MATH 2400 Midterm 1 (continued) February 5, 2014

4. (18 points) Let T be the triangle with vertices A = (1,2,3), B = (3,3,6), and C = (2,2, 5).
(a) Calculate AE x AC.

AB= 21 +/13k  AC={(+0/+2k
[ ] K

4B xAC= o
3 - ZL"J"K

(b) Find an equation of the form az + by + ¢z = d for the plane containing the triangle T
2(x~1)-(y-2) - (2-3)=O
2X-2- ‘&*Z —Z43= O

2x-Y-Z=-3

) Find the area of T'.

f/%x%/ =L+ =26
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MATH 2400 Midterm 1 September 17, 2014

1. (25 points) (a} Find the area of the parallelogram determined by the following vectors:
¥ = (2,3,-3), 72 = (1,5,0)

Solution: The area of the parallelogram is given by

i 7k
|y x @ = |[det [2 3 —3
15 0

15¢ — 37 + 7k

= /152 4 32 4 72
= /283

(b) Uising vectors, find the angle between the two planes below. Leave your answer in terms of inverse
trigonometric functions.

1
3r+6y+z=>5 and 2m—y+gz:—7

Solution: These planes have normal vectors 71y = (3,6, 1) and fis = (2, —1, %) The angle § between
them can be found from the equation 7 - Az = |7i1]|7i2| cos 8.

|71 = V46
1]
izl = 4/ 5
o 1
nl‘ﬂ2=3-2+6-*1+1~6
1
T2

Hence

(c) Using vector products, find the volume of the parallelepiped determined by the following vectors:
7 = (2,2,-3), 72 = {0,2,—1), th = {—3,2, —1).
Solution: The volume of the parallelepiped is given by

T - (T2 x U3)| = |91 - {0, 3, 6)]
= |—12|
=12
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MATH 2400 Midterm 1 (continued) September 17, 2014

2. (25 points) (a) Find an equation of the line passing through the point Py(1,2, —3) and parallel to the
vector (1,—1,2).

Solution: The line can be expressed parametrically by
F(t) = Py +10=(1+%,2—¢,—3 + 2t

or equivalently,

r=1+t¢t
y=2-—1
z=-—-34+2¢

By solving for ¢ we can also express this line symmetrically as

il = —igppBie SES

“

(b) Find an equation of the plane passing through Fy(1,2, —8), P1(0,2,1), and P»(—1,5,2).

Solution: Consider for example the vectors PoPy = (—1,0,4) and PyPy = (—2,3,5). Then

n= P0P1 X P(]P2
{1 3

is a normal vector to the plane. Choosing P for example, the plane is given by the equation
R {{zy,z) —Pp) =0

Hence the equation of the plane is
do4+y+4z=
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MATH 2400 Midterm 1 (continued) September 17, 2014

(c) What is the distance of the point P3(—1,1,1) from the plane passing through Py(1,2, —3) with
normal vector (1,0, —4)7

Solution: We project the displacement vector PyP3 = (—2,—1,4) onto the normal vector @ =

(1,0, —4):
—
|POP3-ﬁ‘ _ | —240— 16|
Al VP 0+ 42
18
v17

(d) Find an equation (or equations) representing all the lines passing through the point Py(1,2, —3)
and perpendicular to the vector (1, —1,1).

Solution: All such lines constitute the plane
(1:_'13 1) ' ((waya z,\ - 130) =0

or equivalently
z=—4d—z4y

Hence, all such lines have parametric equations

r=1+at
y=2+bt
z=-—-3—at+ bt

for any real numbers a and b.
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MATH 2400 Midterm 1 {continued) September 17, 2014

4. (25 points) Consider the equations

(a) 224 y% — z =0 in Cartesian (= rectangular) coordinates.
(b) 7? — 22 = 0 in cylindrical coordinates.

(¢) p?(1+ cos¢) =1 in spherical coordinates.

(i) Which quadric surface, if any, does equation (a) represent?

Solution: The graph of z = 2% + 2 is an elliptic (in fact, circular) paraboloid.

(ii) Give an equation in cylindrical coordinates representing the surface given by (a).

2

Solution: r* — 2z =0.

(iil) Give an equation in spherical coordinates representing the surface given by (a).

Solution:

224y’ —2=0
x2+y2—!—zg—z2—z=0

p?—p?cos?d— peosg =0
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MATH 2400 Midterm 1 (continued) September 17, 2014

(iv) Give an equation in Cartesian (= rectangular) coordinates representing the surface given by (b).

Solution: z? 4+ y? — 22 =0.

(v) Give an equation in Cartesian (= rectangular) coordinates representing the surface of equation (c).

Solution:

P (14cosg) =1
P+ pcosg-p=1

22ty L2 et 42 422 =1
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1. (17 points) Let F be the point (1,1,2) and let ; be the plane given by the equation
2 -y+22=2
(a) (9 points) Find parametric equations of the line L passing through the point Py and
perpendicular to the plane .
Solution: Since p L (2,-1,2), it follows that L//{2,—1,2). Thus L has parametric

equation
z=14+2Ly=1~t;2=24 2t

(b) (8 points) Find the intersection point of the line L in (a) above and the plane p.
Solution: We need to solve the equation

2004+ 2t) — (1 — 8} +2(2+2¢) = 2.

It gives 9t = -3 or
t=-1/3.

Hence the desired intersection point is {1/3.4/3,4/3).



3. (16 points) Which of the following is the angle between the (big) diagonal of a unit cube
and one of its edges, where the diagonal and the edge start at the same point 7 (Circle one
of them and justify your answer. Show all work for full credit.)

(a) aresin 5.__3_ (b) arccos —}Vf-_g (¢) arcsin 72—_(; (d) arccos %

Solution: We may assume that the cube has hase with vertices (0,0,0). (1,0,0), (1, 1,0),
(0,1,0) on the zy-plane and the other four vertices (0,0,1}, (1,6,1), (11,1}, (0,1,1). We
take the big diagonal to be

T =(0.0,0),(I,1,1) = (1,1, 1)

and the edge to be

b = (0,0,0), (1,0.0) = {1,0,0).

Suppose that 8 is the angle between @ and . Then we have

Thus we have § = arccos =, namely (b).



4, (17 points) Let C be the helix »(t) = (sin(t). cos(nt). t) and let S be the sphere o2 +y?+ 22 =
5.
(a) (8 points) At what points do the helix C intersect the sphere S ?
Solution: We need to solve the equation
sin®(mt) + cos®(mt) + t* = 5.
This equation implies
2=
since sin’(mt) -+ cos®(mt) = 1. So we have ¢ = +2 and it follows that the desired intersec-
tion points are (sin(+27), cos(+2x), £2), namely

(0.1, 7).

(b) (9 points) Find the tangent line to the helix C' at the intersection point having positive

z-coordinate.

Solution: The intersection point with positive z-coordinate is (0, 1,2), namely the point
coming from ¢ = 2. The desired tangent line passes through (0, 1,2) and has directional

vector /(2). Look af
7'(t) = (r cos(nt), —m sin{xt), 1)

and get
#'(2) = (wcos(2m), —msin(2n), 1) = (r,0,1).

Therefore the tangent line is given by

T=0+mt=mly=14+0=112=24+1t=2+4¢



5. (16 points)

{a) (8 points) Find the spherical coordinates of the point given by (1,1, -v/2) in rectangular
coordinates.

Solution: Recall the general formulae for (z,y, z) « (p, 4, §)
T = psindcosd;y = psingsind; z = pcosg.

Now look at

o= /14124 (~VEP = V=)

cosgp = ~—§——_, hence ¢ = ~3§ and;
1 1 i T
sing = e T e — =z —— . hence § = — 8
2-sind 9. xa v2' o 8 T

Bat the y-coordinate of (1,1, —/?2) has positive sign, so & = I. Therefore the desired
spherical coordinate is (2, §, =)

(b) (8 points) In Cartesian coordinates, write down the equation of the surface given by
the equation r = 2cos# in cylindrical coordinates and describe the surface in words or

in a picture.

Solution. Recall the general formulae for (z,y, 2) « (r,4, 2)

z=rcosf;y=rsinf;z = z.

Look at
r-zmr-'r:rvﬂcosé)=2-rcosﬂ,

Note that 7% = 2% 4+ »? and = = r cosf. So we have
Z+y =2 or (z—12+y¥=1

This is the cylinder that is vertical along the z-axis and that has radius 1 centered at
(1,0,2p) on the plane defined by = = 2, where 2 is an arbitrary real number.



6. (17 points) Let C be the curve given by r(t) = (2t,Int. £%), where In stands for the natural
logarithm.

(a) (9 points) Find the arc length of the curve C for 1 < ¢ < 4,

Solution: Note that r(t) traces points only once when # runs over the interval [1,4] and
that 7 has its derivative r'(t) = (2,1, 2¢). Now we have the desired arc length |

4 4
—— 1,
/lelr’(t)ldt = /1\/22+(~£)2‘+(2t)2dt
. 1
- i 2
fl‘/“tﬂMé dt
= f41/(3+2t2dt
i t )
%
= f {—+2t) dt
o
= [lnz+ ¢

= {In4+4’} ~ {In(1) +1%
= In4+ 15




1. (17 points)

(a) {12 points} Find an equation of the plane that passes through the three points P =
(1,1.0), Q@ =(0,2,1), and R = (3,2, -1).
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(b) (5 points) Give the parametric equations of the line perpendicular to the plane from
part (a) that passes through P.
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2. (17 points)
(a) (12 points) Consider the surface S given by the equation
- =1

Sktech the intersection of S with the p}ams

o L oL F Vie ersec: f,r!

1. y:.ﬂ

i, 2= . . .

N e asy .,.,:;]&Q R
line ond pre 4.

vi.o ro= 2

Remember to label your axes!

y

= ‘Z; 2 ; .
X ?Fj E i, TR

1S L\'/ap-rs' E\,{m‘ P ;,/,7,

J
> 3 =
\.i} ‘:1». » ‘\l ".’
i iz { P
"“—-\‘_\. R N e
. oL : «'/ g
e gy [ L0 ;:‘
el ‘ \
< { \\\'\\‘.
\ ™~

7
£ B Aailm )






(b) 5 points Write down the equation of the paraboloid with apex at {0,0,0) opening in
the positive z-direction which intersects the plane » =4 in a circle of radius 3.
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3. (16 points) Let p be the plane given by the equation @ + 2y + 32 == 6 and let L be the line

passing through the points P(1,0.0) andQ{~1.3.1).

(a) (8 points) What is the intersection of L and p?
.
PR = 20> b pactd do L 0y,
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4. (17 points)

(a) (9 pomts) Two particles travel along the space curves 7| = (2t ~13 2% and 7 =

(14 ¢t.—t% 1 —#). Do the particles (0111dﬂ? If so, find the courdinates of the point of
collmon If not. explain why they do not collide.

‘"“”“[\ N 2 o " ' B .
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(b} (8 points) Find parametric equations for the tangent line to the curve with parametric
equations
Te=t4sint, y=1t-—cost, z=te™

at the point when 7 = 0.
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5. (16 points)
{2} (6 points) Find the cylindrical coordinates of the point P given by spherical coordinates
(4, 3n/4, 27/3).
3 3
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~{b) (10 points) The solid F lies strictly inside the sphere 22 +3* +2? = 4 and strictly below .
: e - \/m . Describe E using inequalities in spherical coordinates, and

simplify your answer as much as possible. [Hint: you may find it helpful to consider the
traces y = 0 and z = —1.}
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6. (17 points) Let r(t) = (1e!(cos(t) + sin(t)), Let(cos(t) - sim(t))).

(a) (7 points) What is the arclength of r(t) between ¢ = 0 and ¢ = 17

r(;) < (@ (rost Sint )te (s,pz’wué)) - /{"‘f( stsin)s ¢
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(b) (7 points) What is the curyature of r(t)? /




