~! (a(p)) for every o,7 € @,,.

(b) J, has a congruence formal group at p of type ®,, and ny =1 in @,,.

Proof. First we apply Lemma 11 and Lemma 15 for o(p) for all 6 € ®,. Note that

by Lemma 12 (a), for every n > 1 and g, 7 € ®,, we get that J, [t (o(p"))] is a rank-one
Z[{]/p" module.

§8. Proof of Kummer reciprocity

In this section let / be an odd regular prime. For a, b relatively prime ideals in Z[(]

. b\ . . .
prime to A, we set {a,b} = <%> (E) . Theorem 2 says that for every distinct pair of prime

ideals p, g prime to 4, we have {p, q} = 1. We prove this via Propositions 4 and 5.

9 _
Forany 1 £a </ —2, let J, and @, be as in the last section. If Y(p) = [ p< o,

i=1

then by Proposition 3 and Theorem 3 there is a function w, € K(J,) such that [{]*w, = {w,,

and such that if W(p) = ] wa(u), then
ueJ[,[p]/

(40) (W(p)) = Y(p)ad’,

where a is a fractional ideal prime to [][ o(p) and is / th_power free, and b is some non-
zero fractional ideal. 7D,

Let S be a set of representatives for the orbits of J,[p]" under the action of x,, and
v(p) = II wa(u). Then v(p)" = "F(p).

ues

Lemma 16. There is some e € Z such that if
0= (a"/(1+a) ") ¥(p),

then K(6'/")/K is unramified over ).
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Proof. Let « be any /"-root of a“/(a+ 1)“"", F = K('/? «). It is shown in [CM]
that C,—and hence J,—has good reduction over F. Let M = K(«), which is easily seen to
be of degree / over K. Since F(v(p))/F is an extension which is unramified at primes over
¢ in F, the same is true for the extension M (v(p))/M. Suppose no such e exists. Then
taking e = 0, we have that K(v(p))/K is an extension of degree / totally ramified over
. If K(v(p)) = K(«), then there is some e such that 6 € (K*)’, so we must have that
(K (2, v(p)) : K| = /2. Since K (o, v(p))/K () is unramified at primes over /, the inertia
field 7 in K («, v(p))/K of primes over 4 is a degree / extension over K which is unramified
at J. If I = K(6'/") for some choice of e, this gives a contradiction. So I = K(z), which
means that K («,v(p))/K is unramified over A, also a contradiction. This establishes the
lemma.

Proposition 4. Lety, = > o', and let p and q be primes of Z[{] with p # (1), and
qprime to . ] o(p). Then €%
()=
p qya

ged,
Proof. We first note that a in (40) is the unit ideal. Indeed, since v(p) € K(J,[p]),

which by Lemma 15 is unramified outside primes dividing 4 [[ o(p), we get immediately
ged,
that a is a power of /. Since / is prime to a and a + 1, Lemma 16 shows that a must be

prime to A.

Now let /4 be the class number of K, and p” = (), where g is primary. For o € Z[(],
g
let Y(2) = [ o< Do Then by (40) we have
i=1

(41) Yp)' = I waw)" =eY(p)t,

ued,p)’
where b is a generator of b" and ¢ is a unit.

We now claim that ¢ is primary. Indeed by Lemma 16, choosing e so that K(6 e )/ K
is unramified over /, § is primary, and the /™ power of an element of Z[{] prime to A is
primary, as is any rational integer prime to /, so ¢Y () is primary, too. Finally, since p is
primary, ¢ is primary. This shows that ¢ is an /" power, so multiplying » by a unit if nec-
essary in (41), we can assume ¢ = 1.

For qe Z[{] prime to A [[ o(p), we know by Lemma 15 that the Frobenius z,
ged,

attached to q in Gal(K(J,[p])/K) acts on J,[p] via [o]. Let h* be any integer such that
hh* =1 mod/. Then by (41), Gauss’s Lemma (Lemma 8), and the definition of the power
residue symbol,

o () (8 (222 () - (3)

Now Lemma 15 gives
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(43) (29) = I1 o~ '(a) = a™,

ced,
and shows that o, is primary.

Now from (42) and (43) we have

()-8 g e

which proves the proposition.

Q —
=
~
=\

Il
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~—
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- |
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2|
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Proposition 5. For all | < a </ — 2, suppose {q’«,p} = 1 for all primes p,q < Z[(],
q £ (), p prime to Aq7. Then {p,q} =1 for all distinct primes p,q < Z[{] prime to .

Proof. Case 1: q is not a conjugate of p. Let X consist of the x € Z//Z]A] such that
{q%,p} =1, for all prime ideals p, g which are prime to A and are not conjugates of each
other. Our goal is to show that X is all of Z//Z[A].

Lemma 17. X isa Z/(Z[A]-module.

Proof of lemma. The bilinearity of the power residue symbol shows that X is a
subgroup of Z//Z[A]. To see that X is a submodule of Z//Z[A], it suffices to show o X = X
for every o € A. But for x e Z//Z[A], {q*,p} =1, implies {q°*,p°} =1, and q is not a
conjugate of p?.

Since / is odd, we can decompose Z//Z[A] into the direct sum of Z//Z-vector spaces
Z/¢Z[A]" and Z//Z[A]”, which are respectively, the eigenspaces under multiplication by
o_ with eigenvalues 1 and —1. There is an involution p : Z//Z]|A] — Z//Z|A] defined by

p< > aia[> = > iao;,

ie(z/(7)" ie(z/(7)"

for a; e Z/(7Z, o; € A. The involution is a Z//Z-linear transformation, and since for any
weZ/lZ[A], p(o_10) = —a_1p(a), p exchanges Z//Z]|A]" and Z//Z[A]”.

By Lemma 17, X also decomposes into the direct sum of X+ and X, its eigenspaces
under the action of ¢_; with eigenvalues +1 and —1, respectively.

Lemma 18. X is stable under p, so p interchanges X+ and X .

Proof of lemma. Suppose x = Y a;0; € X. Then if p and q are primes prime to 4,
and are not conjugates of each other,

qp(Zaiai) _ qua[ai,l _ H(qai1>iai _ H(qGil )Ufaf _ (i)
p p p p p*

B E B p_o'i a; B p_o—, iaio—) B P
<Q>H<Q> H((J) (qp(z‘“‘”f))’

as desired, where all sums and products are over i € (Z//7)".
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We conclude from Lemma 18 that to show that X = Z//Z[A], it suffices to show that
X~ =27//Z[A]". Note that the idempotents

b =-3 2o,

gelA

where y is an odd (Z//Z)*-valued character of A, span Z//Z[A]™ as a Z/{Z-vector space.
So to show X = Z//Z[A], we are reduced to showing that for every odd character y, there
is an x € X such that ¢x + 0. We know from Proposition 4 that for 1 Sa <7/ -2,
7= > o leX.Lets(y,a)= Y. x(c). Then we compute ¢,y, = s(y !, a)e,. So Case 1

oged, ge®,
follows from the following Lemma 19.

We call an | < a </ — 2 admissible if a is not a primitive third root of unity mod /.

Lemma 19. For every odd character y : A — (Z/(7)”, there is an admissible a such
that s(y,a) * 0.

Proof of lemma. Let w:A — (Z;)" be the Teichmiiller character, so that for all
g; €A, w(o;) = jmod/. Then it suffices to show that for every odd i, 1 <i </ — 2, that

s(w'ya) = Y w'(o)

ged,
isin (Z,)” for some admissible a.

Following the calculation in [Kub5], we get as in [R], that for i odd, 1 £i </ — 2,
that after identifying A with (Z//Z)* by sending ; — j, we have

(44) s(w',a) = Bwa(af"(a +1) — o (a) - 1),

where By i = ( S jol( ])) /¢ is a generalized Bernoulli number. Let 1 <i</—4
1<j=/-1
be odd. Then since / is regular, B; ,, is a unit in (Z,)”. So (44) vanishes mod / only if

o (a+1)=w(a) +1 mod/.

But we claim that if (a4 1) = @ (a) + 1 for all admissible a, then w™ reduces to the
identity character mod /. Indeed, let b be the smallest positive integer less than / — 1 such
that w(b+1) £b+1mod/. Then for all ¢ <b, @ '(c) = cmod/. By hypothesis, b
cannot be admissible, but also b cannot be of order 3 in (Z//Z)*, since then

o b+ =0 (=)= -0 (b)Y =-b’=b+1=w(h)+1 mod/.

This establishes the lemma for y £ »’~> mod /. So we now only need to show that
s(w’~2,a) isin (Z,)* for some admissible a. In that case /By, € (Z,)", and o= = w
reduces to the identity character mod/. So by (44), we need to show that there is an ad-
missible a such that the equality

w(a+1)=w(@)+1 mod/?
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fails. Suppose not, and let 1 < b </ — 2 be minimal such that w(b + 1) & b+ 1 mod /2.
By hypothesis, b is not admissible, but if b is of order 3 in (Z//7)*, then w(b) is of order
three in (Z,)*, so w(b+ 1) = w(—b?) = —w(b)* = w(b) + 1. Hence there is no such b,
and o(/ — 1) =/ — 1 mod /2. But w(/ — 1) = w(—1) = —1, a contradiction, which proves
Lemma 19 and completes Case 1 of Proposition 3.

Case 2: q is a non-trivial conjugate of p. If there is a non-trivial element ¢ in the

decomposition group of p, then <ﬂ> is invariant under g, so is trivial. Therefore we can
p

assume without loss of generality that p is a first degree prime. Hence by assumption, for
any 1 <a £/ -2, and any g; € ®,, since o_; ¢ ®,, we have

(45) {poia p} = 1.

Since the coefficient of ¢_; in 6_;y,, 1s 1, if we prove this case for all non-trivial conjugates q
of p other than ¢_;(p), then by (45) and bilinearity this case will hold for q = o_;(p) as
well. So we can assume without loss of generality that q is not the complex conjugate of p.
Now taking i = j and i = 1 in (45), we get

(46) {plrm o p} =1,
forany 1 < a </ — 2, and any g; € ®,. Note that
(0 j—o)p,eT= D (Z/(2)ai
gielAi+l,—1

Now T is a Z//Z-subspace of Z//Z[A], stable under multiplication by ¢_;, so decomposes
into the direct sum of 7" and T, the eigenspaces under multiplication by ¢_; with ei-
genvalues +1 and —1, respectively. Note that p preserves T and interchanges 7" and 7.
Let U < T be the subspace of u € T such that {p¥, p} = 1. Our goal is to show that U = T.
Let V' be the subspace of T generated by all (6_; —o_1)y,, forall 1 £a </ —2 and all
g; € ®,. By (46), V' = U, and by the argument of Lemma 18, p(V) = U. Furthermore,
(1+0-1)(o_;—0-1)y, = (6_j —0-1)(—¢,) =0, where y, is the trivial character. Hence
(6_j—o0-1)y,eT” forall 1<a</-2 and g, e P, and so V < T~. If we can show
V=T ,thenp(V)=T" and V@ p(V) = U = T, and the proposition will be complete.

Lemma20. VV =T".

Proof of lemma. Note that T~ is an (£ — 3)/2-dimensional Z//Z-vector space, so is
spanned by {¢, — &, |1 & Xiny, x 0dd}, where y;,, is the character y;,,(0;) = i~'. From (46),
we have for every 1 <a </ — 2 and any odd y that

@) = X 260 -0 )= ( 5 x(o,!)o-_l-ya) s @)oo,

g ed, gied,

isin V. Since V= T-, (1 -0.1)¥, , =2y, . Hence multiplying (47) by (1 — o) yields

2‘//a,x = ( Z X(O’:})(Gﬂ' - ai)Va) +S(Xﬁl,a)(0',1 - l)ya

g e®,

-1
= =&V, + S(X ,Cl)(OL] - l)yaﬂ
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since y is odd. So

(48) 2, = 5O a)e, + (7 a) (oo — 1)y,
“lLa) (e, 4 (01 = Dy).

Now by Lemma 19, we can pick an admissible a such that s(y~!,a) # 0, so by (48), for this
a we get

(49) —& + (01— 1)y, eV.
But we claim also for this a that s( Xi;i, a) #+ 0, because
s(yi) a) = s(w,a) mod/,
and by (44),

s(w,a) = By o0 (a+1) —w ' (a) - 1).

1 1
Furthermore, B, € (Z,)", and if 1= —+ 1 mod/, then a is of order 3 in (Z//7)",
a a

and is not admissible. Hence by (49), subtracting the case where y = y;,, gives
_81 + 8;{inv € V’

as desired. This completes the proof of Lemma 20, hence Case 2 of Proposition 5, and the
proof of Kummer reciprocity.

§9. Applications

Relations to Gauss sums. In this section, / is once again an arbitrary odd prime. As
in section 6, by Proposition 2 and Theorem 3, for every prime p € Z[{] prime to A, there
exists a function wy € K(Jy), such that []"wy = {wp, and such that

(50) < I1 Wo(“)> :/-1:[110'1‘(9)<i1>'ab/,

ueJo[p)’

where a is a fractional ideal of K prime to Np which is /"-power free, and b is a non-zero
fractional ideal. In particular, for all u € Jy[p]’, wo(u) + 0.

-1
Now let y(a) = <%> for o e (Z[{]/p)", so y is a character of order / on (Z[{]/p)".

We let g,; be the Gausssum Y. /() ;r(“), where (,, is a primitive p™ root of unity, tr
e (Z[C]/p)"
denotes the trace from Z[(]/p to Z/pZ, and 1 < j </ — 1. Then if 7, € Gal(K({,)/K) is

J
such that 7,((,) = {,, we have immediately that 7,(g,/) = <%> Gy
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By Gauss’s Lemma (Lemma 8), if S is a set of representatives for the action of u,

on Jo[p]’, then v(p) = [T wo(u) € K({,) has the property that 7,(v(p)) = (ﬁ) v(p), so
V(p)]/g)(/ e KX, and ueS Y

(51) g =TI wolw)/p’,

uedylp]’

for some € K*. By (50) and (51), using that g, is an algebraic integer of absolute value
VNp, we get immediately that

(52) (6) = Hll ai(p) ™,

which is the Stickelberger relation for the factorization of Gauss sums. Kubota [Kub2]
considered (1) an analogue of Stickelberger’s relation for abelian functions, and since both
(52) and examples of (1) follow from Theorem 3, we also think of Theorem 3 as a gener-
alized Stickelberger relation, which is why we so named section 4. Shimura and Taniyama
noted [ST] that the congruence relation of the theory of complex multiplication of abelian
varieties applied to J; gave a part of Stickelberger’s theorem on annihilating ideal classes.
The argument above shows that Stickelberger’s theorem is also directly related to the arith-
metic of the torus Jy.

From (52), for any 1 < a </ — 2, one immediately gets that the factorization of the
Jacobi sum J (i, 7%) = —9797¢/97a+1 s [] o '(p). Lemma 15 shows that o, has the same

ged,
ideal factorization as J(j, y“), and that they have the same absolute value in every complex

embedding. Hence they differ by a root of unity, and since both are congruent to 1 mod 4>
(see [I2] and Lemma 15), they are equal. This recovers the result of Weil [W4] that the o,
are just the Jacobi sums J(j, i) (see [Gre]).

If p is a first degree prime, then the remark in section 4 says we can take wy = #; as
defined in section 5. Then if p = (p,{ — a) for some a € Z, we have u € Jo[p] if and only if

/ o
(53) niw) = e
=

for some i € Z/pZ. The product of the sums in (53) were studied by Cauchy, who estab-
lished (51) in this case (see [Lo] and [Br] for recent results). Hence (51) can be considered as
a generalization of the relationship between these classical products and Gauss sums. In the
cubic and biquadratic case, Loxton studied the arguments of the product of the sums in
(53) [Lo]. In addition, in the case / = 3, if x is a first degree prime in Z[(], taking wy = 11,
Philipbar [P] calculated some values of 8, = v((n))/g, € Z|{], and for the first 1250 values
of p = N, found that

log(|4-1)

is very nearly a linear function in p. It would be nice to have a better understanding of this

phenomenon.
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Finally we note that Matthews produced formulas for cubic and biquadratic Gauss
sums in terms of torsion points on the elliptic curves y*> — y = x* and y? = x> — x [Mal],
[Ma2].

Related Manin-Mumford problems. As in the proof of Proposition 4, Proposition 3
and Theorem 3 give a function w, € K(J,) which is regular and non-zero at all u € J,[p]’.
We see therefore, that if E is the divisor of zeros of w,, then E is a divisor upon which J,[p]’
does not lie.

The best explicit result in this direction is due to Anderson [A], who using p-adic
soliton theory, showed that if p = Z[(] is a first degree prime prime to A, then

Ja[Ap] N O = J,[A] N O.

When a = 1, C, is hyperelliptic, and one can be more explicit about the functions in
J, that can be used as the parameters of a formal group at the origin. Let J = J;, ® = ®.
Using the techniques of this paper, we can show:

Theorem A. Let p & (1) be a first or second degree prime of Z|(]. Then for any n = 1,
Jp" nO® =J[AnO.

We can sometimes say something more for primes p of higher degree. Let ¢(p, D) be
a choice of type coset representatives for p and @, and y(r,j), | £r <s, je Z/d.Z, the
corresponding exponential indexing of {1,...,¢}. In line with Proposition 1, we call
S plés¢=r the exponent attached to y(r,j). If r is such that there is a unique
zel/dZ
J’ e/ Z/d,Z such that x(r,j’) has minimal exponent, we say that y(r,;’) is admissible
for p. Let [] denote the greatest integer function. If 0 <k <g—1 is such that
[(g+k+1)/2] = x(r,j") for some y(r, j') admissible for p, then we call k good for p. Let
A, denote the set of all k£ which are good for p, which depends only on the residue class of
pmod/.

Let P be the divisor class of (0,0) — oo in J. Since [{]P = P, Pe J[J]. Forany Q€ J,
let ®p denote the image of ® under translation by the addition of Q.

Theorem B.  J[p]' N Oy, p is empty for all b e +(A4, v {g}).

The proofs of these theorems are in [Gra2]. For some more general results, see [Si].
See [T2] for a summary of what is known about x(C,) N Jj, tors-
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