1. (16 points} Find a parametrization of the surface given by the intersection of the plane
7 -+ 2y + 3z = 12 and the solid cylinder 22 + 32 < 1.
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2. (17 points) Consider the function f{z,y) = (z* + y2);i and the point P = ( 3 O) .

(a) (5 pbints) Find the directional derivative of f{x,y) at P in the direction towards the
origin.
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(b) (4 points) In what (unit) direction does f{z, y) have its maximum rate of change at P?
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(c} (4 points) What is the maximum rate of change in the direction from part (b)?
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(d) (4 points) Find and sketch the set of all points @ at which the maximmum rate of change
of f{z,y) is equal to the maximum rate of change at P from part {c).
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3. (17 points) Find the absolute maximum and absolute minimum values of
flz.y)=ay-8e -y +y+2

over the (closed) triangular region with vertices (0, 0), (3,0), and (0, 3).

= =TT 0 = ge¥

3 .

>
2 < H}wa\ﬂ’r/ 7{7—? é{)OJV\"IL [[§/g> I P\o?L

i oue '{l‘\"f&’miju(ﬁ( {e_(jsaf‘\ (as‘ {97{8:23>3)
SO W il fﬁhore J‘LL‘ /

W‘ﬁ (/V;H ¢ v\‘,‘ﬁg\p* : N . :
N@?{4: ong ] ﬂ@ ﬁ OV ner fBOumcjérf"/\/ /DOI/IVLS (OID)} [9{{;})/ (0/3)

9(,\‘?(7’—6 })ouh&{m‘)f _\j-’—“oj()f%égf {(X1O>: - SX*Z- :\(\( (X>
L1628 £0 £ anly X
?y\:ﬂ—{’ #oquﬁﬂa(‘y X = 0/ Oé‘ﬂéﬂj : —F[Q
L, (9) ==2g 4 = =S
Y =0 &> yad, Fical pos
9 \_h—e Q) LX ) ) /4 (FJ’J‘J(GT[ PO;MJ[ ;5 /(‘)[i
i Ounptat X’ff}:—g) we \hanve X= 3~ {f
‘CC}(\LQ):(BHVJDEL_B(g*M) 1‘-{ j ) and SO
) - L — 2 - )
I TOTE =2ty 20 =, ()

(2(")):“1{ 2 =0 o - 7
P@kr\”’(\ [O;‘g) ’ 3 | - / aaﬂs th m o

£, = %=294170 = g2 2y~ 2(3)- | = |5

) 50 no Cr:'U[

;‘(4:/ /ﬂf)/'ﬂ?(w&,
9)= =y i) “1£3(9)

e b o, B sl i
' \cxl - il '
e R Rl e
(9,3) | -4 t 2 ) am m a'ASo/uULG WAL P e
(0,35) 1 ]y valug of Fis 22 ot Ve soint 13 p)



4. (17 points) Find all points on the hyperbolmd of one sheet 2% +4? — 2> = 1 where the tangent
plane is paraliel to the plane x +y — 2 =10.
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5. {16 points) Let

st
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6. (17 points) Let r(f) = (3e’(cos(t) +sin(t)), le'(cos(f) — sin{#)}).

(a) (7 points) What is the arclength of r(¢) between ¢t = 0 and £ = 1?
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(b) (7 pints) What is the curvature of r(£)?
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1. (16 points) Suppose that
Flz,y) = 2° + 627y + azy® + by,

for some constants ¢ and b Then find ¢ and b such that

o f  O%f
222 T =Y

for every (x,y).

(Note that this equation can also be equivalently written as f,., + f,, = 0.)

Solution. Loock at
3Pf

af 2 5

37 = 2 + 12zy + ay and B2 = 6z + 12y;
& 2
o _ 622 + 2azy + 3by° and é-j; = 2az + 6by.
dy Oy*

So
0= {6x+12y) + (2az + 6by) = 2(3 + a)z + 6(2 + by

for all z and .

Therefore we have g = -3 and b= -2,



2. (17 points) Consider the hyperbolic paraboloid surface given by the equation
z =222 — 3y

(a) (12 points) In what (unit) direction does z have its maximum rate of change at the
point (2,1) 7

Solution. Let f(z,y) == 22% — 3y*. Then we have V f(z,y) = (4z, —6y) and Vf(2,1) =

(8,~6). This vector has length /8% + (—6)? = 10. So the desired unit direction is
(6500 = (5 3

(b) (5 points) What is the maximum rate of change in the direction in (a) ?

Solution. It is equal to |Vf(2,1)] = /82 + (—6)2 = 10.



3. (17 points) Find and classify the critical points (local maxima, local minima, or saddle
points) of
flz,y) = 2° +9° — 3ay.

Solution. Look at

af . . &f &F
Br =% T azz = 0% dyow
Of _on_ I _

By = 3y” — 3z, 5 Gy

To find the critical points, solve
32 — 3y = 3y* — 3z = 0;

y=zrand 0=g~z =z(z? ~ 1) =z(z — 1)(z® + £+ 1); and get (z,3) = (0,0) or (1,1).

Note
D(z,y) = (6z)(6y) — (=3)® = 36xy — 9.

Thus we have
D(0,0)=-9<0, D{1,1)=27>0, and f.(1,1)=6>0.

Therefore f has local minimum f(1,1) = —2 at (1,1) and a saddle point at (0,0).



4. (17 points) Find the tangeut plane to the surface defined by the equation
PPz 4yz =1

at the point (1,1, %)

Solution. Use implicit differentiation to find

2$Z+$2_8_z+y@=0 or 9z _ _ 2z
O ox Oz 22 +y
xz?f—l—z-i—y%:{) or 0z _ =
Oy By By 224y’

where 27 +y # 0. Evaluate these two partial derivatives at (1,1,1) to get —1 and —1,

respectively. So the desired tangent plane is given by
1 1

z—iz— (3;——1)—-'21'(31—1) or 2:E+y+42—5=0-

2] e

Alternatively, you could use z = —— to find & and 2 and evaluate these at (z,y) = (1,1
) a?+y 8z dy
above.



5. (16 points) Let

z=flz,y), z=u?—1% y=u+?

Suppose that f is a differentiable function of z and ¥, and that

9z
Ay

(mfy)=("7v9)

gi w2 and
L Hagy=(-7.9)
Then find
8z
M tuy=(1.2)

(Note that, for example, 2| (sy)(_7) (TESPECtivEly &) (un)j=(1,2) tmeans the value of 22 at
(z,) = (—7,9) (respectively the value of & at (u,v) = (1,2)).)

Solution. Use the chain rule to find

0z _ 0200
v Brdv
Also note that
o o 0
5o = -3v and
@; = =12 and
v {w,0)=(1,2)

Look at the formulas for £ and ¥ in terms of v and v and note that (u,v)

4 020y
By v’
dy .
ol 4y; =0
% —8.

o (u,2)=(1,2)

(2)

(1,2) implies

(z,9) = (—7,9). Then use the results in (2) and the given data in the problem to evaluate
the partial derivatives in (1} at (u,v) = (1,2) and get

_('23
dv

(uv)=(1,2)

= (=2)(—12) +3-8 = 48.



6. (17 points) Let C be the curve given by »(£) = (2t,Int, t2), where In stands for the natural
logarithm.

(2) (9 points) Find the arc length of the curve C for 1 < ¢ < 4.

Solution: Note that (¢} traces points only once when ¢ runs over the interval [1.4] and
that » has its derivative »/(t) = (2, 1,2t). Now we have the desired arc length
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Y
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(b} (8 points) Find the qurvature of the curve C at ¢ = 1.

Now recall the formula for #/(¢EN
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MATH 2400 Midterm 2

October 15, 2014

1. (15 points) Find the length of the curve 7(¢) = (2t3/2, cos(2t), sin(2t)),0 < ¢ < 1.

Solution
First, we need the derivative:
(1) = (312, —2sin{2¢), 2 cos(2¢)).

Next, we integrate the magnitude:

1
Lﬂ/lﬂmﬁ,
o

1
= ] \/91& + 4sin®(2t) + 4 cos?(2t) dt,
0

1
=[ VOt + 4dt,
0
_ 12 a/2 !
F{Wm+@ L

= 237 ((3yr2 - 472}
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MATH 2400 Midterm 2 {continued) October 15, 2014

2. (10 points) (a) Let C be the curve in the zz-plane given by z = 1,2 < 2 < 5. Find parametric
equations for the surface S obtained by rotating the curve C around the z-axis.

One possible solution
Let

x = ucos(v},

y = usin{v),
1

Zm=
U

where u € [2,5] and v € [0, 27].

(b) Find parametric equations of the upper half of the sphere centered at (0,0,1) and with radius
R=3.

One possible solution
Let

T = 3 cos{u) sin{v),
y = 3sin(u) sin(v),

z=3cos(v) + 1,

where u € [0,27] and v € [0, 5.



MATH 2400 Midterm 2 (continued) October 15, 2014

3. (20 points) Let z = f(z,y} = e~ (="+¥") model a mountain.

(a) If a hiker standing at (3, $) wishes to descend as quickly as possible, in what direction must she
walk?

Solution
The gradient of f will point in the direction of quickest increase, so we want

—Vf = (2ze~(#+¥") 9y~ ="+

—(34+8) 24D\
<e ,38

evaluated at (3, 3):

{b) How steep is the slope from (4,1} in the direction of u = (%, %) This means that you have to
find the directional derivative z = f(z,y) in the u direction.

Solution
We may use the gradient to calculate the directional derivative:

D,f=Vf-u= i}ge”(%%}_

(c) Find an equation of the tangent plane to z = f(z,y) = e~ +") at the point, (3, 3) where the
hiker is standing.
Solution
We may represent the surface as the level curve

Fla,y,z) = e @) _ ;=0

The gradient of F evaluated at (%, %,e“‘(%*%)) is the normal vector for the tangent plane:
1 2 1 1
VF = <e—<%+a>, 2, _1> .

An equation for the plane is therefore

/ 1 2 1
o (1+3) (2= ;) + 2emrd (y . g) - (s dh) =0
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MATH 2400 Midterm 2 (continued) October 15, 2014

4. (20 points) (a) Determine whether the following limit exists. If the limit exists, find it. Explain your

answer.
. Ty
1 I
(=) (0.0) (w2 - 2y3)

Solution
Using polar coordinates, we see that

lim Ty . r2 cos(8) sin{0) )
(wa)-(0.0) \ 22 — 23 ) 70 \ rZ cos?(f) — 2r3sin3(8) /7
, cos{#) sin{8) )
=1 ’
r30 (cosQ(B) — 2rsin’(f)
= tan(#).

The limit depends on & and therefore does not exist.

{(b) Is the following function continuous at (0,0)? Use limits to explain your answer.
sin{z®+y° :
fmg) = | AT i @) # (0.0,
1 if {z,y) =(0,0),

Solution
The function is continuous at (0, 0) if

f(z,y) = f(0,0).

lim
(z,3)—(0,0)

Again using polar coordinates, we have

) . sin(r®)
(T‘ygl_gn(m) fla,y) = lim —5—=,
2 2
= lim 2reost?) . L'Hopital’s Rule

fiicd 1 2 =
Egr[l)cos(w y=1.
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MATH 2400 Midterm 2 (continued) October 15, 2014

{c) Calculate % at t = for z = f(z,y) = 2% — xy — 4%, z(t) = cos(2t), y(£) = sin(2¢).
Solution
First, note that when ¢ =, x = 1 and y = 0. The chain rule tells us that

dz  Ozdx  Ozdy

di  dz dt  Bydt’
= {2u(t) — y(t)) - (—2sin(26)} + (—=z(2) — 8y(2)) - (2cos(28)},
=04+(-1-0)-2,

=-2.

(d} Calculate 2% for z = f(z,y) = In(), w(u,v) = uv, y(u,v) = .
Solution

0: _ozon 0200
ou Oz du Oydu’

_ 1
T w1 v
11
T u utuv
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MATH 2400 Midterm 2 (continued) October 15, 2014

5. (20 points) Consider the surface given by the equation

z? -yt + 22 =4

(a) Find a vector normal to the surface at (—1,1,2).

Solution
Because the surface is a level surface:

f(:c,y,z)=mz——y2+z2=4,

the gradient vector suffices:
V= {2z, -2y, 2z2).

Evaluating at (-1, 1,2}, we have our normal vector:

(~2,-2,4).

(b) Find an equation for the tangent plane to the surface at (—1,1,2).

Solution
We use the normal vector previously caleulated:

—2qz+1)-2y—-1}+4(z—-2)=0.
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MATH 2400 Midterm 2 {continued) October 15, 2014

6. (15 points) Consider the function f(z,y) = 2® +y* — 3z — 2.

(a) Find and classify all critical points for the function
Solution
First, the relevant partial derivatives:

folzy) =82%=3, fu(m,9) =2y-2, feel®y) =62, Foulz,9) =2, Foulz,y)= Fuulz,y)=0.

Next, the determinant:
D(z,y) = frofyy — fi‘y =12z,

Now we find our eritical points. The condition that f, = 0 implies
y=1

The condizion that f. = 0 implies
=%l

Thus, we need to classify two points: (—1,1) and (1, 1). Evaluating D:
D(-1,1)=-12<0, D(1,1)=12>0,
and so (—1,1) is a saddle point. To complete the classification of {1, 1), we check the sign of fr,:
faz(1,1) =6 >0,

and so (1,1) is & minimum.
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MATH 2400 Midterm 2 {continued) October 15, 2014

(b) Find the absolute maximum and minimum of f{z,y) in the rectangle with vertices (0,0), (0,1),
(1,1), (1,0).
Solution
We must check the value of f at the corners of the box, check for extrema on the boundary, and
finally check for local extrema in the center.

flz,0) = z° - 3z, f(z,0) = 32% - 3,
fz,1) =2® — 3z -1, Flz,1) = 32% -3,
F0,9) = — 2y, F(0,y) =2y -2,
fLy)=-2+y" -2, FlLy)=2y—2

The list of values we must check is therefore (0,0), (0,1),(1,1),(1,0). As

f(0,0)=0,

f(1,0) =2,
f(1,1) = -3,
f(O, 1) = -1,

we conclude that the maximum is 0 at (0,0) and the minimum is —3 at (1,1).
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MATH 2400 Midterm 2 (continued) March 5, 2014

2. Suppose that z = F(z,y) and that @ = X (u,w) and y = Y (u, w), where F, X and Y all have continuous
partial derivatives at all points.

Cautlon: one can view z as a function of 2z and y, and one can view z as a function of u and w.

Suppose that the following facts are given:

0z ,., Oz Oz 8z

— {32 4= —_ = — = _ =12
8$( AY=g¢q e (a,b) =5 2 (3,4) =11 9 {a,d) =1
gz dz By _ gz _
Ea(a,b) =10 %(Cb,b) =7 %(a, b) =P aw(a, b) =0

Xp.g)=-1 Y(pq)=-7 X(ab)=3 Yia,b) =4

(a) (10 points) Find gﬁ—(a,b)

{b) (10 points) Find g—gj(a,b)



MATH 2400 Midterm 2 (continued) March 5, 2014

5. Consider the function f(z,y) = 22° + 3y® — 6zy + 7.
(a) (8 points} Find all the critical points of f.

{b) (8 points) Classify each critical point as a local maximum, local minimum, or saddle point.

(¢} (4 points) Does f have a global maximum on R? (i.e. the plane)? How about a global minimum?

5/5



