Group

What is the condition that guarantees there is
only one group of order n?

ALGEBRA PRELIM

Grouprs

Let H be a subgroup of G with index equal to
the smallest prime dividing the order of G
(specifically 2). What can be said about the
relationship between H and G?

ALGEBRA PRELIM

Grouprs

Name two methods for detecting isomorphisms
among semidirect products by a cyclic group.

ALGEBRA PRELIM

Grouprs

What special property does a group G of order
p?* have? Give a proof.

ALGEBRA PRELIM

Grouprs

Let Inn(G) be the group of inner
homomorphisms of a group G. Is Inn(G) a
normal subgroup of Aut(G)?

ALGEBRA PRELIM

Grouprs

What is the automorphism group of V,, the
Klein four-group?

ALGEBRA PRELIM

Grouprs

State the Orbit-Stabilizer Theorem

ALGEBRA PRELIM

Grouprs

What does it mean for a group action to be
faithtul? transitive? What is the kernel of a
group action?

ALGEBRA PRELIM

Grouprs

Let G be an abelian group acting transitively on
set A. Prove that fora,b € A,
Stabg(a) = Stab,(b).

ALGEBRA PRELIM

Grouprs

What is the definition of a
group homomorphism?

ALGEBRA PRELIM




H is a normal subgroup of G.

There is only 1 group of order »n if and only if n and ¢(n)
are relatively prime. Note that ¢ is the totient function.

The group is abelian.

Pf: Center of p-group is nontrivial, so suppose |Z(G)| = p.
Z(G) normal, so quotient G/Z(G) has order p and is cyclic.
Quotient is generated by element a + Z(G) so all cosets
are na + Z(G) for integer n. For x,y € G, x = na + z; and
y = ma+z;. Then x+y = na+zi+ma+z, = na+ma+z1+z, =
(n+m)a+zp+z25 = Zp+ma+na+z) = ma+p+na+z; = y+x.
Thus G was abelian.f

Method One: Let K be a cyclic group, H an arbitrary nor-
mal group, and ¢, ¢, both homomorphisms K — Aut(H).
If img; = im ¢y, then H =, K = H =, K

Method Two: Let K be an arbitrary group, H an arbi-
trary normal group, and ¢1, ¢, both homomorphisms K —
Aut(H). If img; and im ¢, are conjugate subgroups of
Aut(H), then H =, K = H =, K

It is S; because the three non-identity elements are all
equivalent and can be shuffled freely while still preserving
the group structure.

Yes, this is called Goursat’s lemma.

Let G be a group acting on a set A. If distinct elements of
G induce distinct permutations of the elements of A, then
the action is faithful.

If for every a,b € A, there exists some g € G such that
g - a = b, then the action is transitive.

The kernel of a group actionis {g€ G| g-a =a Va € A}.

Let G be a group acting on set A. Then fora € A,

|G|/|stab(x)| = |orb(x) = [G : stab(x)]

For groups (G, X) and (H,-), the map ¢ : G — H is a
homomorphism if for all x,y € G, ¢(x X y) = ¢(x) - ().

Let g € Stabg(a). Since G acts transitively, there exists
h € G such that ha = b. Then gb = gha = hga = ha = b
and so g € Stabg(b) as well. By symmetry, the two groups
are equal.




Grouprs

What is the subgroup criterion?

ALGEBRA PRELIM

Grouprs

What are the normalizer and centralizer of a
subset S of group G? What is the relationship
between the normalizer and the centralizer?

ALGEBRA PRELIM

Grouprs

State several equivalent characterizations of
normality of a subgroup

ALGEBRA PRELIM

Grouprs

State and prove Lagrange’s Theorem

ALGEBRA PRELIM

Grouprs Grouprs
Let G be a group with subgroups H, K. What is
State Cauchy’s Theorem ’
Y the order of HK?
ALGEBRA PRELIM ALGEBRA PRELIM
Grouprs Grouprs

If H, K are subgroups of G, when is HK also a
subgroup of G? Can you think of a sufficient
(and easier to check) condition that makes HK a

State the First Isomorphism Theorem for groups

subgroup?
ALGEBRA PRELIM ALGEBRA PRELIM
GRroups GRroups
State the ) .
) . State the Third Isomorphism Theorem for
Second (Diamond) Isomorphism Theorem for rourps
groups group

ALGEBRA PRELIM

ALGEBRA PRELIM




normalizer: Ng(S) ={ge€ G| g 'Sg =5}
The normalizer fixes the subset under conjugation.

centralizer: C(S)={geG|glsg=1515€85)
The centralizer fixes each element under conjugation.

The centralizer is a normal subgroup of the normalizer.

For a group G and subset H, H is a subgroup of G if and
only if

1. H is nonempty and
2. forall x,y € H, )cy‘1 e H.

If H is finite, it suffices to check that H is nonempty and
closed under multiplication.

Let G be a finite group and H a subgroup. Then |H| divides
|G| and the number of left cosets of H in G is |G|/|H]|.

Pf: Let |H| = n and let the number of left cosets of H be
k. Consider a map from H to a coset, ¢ : H — gH by
h — gh for some particular g € G. This map is surjective
by definition of left coset and injective by cancellation law.

So every coset has size n. Since these left cosets partition
G and there are k of them, |G| = kn.

Let N be a subgroup of G. Then TFAE:

e NJG

Ng(N)=G

gN =Ngforallge G

The cosets of N form a group

gNg ' CNforallge G

N is the kernel of some homomorphism of G

|H| K]

|HK| =
|HN K|

If G is a finite group and p is a prime dividing |G|, then G
has an element of order p.

If ¢ : G — H is an isomorphism of groups, then ker¢ < G
and G/ ker ¢ = ¢(G).

HK is a subgroup if and only if HK = KH. Note that this
does not mean that the elements of H and K commute.

If H < Ng(K) then HK is a subgroup. In particular if K is
normal, then HK is a subgroup.

Let G be a group and let H, K be normal subgroups of G
with H < K. Then K/H < G/H and (G/H)/(K/H) = G/K.

Let G be a group with subgroups A, B and A < Ng(B).
Then AB is a subgroup of G, B <« AB, AN B < A and
AB/B=A/ANB.

A/AB\B
%

ANB




Grouprs

State the Fourth (Lattice) Isomorphism Theorem
for groups

ALGEBRA PRELIM

Grouprs

State the definition of a composition series.

ALGEBRA PRELIM

Grouprs

What does it mean for a group to be solvable?

ALGEBRA PRELIM

Grouprs

Prove that p-groups are solvable.

ALGEBRA PRELIM

Grouprs

G is a group, H < G. Let G act by left
multiplication on the set A of left cosets of H.
Let ry be the permutation representation.

(1) True or False: G acts transitively on A.
(2) What is the stabilizer of the point 1H € A?
(3) What is the kernel of the action of my?

ALGEBRA PRELIM

Grouprs

State Cayley’s Theorem.

ALGEBRA PRELIM

Grouprs

If G is a finite group of order n and p is the
smallest prime dividing |G|, then what can we
say about a subgroup H whose index is p?

ALGEBRA PRELIM

Grouprs

For some subset S of a group G, how many
conjugates of S are there? Use the normalizer
Ng(S) in your answer.

ALGEBRA PRELIM

Grouprs

State and explain the class equation.

ALGEBRA PRELIM

Grouprs

How many conjugacy classes of S, are there?

ALGEBRA PRELIM




Let G be a group. Then a composition series is a sequence
of subgroups

1=Nog <N SNy <+ SN 1 SN =G

such that N; < Ny and Ny, /N; is a simple group. The
quotients N, /N; are called composition factors of G.

Let G be a group and let N be a normal subgroup of G.
Then there is a bijection from the set of subgroups A of
G which contain N onto the set of subgroups A = A/N of
G/N.

A p-group has a normal subgroup for every divisor of its
order, so we can form a chain of normal subgroups each of
index p relative to the group above it. Then each quotient
is of order p and thus abelian. This mean the p-group is
solvable.

A group G is solvable if there is a chain of subgroups
1=Gp2G1 294G, 2---4G, =G

such that G, /G; is abelian.

Every group is isomorphic to a subgroup of some symmet-
ric group. If G is a group of order n, then G is isomorphic
to a subgroup os S ,,.

1. True
2. H is the stabilizer in G of the point 1H

3. The kernel of 7y is ﬂ xHx™'. This kernel is the largest

xeG
normal subgroup of G contained in H.

The number of conjugates of a subset S is the index of the
normalizer of S, |G : Ng(S)|. In particular, the number of
conjugates of an element S of G is the index of the central-
izer of 5, |G : Cg(9)|.

H is normal in G.

The number of conjugacy classes of S, is equal to the num-
ber of partitions of n. Also note that two elements of S, are
conjugate if and only if they have the same cycle type.

Let G be a finite group. Then

Gl = |Z(G)] + Z G = Co(gil

i=1

where Z(G) is the center of G and each g; is a representative
from a conjugacy class of G not contained in Z(G).




Grouprs

Complete this sentence:

Group H is isomorphic to a subgroup of group G
if and only if there exists a
homomorphism from H to G.

ALGEBRA PRELIM

Grouprs

Name two different methods for writing
(1 2 3 4) as a product of transpositions.

ALGEBRA PRELIM

Grouprs

State the definition of a characteristic subgroup.

ALGEBRA PRELIM

Grouprs

Let G be a group and H be a subgroup. What is

the relationship between H and gHg™' for any

element g € G? What is the relationship if H is
normal?

ALGEBRA PRELIM

Grouprs

Let G be a group and H be a subgroup. Let G act
on H by conjugation. What is the kernel of the
permutation representation of G afforded by this
group action?

ALGEBRA PRELIM

Grouprs

If K is a characteristic subgroup of H and H is a
normal subgroup of G. What can we say about
K relative to G?

ALGEBRA PRELIM

Grouprs

What is the isomorphism type of Aut(G) if G is
cyclic of order n? What is the order of Aut(G)?

ALGEBRA PRELIM

Grouprs

What is the order of the automorphism group of
Z/nZ when n is a prime? What if n is not prime?

ALGEBRA PRELIM

Grouprs

What is isomorphism type of the automorphism
group of (Z/pZ)"?

ALGEBRA PRELIM

Grouprs

What is the isomorphism type of Aut(Dg)?

ALGEBRA PRELIM




Head-to-Tail method: (14) (13)(12)

Swap-the-Last-to-First method: (12) (2 3) (34)

injective

H is always isomorphic to gHg™!. If H is normal, then con-
jugation by g is an automorphism of H.

A subgroup H of a group G is characteristic if every auto-
morphism of G maps H to itself.

K is normal in G.

The permutation representation afforded by this action of
g on H is a homomorphism of G into Aut(H) with kernel
Cs(H).

In both cases, the order of the automorphism group if ¢(n)
where ¢ is the totient function.

If n = pis a prime, then Aut(Z/p/Z) = Z/(p — 1)Z.
Ifn=p - p, then Z/nZ* = (Z/p' Z)* x- - -X(Z/ p*Z)*

by Chinese Remainder Theorem or structure theorem for
modules over PIDs.

Aut(G) = (Z/nZ)*, which is of order ¢(n) where ¢ is the
totient function.

Aut(G) is isomorphic to the units of Z/nZ because an au-
tomorphism of G is uniquely determined by mapping any
generator to any other generator.

Aut(Dg) = Dy

Aut((Z/pZ)") = GL\(Z] pZ)

{(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)} is a basis for
(Z/pZ)" as a vector space. Take any {vi,...,v,}. By Lin-
ear algebra we have that the mapping 7'(e;) = v; extends
uniquely to a linear transformation of V. Each such T is
a group endomorphism from V to V and likewise any en-
domorphism of V is a linear map of V as a vector space.
If we restrict our attention to automorphisms of V we have
Aut(V)={T:V >V |kerT =0} = GL,(Z/pZ).




Grouprs

What is the isomorphism type of Aut(Q8)?

ALGEBRA PRELIM

Grouprs

Suppose n is a positive integer but n # 6.
What is the isomorphism type of Aut(S,)?
What is the index of Inn(S ,,) in Aut(S,)?

ALGEBRA PRELIM

Groups Groups
Let P be a normal Sylow p-subgroup of G.
State Sylow’s Theorem. What is the image of P under any element of
Aut(G)? How many other Sylow p-subgroups
besides P are there?
ALGEBRA PRELIM ALGEBRA PRELIM
Groups Groups

For what values of n is A,, a simple group?

ALGEBRA PRELIM

State the Fundamental Theorem of
Finitely Generated Abelian Groups.

ALGEBRA PRELIM

Grouprs

Determine all possible abelian groups of order
180 by using invariant factors

ALGEBRA PRELIM

Grouprs

Describe the process of obtaining elementary
divisors from invariant factors.

Then describe the process of obtaining invariant
factors from elementary divisors.

ALGEBRA PRELIM

Grouprs

Table of Groups of Small Order: List all groups
of order n forn € {1,2,3,4,5}

ALGEBRA PRELIM

Grouprs

Table of Groups of Small Order: List all groups
of order n forn € {6,7,8,9, 10}

ALGEBRA PRELIM




For all n # 6, Aut(S,) = §,.

Symmetric groups aside from S¢ have only inner automor-
phisms, so Aut(S,) = Inn(S,) and the index of Inn(S,) in
Aut(S,) is 1.

Aut(Qg) = 4

The image of P under an automorphism of G is just P
itself. This is because normal Sylow p-subgroups are
characteristic.

There are no other Sylow p-subgroups besides P. Conju-
gation by elements of G induces a transitive action on the
set of Sylow p-subgroups, so if P is normal, there are no
other Sylow p-subgroups.

Let G be a group of order p®m, p + m. Letn, = |Syl,(G)|.

1. If P € Syl,(G) and Q is any p-subgroup, then Q is a
subgroup of some conjugate of P.

2. n,=1 mod p.

3. n, | m. This is because n, = [G : Ng(P)]

Let G be a finitely generated abelian group. Then

1. G =2Z" X Zp XZy, X -+ X Zy,, forintegers r,ny,...,n,
such that » > 0, n; > 2 for all j, and n;y | n; for all
1<i<s—1land

2. the expression in (1) is unique

For n + 4.

Invariant factors to elementary divisors:  Factor each
invariant factor into prime powers. This list of prime
powers are the elementary divisors.

Elementary divisors to invariant factors: Group together
the elementary divisors that are powers of the same prime.
The largest invariant factor is the product of highest power
primes in each group. The second invariant factor is the
product of second-highest power primes in each group, and
SO on.

180 = 22 - 32 .5, so the possible invariant factors (and the
corresponding abelian groups) are listed below:

Invariant factors | Abelian Groups

22.32.5 Zy30

2-32'5,2 Zoo X Zp
22‘3'5,3 Zeo X 23
2-3.5,2-3 Z30 X Zg

Order Group
6 Z6,S3
7 Zq
8 Zg,7Z4 X szg,Ds, 0Os
9 Z,Z5
10 Zy0, D1

All of these groups are cyclic.

Order Group
1 Zy

2
3
4 L4, Zy X Zy
5




Grouprs

Table of Groups of Small Order: List all groups
of order n forn € {11,12,13, 14, 15}

ALGEBRA PRELIM

Grouprs

Table of Groups of Small Order: List all abelian
groups of order 16. List 3 non-abelian groups of
order 16.

ALGEBRA PRELIM

Grouprs

Table of Groups of Small Order: List all groups
of order n forn € {17, 18, 19, 20}

ALGEBRA PRELIM

Grouprs

Classity all groups of order pg when p, q are
distinct primes.

ALGEBRA PRELIM

Grouprs

Let G be a group and let x,y € G. What is [x, y],
the commutator of x and y? Why is it called a
commutator?

ALGEBRA PRELIM

Grouprs

What is a commutator subgroup of a group G?
Is it a normal subgroup? If so, what can we say
about the quotient of G by the commutator
subgroup?

ALGEBRA PRELIM

Grouprs

What factoring property does the map
G — G/|G, G] have?

ALGEBRA PRELIM

Grouprs

What is the universal property of the
abelianization?

ALGEBRA PRELIM

Grouprs

Prove that |G,G] < G

ALGEBRA PRELIM

Grouprs

State the recognition theorem for the direct and
semidirect product of groups.

ALGEBRA PRELIM




Order Group
11 Zyn
Abelian groups: Zig,Zg X Ly, Zs X Za, Ly X Ly X 2y, Z‘zt 12 Zin, L X Lo, Ay, D12, 23 % Zy
. 13 Zy3
Non-abelian groups: Dig, Dg X Z3, Qg X Zp
14 Z14, D14
15 Zys
Order Group
Assume p > g.
17 Zy7
If p ¥ g — 1, the only possible group is the cyclic group of 18 | Zis,Z6 X Z3, Dig, S3 X 73,72 = Z»
order pq. ’
19 Zyg
If p | q — 1, then there are two possible groups: the cyclic 20 Zo0s Z10 X Zo, Do, Zs % Za, Fao

group of order pg and the semidirect product Z, < Z,,.

Note: Fyo = (x,y | x* =y’ = Lxyx™! = y?)

The commutator subgroup [G, G] of group G is defined as
([x,y] = x"'y"'xy | x,y € G). It is a normal subgroup
of G and quotienting by it gives an abelian group. In fact,
G/[G,G] is the largest abelian quotient in the sense that if

H < G and G/H is abelian, then [G,G] < H.

[x,y] = x"'ylxy

This is called a commutator because xy = yx[x, y]

Note: This is the same answer as “What factoring property
does the map G — G/[G, G] have?”’

If A is an abelian group and ¢ : G — A is a homomor-
phism, then ¢ factors through [G, G] and the following di-
agram commutes:

G — G/[G,G]

N

A

If A is an abelian group and ¢ : G — A is a homomor-
phism, then ¢ factors through [G, G] and the following di-
agram commutes:

G —— G/[G,G]

Direct Product: If group G contains normal subgroups H
and K, HNK=1,and G = HK,then G = H X K.

Semidirect Product: The conditions are the same as above,
but only one subgroup needs to be normal.

Let g € G. Then g[G,Glg™" = g(lx,y] | x,y € G)g™'
(glx,ylg™ | x,y € G) = (gxg”" . gvg™'1 | x,y € G) =
([x,y] | x,y € G), with the last equality holding since con-
jugation is an automorphism on G.




Grouprs

True or False: Every group can be written as a
semidirect product. Give a proof or
counterexample.

ALGEBRA PRELIM

Grouprs

List all groups of order p°.

ALGEBRA PRELIM

Grouprs

If every group of order n (for some particular n)
can be expressed as a semidirect product, what
steps do you take to classity all groups of order
n?

ALGEBRA PRELIM

Grouprs

Suppose group G can be expressed as a
semidirect product H < K.
If (hy, k1), (hy, ko) € G, what is (hy, k) (ha, ky)?
(That is, how is the group operation defined in a
semidirect product?)

ALGEBRA PRELIM

Grouprs

List the properties of p-groups.

ALGEBRA PRELIM

Grouprs

What is an upper central series?

ALGEBRA PRELIM

Grouprs

What does it mean for a group to be nilpotent?
What is the nilpotence class of a nilpotent
group?

ALGEBRA PRELIM

Grouprs

What is the nilpotence class of an abelian group?

ALGEBRA PRELIM

Grouprs

Arrange the following types of groups in a chain
of inclusions: cyclic groups, nilpotent groups,
solvable groups, abelian groups, all groups

ALGEBRA PRELIM

Grouprs

Let G be a finite group, let py, ..., p, be the
distinct primes dividing its order, and let

P; € Syl,(G), 1 <i < s. State 5 conditions that

are equivalent to the nilpotence of G.

ALGEBRA PRELIM




The three abelian groups are Z,3, Z,» X Z,, and ZZ.

Heis(F,) {((I)Cfb) b IF‘}
eis = c |:a,b,ce .
b 0 0 1 P

If p = 2, this last group is Qg. If p # 2, the last group is

some group of exponent p.

False. Qg is not a semidirect product because no two sub-
groups have trivial intersection. Every subgroup contains
the subgroup {1, —1}.

(h1, k1) (hy, ky) = (hi(ky - hp), ki1k>) where k; - hy is the action
of ki on h, as defined by ¢, some automorphism of H.

1. Show every group G of order n has proper subgroups
H,Ksuchthat H<G,HNK=1and HK =G

2. Find all possible isomorphism types for H and K

3. For each pair H, K found in (2), find all possible homo-
morphisms ¢ : K — Aut(H)

4. For each triple H, K, ¢ found in (3), form the semidirect
product H =, K and determine which ones are isomor-
phic

The upper central series for a group G is the chain of sub-
groups
Zo(G) £ Zi(G) £ Lh(G) < -+

where the subgroups are inductively defined as Zy(G) = 1,
Z1(G) = Z(G), and Z;; | (G) is the subgroup of G containing
Zi(G) such that Z;,1(G)/Z(G) = Z(G/Z(G))

Let P be a group whose order is p* for prime p.

1. The center of P is nontrivial.

2. If H is a nontrivial normal subgp, then it intersects the
center nontrivially.

3. P has a normal subgp of any order dividing p“.

4. Every proper subgp of P is a proper subgp of its nor-
malizer in P. (i.e. nilpotent)

5. Every maximal subgp has index p and is normal in P.

6. P is nilpotent of nilpotence class at mosta — 1.

Itis 1, since Z,(G) = Z(G) = G.

A group G is called nilpotent if Z.(G) = G for some ¢ € Z.
The smallest such c is the nilpotence class of G.

If H < G, then H < Ng(H) (“normalizer grows”)

P; < G for 1 <i < s (every Sylow subgroup is normal)
G=2P  XPyxX---XPyg

Every maximal subgroup of G is normal

Its central series (or lower/upper central series) termi-
nates after finitely many steps.

M N

cyclic groups C abelian groups C nilpotent groups
C solvable groups C all groups




Grouprs

What is a lower central series?

ALGEBRA PRELIM

Grouprs

What is the derived series or commutator series
of a group G?

ALGEBRA PRELIM

Grouprs

For a group G, what condition on the groups in
the derived series of G is necessary and
sufficient for G to be solvable?

ALGEBRA PRELIM

Grouprs

State Burnside’s theorem on groups of order
b
g

ALGEBRA PRELIM

Grouprs

(Techniques for producing normal subgroups in
groups of order n)

Describe the technique known as “counting
elements.”

ALGEBRA PRELIM

Grouprs

(Techniques for producing normal subgroups in
groups of order n)

Describe the technique known as “exploiting
subgroups of small index.”

ALGEBRA PRELIM

Grouprs

(Techniques for producing normal subgroups in
groups of order n)

Describe the technique known as “permutation
representations.”

ALGEBRA PRELIM

Grouprs

(Techniques for producing normal subgroups in
groups of order n)

Describe the technique known as “playing
p-subgroups against each other for different
primes p.“

ALGEBRA PRELIM

Grouprs

(Techniques for producing normal subgroups in
groups of order n)

Describe the technique known as “’studying
normalizers of intersections of Sylow
p-subgroups.

ALGEBRA PRELIM

Grouprs

What is the universal property of the free group
F(S)onasetS?

ALGEBRA PRELIM




The derived or commutator series of a group G is the fol-
lowing sequence of groups, defined inductively Vi > 1.

GO =g GO = (G, G] G = [G?, G(i)]

For a group G, the lower central series is the chain of sub-
groups
G'>G'>G* >

where the subgroups are defined inductively as G° = G,
G' = [G,G], and G*! = [G,G'].

Such groups are solvable.

G is solvable if and only if G™ = 1 for some n > 0.

Let |G| = n, H < G, [G : H] = k. G acting on cosets
of H by left multiplication induces a map from G to Sy.
Suppose G is simple so that the kernel is trivial. Then G is
isomorphic to a subgroup of S so n | k!. Because of this
argument, if k is the smallest integer such that n | k!, then

A H < G with index less than k.

ex) Suppose 7 = 3993 = 32-13-29. The possible indices of
a subgroup are 3,9, 13,.... Of these, only 29! is divisible
by 3993.

Use this technique when for P € Syl,(G), |P| = p.

Suppose by contradiction the group is simple so that the
number of Sylow p-subgroups is greater than 1 (i.e. n, >
1). Since each Sylow p-subgroup intersects only at the
identity, count the number of elements in each subgroup.
If the total elements counted is greater than n, then at least
one n, must be 1 and the unique Sylow p-subgroup is nor-
mal.

This technique is for primes p,q such that p < ¢ and
p 1 g — 1 (this makes groups of order pg cyclic).

If G has a Sylow g-subgroup Q of order g and p | INg(O)],
then Cauchy’s Theorem says P = (p) is a group of order p
that normalizes Q. Then PQ is cyclic and thus abelian, so
PQ < Ng(P)and g | |Ng(P)|. This may force Ng(P) = G or
may force the index of Ng(P) to be lower than that which
is allowable by the “exploiting subgroups of small index*
technique.

Let |G| = n and H a subgroup of index k. Let ¢ : G — Sy
be the permutation representation of G by action on cosets
of H. Suppose that G is simple. Then the kernel is trivial
and G is isomorphic to a subgroup of S;. We can attempt
to show that S contains no simple subgroup of order n.

We can use facts such as (1) if G contains an element/subgp
of some order, so must S and (2) if P € Syl,(G) and P €
Syl,(S k), then |[Ng(P)| divides |Ng, (P)|.

Any map from set S to a group G extends uniquely to a
homomorphism ¢ from F(S) to G.

S — F(S)

AS)

Suppose R, P € Syl,(G) are distinct subgroups and R N
P # 1. Then by property 4 in the list of properties of p-
groups, Py = RN P satisfies Py < Np(Py) and Py < Ng(Pp).
This may cause the normalizer in G of Py to have too small
an index to satisfy the bound provided by the “exploiting
subgroups of small index* technique.




Grouprs

What is a free group?

ALGEBRA PRELIM

Grouprs

The derived series of a group terminates (every
group in the chain is eventually trivial group 1)
if and only if the group is

ALGEBRA PRELIM

Grouprs

If G, H are solvable groups, which of the
following are also solvable? The direct product
H x G? The semidirect product H < G? Any
subgroup K of G? The quotient G/N for some
normal subgroup N of G?

ALGEBRA PRELIM

Grouprs

Let a be an element of order n and b be an
element of order m. Is it true that {a, b) has order
Icm(a, b)?

ALGEBRA PRELIM

Grouprs

State and prove Frattini’s Argument.

ALGEBRA PRELIM

Grouprs

Prove that if G is solvable, then G /N is solvable.

ALGEBRA PRELIM

Grouprs RiNGs
Prove that if N < G, N is solvable, and G/N is . .
. What is a ring?
solvable, then G is solvable. —
ALGEBRA PRELIM ALGEBRA PRELIM
RiNGs RiNGs

What is a division ring? What is another name
for a commutative division ring?

ALGEBRA PRELIM

What is an integral domain? What desirable

property do integral domains possess? What

desirable property do finite integral domains
possess?

ALGEBRA PRELIM




solvable

A free group is a group with no relations. Its elements are
just the words made by the generators in some set S'.

No, this is not generally true. If the permutation represen-
tations of a and b are disjoint, then it is true.

These are all solvable. Ha!

G is a composition series such that each successive quotient
is abelian. Quotienting every group in the series produces a
composition series for G/N such that each successive quo-
tient is abelian. Thus G/N is solvable.

If H< G and P € Syl,(H), then G = Ng(P)H

Proof: Let g € G. Then g"'Pg € H since H < G. Thus
g ' Pg is also a Sylow p-subgroup of H. Since all Sylow
p-subgroups of H must be conjugate by some element of
H, there exists h € H such that

(g 'Peh! = P.

So gh™' € Ng(P) and g € Ng(P)H. Since g was arbitrary,
G C Ng(P)H which implies G = Ng(P)H.

A ring R is a set together with two binary operations + and
x such that

1. (R, +) is an abelian group
2. X is associative
3. The distributive property holds

N is solvable so there is composition series 1 = Ny < --- <
N, = N so that N;.{/N; is abelian. Likewise there is a
series for G = G/N composed of subgroups G;. By the
Lattice isomorphism theorem, there are subgroups G; of G
containing N such that G;/N = G,;. Thus we can form the
following composition series for G, each successive quo-
tient is abelian, and G is solvable:

1=Ny<---<dN,=N=Gy<---4G,, =G

An integral domain is a ring with no zero divisors.
Integral domains possess the cancellation property.

Finite integral domains are fields.

A ring with identity (1 # 0) is a division ring if every
nonzero element has a multiplicative inverse.

A commutative division ring is a field.




RiNGs RiNGs
What is a left ideal? What is the subring criterion?
ALGEBRA PRELIM ALGEBRA PRELIM
RiNGs RiNGs
What is a ring homomorphism? Is the kernel of a ring homomorplnsm an ideal of
the domain?
ALGEBRA PRELIM ALGEBRA PRELIM
RiNGs RiNGs
Let 1, J be ideals of ring R. . . .
. ) . g Let I, J be ideals of ring R. Is it true that
What is [ + J? Is it an ideal of R? InJclJ?
What is 1J? Is it an ideal of R? -
ALGEBRA PRELIM ALGEBRA PRELIM
RiNGs RiNGs

Given a ring R and some subset A, what is the
ideal generated by A?

ALGEBRA PRELIM

Given a ring R and ideal I, what is the condition
that guarantees I = R?

ALGEBRA PRELIM

RiNGs

If R is a field, then what can we say about a
nonzero ring homomorphism from R to another
ring?

ALGEBRA PRELIM

RiNGs

What is a maximal ideal? Does every ring have
maximal ideals? Which rings always have
maximal ideals?

ALGEBRA PRELIM




Given any subset S of aring R, we know that S is a subring
if §' is nonempty and closed under subtraction and multi-
plication.

Let R be aring, I a subset of R, and r € R. I is an ideal of
Rif

1. I is a subring of R and
2. I is closed under left multiplication by elements from R.

Yes indeedy.

Let R, S be rings and ¢ : R — §. Then ¢ is a ring homo-
morphism if (a + b) = ¢(a) + ¢(b) and p(ab) = ¢(a)p(b).

No. 1J € InJ. Sometimes /J may even be strictly smaller.

I+J={a+blacl,belJ}
This is an ideal of R.

1J ={a1b1+---a,b, | a1, .. Wb, el neZt)
This is an ideal of R.

., ay El,bl,..

Note: S = {ij | i € I, j € J} is not necessarily an ideal.

I = R if and only if / contains a unit

Proof: (—)If I = R, then I contains 1, which is a unit.
(<) If a € Iis aunit, then a~! € I as well. By the mul-
tiplicative sucking property, a"'a € I and so 1 € I. Then
every element of Risin / and R = I.

The left ideal generated by A is

RA={ra +rnay+---+ra,|ri€cRa €A neZ)}.

Anideal M in aring S is called a maximal ideal it M # S
and the only ideals containing M are M and S.

No, not every ring has maximal ideals. For example, Q
equipped with standard addition and trivial multiplication
(ab = 0 Ya,b € Q) has no maximal ideals. We can
perform this construction for any abelian group that has no
maximal subgroups.

In a ring with identity, every proper ideal is contained in a
maximal ideal.

That homomorphism is injective. The kernel of the homo-
morphism would need to be an ideal, and the only ideals in
a field are 0 and R. Since the homomorphism is nonzero,
the kernel is not all of R. Thus the kernel is 0 and the map
is injective.




RiNGs

RiNGs
Let R be a ring and I. What can be said about
R/I when I is maximal? What can be said about What is a prime ideal?
R/I when I is prime?
ALGEBRA PRELIM ALGEBRA PRELIM
RiNGs RiNGs

In a commutative ring with unity, is every prime

ideal a maximal ideal or is every maximal ideal

a prime ideal? Give an example. In what kind of
ring do prime and maximal ideals coincide?

ALGEBRA PRELIM

Given a ring R, what is its ring of fractions?
Under what condition is the ring of fractions a
field?

ALGEBRA PRELIM

RiNGs

Let A, B be ideals in ring R. What does it mean
for A and B to be comaximal?

ALGEBRA PRELIM

RiNGs

State the Chinese Remainder Theorem. Give an
example.

ALGEBRA PRELIM

RiNGs

What is a Euclidean domain?

ALGEBRA PRELIM

RiNGs

What is a norm on an integral domain R? What
is a positive norm?

ALGEBRA PRELIM

RiNGs

What is the greatest common divisor of a,b?

ALGEBRA PRELIM

RiNGs

Let R be a commutative ring and a,b € R. If
(a, b) = (d) for some element d, what do we
know about d?

ALGEBRA PRELIM




Assume R is a commutative ring. The ideal P is a prime
ideal if P # R and whenever ab € P, at least one of a or
beP.

R/I is a field if and only if / is a maximal ideal.

R/I is an integral domain if and only if / is a prime ideal.

Let R be a commutative ring and D a nonempty subset
of R that does not contain O or zero divisors and is
closed under multiplication. Then the ring of fractions is

Q:{C—rl|reR,deD}.

If D = R—- {0} (i.e. R is an integral domain) then Q is a
field.

Every maximal ideal is a prime ideal. The converse is not
always true: in any nonfield integral domain, the zero ideal
is a prime ideal which is not maximal.

In a PID, every nonzero prime ideal is maximal.

Let Aj,...,A; be ideals in ring R. The map
R — R/Al X"'XR/Ak deﬁnedbyrb—> (V+A1,...,V+Ak)
is a ring homomorphism with kernel A} N -+ N Ag.

If each pair of ideals in the list is comaximal, then
this map is surjective and Ay N --- N Ay = AjAy--- Ay s0
that R/(A1As---Ap) = R/(A1N---NA) = R/A| X- - -XR/A;.

ex.) If integer n has prime factorization p{" --- p;*, then
ZnZ = (Z/pTZ) X --- x (Z/pPZ) and (Z/nZ)* =
(Z/p]'Zy* x -+ X (Z/ p*Z)".

Ideals A and B are comaximal if A + B = R.

A norm on integral domain R is a function N : R — Zy
such that N(0) = 0. If in addition, N(a) # O for a # 0, then
N is a positive norm.

An integral domain R is a Euclidean domain if there exists
anorm N on R such that for a,b € R, there exist ¢, € R
such that

a=qgb+r with r = 0 or N(r) < N(b)

d is the greatest common divisor of a, b.

Warning: This is not saying that (a,b) = (gcd(a,b))
(which is true in a Euclidean domain). This is saying that
if (a,b) = (d), then d is the GCD.

In general, it is possible that (a,b) # (gcd(a, b)). In Z[x],
the ideal (2, x) is not the whole ring. However, their GCD
is 1 and the ideal (1) is indeed the whole ring

A greatest common divisor of a, b is a nonzero element d
such that

1. d|a
2.d|b
3.ifd |aandd’ | b, thend’ | d.




RiNGs

In what kind of ring is it true that any two
elements from the ring are guaranteed to have a
greatest common divisor?

ALGEBRA PRELIM

RiNGs

Let R be an integral domain. If (d) = (d’), prove
that d = ud’ for some unit u.

ALGEBRA PRELIM

RiNGs

In what kind of ring is it true that if (a, b) = (d),
thend = gcd(a,b)?

ALGEBRA PRELIM

RiNGs

Let I be an ideal and suppose ab € I buta,b ¢ I.
Why is it the case that a, b are not units?

ALGEBRA PRELIM

RiNGs RiNGs
) C . If R is a commutative ring such that R[x] is a
What is a principal ideal domain? .
P p PID, prove that R is a field.
ALGEBRA PRELIM ALGEBRA PRELIM
RiNGs RiNGs

Let R be an integral domain. What does it mean
for r € R to be irreducible? What does it mean
for r to be be prime? What is the relationship

between these two terms?

ALGEBRA PRELIM

In what type of ring is a prime element the same
as an irreducible element? In general, does
prime imply irreducible or does irreducible

imply prime? Give an example of an element
that has one property but not the other.

ALGEBRA PRELIM

RiNGs

Prove that a prime element is always irreducible
in an integral domain.

ALGEBRA PRELIM

RiNGs

What is a unique factorization domain?

ALGEBRA PRELIM




This is clear if d or d’ is zero, so suppose both are nonzero.
Since d € (d’), there exists x € R such that d = xd’. Like-
wise there exists y € R so that d’ = yd. Thus d = xyd and
d(1—xy)=0.Sinced #0, xy = 1.

UFDs.

The division algorithm in a Euclidean domain gives a con-
venient way to compute it, but the GCD is guaranteed to
exist for any two ring elements in a GCD domain. A UFD
is always a GCD domain.

Suppose by contradiction that b is a unit. Since ab € I, by
the multiplicative sucking property, (ab)b~' € I. But this
implies that a € I, contrary to our premise. Thus b is not a
unit.

a and b need to be nonzero elements in a commutative ring.

R is a subring of R[x], so R must also be an integral domain.
Since R[x]/(x) is isomorphic to R and R is an integral do-
main, we know that (x) is a prime ideal. In a PID, a prime
ideal is also a maximal idea. Thus R[x]/(x) = R is a quo-
tient by a maximal ideal and hence is a field.

A principal ideal domain is an integral domain in which
every ideal is principal.

In an integral domain, every prime element is irreducible.
Every irreducible element is also prime in a PID.
In Z[ V-5], the number 3 is irreducible but not a prime

because 9 = (2 + V=5)(2 — V=5) and 3 | 9 but 3 does not
divide either of the two factors of 9.

Suppose r # 0 and r is not a unit. An element r is
irreducible if whenever r = ab for a,b € R, one of a or b is
a unit.

An element r is prime if the ideal (r) is a prime ideal. In a
PID, an irreducible element is also prime.

In an integral domain, a prime element is always irre-
ducible.

A unique factorization domain is an integral domain R in
which every nonzero element r that is not a unit has a
unique factorization into irreducible elements and that this
factorization is unique up to multiplication by units.

Take prime element p such that p = ab. Thenab = p € (p)
so either a or b is in (p). Assume WLOG a € (p). Then
a=prforsomer e R. Thus p=ab=prbandrb=1s0b
is a unit.




RiNGs

What are the primes in Z[i]?

ALGEBRA PRELIM

RiNGs

Under what conditions is a prime p the sum of
two integer squares? (i.e. State Fermat’s
Theorem of the sum of squares.)

ALGEBRA PRELIM

RiNGs

State the containment chain for different kinds
of commutative rings. Give an example from
each superset that is not contained in its subset.

ALGEBRA PRELIM

RiNGs

If F is a field, then F[x] is what kind of ring? Be
as specific as possible.

ALGEBRA PRELIM

RiNGs

State Gauss’s Lemma for polynomials in a UFD.

ALGEBRA PRELIM

RiNGs

If ring R is a UFD, then what can we say about
the polynomial ring formed from adjoining any
number of variables to R?

ALGEBRA PRELIM

RiINGs RiINGs
State the theorem for detecting irreducibility via . ) .
. .g Y State Eisenstein’s Criterion.
quotient by an ideal.
ALGEBRA PRELIM ALGEBRA PRELIM
RiINGs RiINGs

How can we use Eisenstein’s Criterion to
indirectly show that x* + 1 is irreducible over Q?

ALGEBRA PRELIM

Let F be a field so that F[x] is a polynomial
ring. What are the maximal ideals of F[x]? Give
a proof.

ALGEBRA PRELIM




The prime p is the sum of two integer squares, p = a* + b,
if and only if p = 2 or p = 1 mod 4. This representation
of p is unique.

A Gaussian integer a + bi is a Gaussian prime if and only
if either

e one of a,b is zero and the other is a prime of the form
4n +3 or —(4n+ 3) or
e both a,b # 0 and a® + b? is a prime.

F[x] is a Euclidean domain.

EcprPpcUclIccC

e 7Z/nZ, nnot prime, € C but ¢ I.

e Z[V=5] € I but ¢ U because 6 factors as 2 - 3 and as
(1 + V=5)(1 - V-5).

e 7Z[x] is a UFD but not a PID

e The ring of integers in Q(V—19), which is numbers of
the form (a + b V—19)/2 with a, b both even or both odd,
is a PID but not Euclidean.

The polynomial ring is also a UFD.

Let R be a UFD with field of fractions F and let p(x) €
R[x]. If p(x) is reducible/irreducible in F[x], then it is re-
ducible/irreducible over R[x]

Let R be an integral domain with prime ideal P. Let p(x) be
a monic polynomial of degree > 1 in R[x]. If every coeffi-
cient except the leading coefficient is in P and the constant
term is not in P2, then p(x) is irreducible in R[x].

Let R be an integral domain with ideal I. Let p(x) be
a nonconstant polynomial in R[x]. If the image of p(x)
in (R/I)[x] cannot be factored into two polynomials of
smaller degree, then p(x) is irreducible in R[x].

Note: The converse is not true. This theorem can fail to de-
tect irreducibility. For example, x* —72x? +4 is irreducible,
but is reducible modulo every integer.

The maximal ideals of F[x] are those generated by irre-
ducible elements.

Proof: Since F[x] is Euclidean, irreducible elements are
prime (in PIDs) and prime elements generate maximal ide-
als (in PIDs).

First we shift the polynomial. Let f(x) = x*+1and g(x) =
Ff(x+1) = x* +4x° + 6x% + 4x + 2. Now g(x) is irreducible
by Eisentein’s, so f(x) must also be irreducible since any
factorization of g yields a factorization of f.




RiNGs

Let F be a field so that F[x] is a polynomial
ring. What kind of ring is F[x]?

ALGEBRA PRELIM

RiNGs

Let F be a field so thatR = F[x;,...,x,] is a
polynomial ring. What kind of ring is R?

ALGEBRA PRELIM

RiNGs RiNGs
. ) ) Let R be a Noetherian Ring so that R[x] is a
What is a Noetherian ring? I ne . .[ ]
—_— polynomial ring. What kind of ring is R[x]?
ALGEBRA PRELIM ALGEBRA PRELIM
RiINGs RiINGs

Prove that if F is a field, then F|x;, ..
Noetherian.

., X,] 18

ALGEBRA PRELIM

Let R be a ring and [ its unique maximal ideal.
Prove that I must contain every element of R
that is not a unit.

ALGEBRA PRELIM

MoDULES

True or False: A submodule of a
finitely-generated module is also finitely
generated. Give a proof or counterexample

ALGEBRA PRELIM

MoDULES

True or False: If a module and its submodule are
both finitely generated, then the minimal number
of generators of the module is greater or equal to
the minimal number of generators of the
submodule.

ALGEBRA PRELIM

MoDULES

What is a (left) R—module?

ALGEBRA PRELIM

MoDULES

What is a submodule?

ALGEBRA PRELIM




R is a UFD. Itis not a PID unless n = 1.

F[x] is a Euclidean domain

R[x] is Noetherian. This is known as Hilbert’s Basis Theo-
rem.

A commutative ring R with 1 is Noetherian if every ideal
of R is finitely generated.

Let r € R be an element that is not a unit. Then the ideal (r)
is contained in some maximal ideal. Since [ is the unique
maximal ideal, r € 1.

The only ideals of F are 0 and F, both of which are finitely
generated by 0 and 1, respectively. Thus F is Noetherian.
Since the polynomial ring formed by adjoining one inde-
terminate to a Noetherian ring is also Noetherian, we know
F[x;]1is Noetherian. By induction, F[xi, ..., x,] is Noethe-
rian.

False. Consider Z[x] as a Z-module. Z[x] can be generated
by 1, but the ideal/submodule (2, x) cannot be generated
by fewer than 2 generators.

This is one of the reasons that modules suck.

False. Every ring with identity is finitely generated as
an R-module over itself by the identity. But if its ideals
are not finitely generated, then the submodules are non-
finitely generated submodules. To be more specific, con-
sider R[x1, x2, ...], the polynomial ring over the reals with
countably many indeterminates. The ring is itself gener-
ated by 1, but the ideal I = (xi, x»,...) cannot be finitely
generated.

Let R be aring and M and R—module. An R-submodule of
M is a subgroup N of M such that for all r € R,n € N, we
have rn € N (i.e. closed under the action of ring elements).

Let R be aring. A left R-module an abelian group (M, +)
together with an action of R on M such that for all r, s € R
andm,n € M,

e (r+s)m =rm + sm
e (rs)m = r(sm)
e r(m+n) =rm + rn

If R has 1, we also require that 1m = m. Then M will be a
unital module.




MoDULES

What is the free module of rank n over R?

ALGEBRA PRELIM

MoDULES

What kind of module is the same as an abelian
group?

ALGEBRA PRELIM

MoDULES

If F is a field, what is an F[x]-module?

ALGEBRA PRELIM

MoDULES

Let F be a field, V a vector space, and T a linear
transformation from V to V. What are the
submodules of the F|[x]-module V?

ALGEBRA PRELIM

Let R be a ring and M, N be R-modules.
What is Homg(M, N)?

ALGEBRA PRELIM

MoDULES MoDULES
L. Let R be aring. What is an
State the submodule criterion. & .
R—module homomorphism?
ALGEBRA PRELIM ALGEBRA PRELIM
MoDULES MoDULES

Let R be a ring and M, N be R-modules. Under
what ring action is Homg(M, N) also an
R-module?

ALGEBRA PRELIM

MoDULES

True or False: Let R be a ring and M be an
R-module. Then for any submodule N of M, we
can form a quotient module M/N. Give a proof
or counterexample.

ALGEBRA PRELIM

MoDULES

Let A, B be submodules of the R-module M.
What is the smallest module that contains both A
and B?

ALGEBRA PRELIM




Any Z-module is exactly an abelian group. Z-submodules
are subgroups.

Let R be a unital ring and let n be a positive integer. The
free module of rank n over R is
Rn = {(al,az, cee ’an) | a; € R}

as a module over R with componentwise addition and mul-
tiplication.

The submodules of V are subspaces U such that the action
of T is contained in U. Thus subspaces of V that are T-
stable are F[x]-submodules.

Let T be a linear transformation from vector space V
to V. Then an F[x]-module is the vector space V under
the action of polynomials from F[x]. The action is of a
polynomial p(x) € F[x] is the linear transformation p(T).

There is a bijection between pairs V,T and F[x]-modules
over V.

Let M, N be R-modules. A map ¢ : M — N is an R-module
homomorphism if for all x,y € M,r € R

e(x +ry) = (x) + re(y)

Let R be a ring and M an R—module. A subset N of M is
submodule of M if and only if

1. N # @, and
2. x+ryeNforallreR,x,ye N

Let r € R and ¢ € Homg(M, N). Let the action of r on ¢
be (ro)(m) = r(e(m)) for all m € M. Under this action,
Homg(M, N) is an R-module.

Homg(M, N) is the set of all R-module homomorphisms
from M into N.

The smallest module that contains A and B is the sum,
A+B={a+blacA,beB)}.

Note that we use the sum and not the product because we
are combining groups, so we combine using the group op-
eration.

True.

Since M is an abelian group, N is normal so M/N is a
group. Then define the action of R on M/N so that for
reR,x+NeM/N,

r(x+N)=(rx) + N.

Then we can verify that this is a proper R-module.




MoDULES

Let M be an R-module and let A be a subset of
M. What is the definition of RA, the
submodule generated by A?

ALGEBRA PRELIM

MoDULES

Let M be an R-module and N a submodule of M.
What does it mean for N to be cyclic?

ALGEBRA PRELIM

MoDULES

True or False: Let M be an R-module and N a
submodule of M. Then N has a minimal
generating set. Give a proof or counterexample.

ALGEBRA PRELIM

MoDULES

True or False: Let M be an R-module and N a
submodule of M. If N has a minimal generating
set, then that minimal generating set is unique.
Give a proof or counterexample.

ALGEBRA PRELIM

MoDULES

True or False: A submodule of a finitely
generated R-module is also finitely generated.
Give a proof or counterexample.

ALGEBRA PRELIM

MoDULES

What is the direct product of a finite number of
R-modules? What is the external direct sum of a
finite number of R-modules?

ALGEBRA PRELIM

MoDULES

What is the direct product of an infinite number
of R-modules? What is the direct sum of an
infinite number of R-modules?

ALGEBRA PRELIM

MoDULES

Let Ni, N», ..., Ny be submodules of the
R-module M. Suppose the map
m: Ny X -+ XNy = Ny +---+ Ny defined by
n(ny,...,ng) =ny + -+ + ng is an isomorphism
of R-modules. State three other equivalent
characterizations of this isomorphism.

ALGEBRA PRELIM

MoDULES

What is a free R-module?

ALGEBRA PRELIM

MoDULES

Clearly state the difference between the
uniqueness property of direct sums and the
uniqueness property of free modules.

ALGEBRA PRELIM




A submodule is cyclic if it is finitely generated by exactly
1 element of M, i.e. N = Ra for some a € N.

RA ={ria;+---rpa, | ri €R,a;€A,iel,...,m}

In other words, RA is the set of all finite R-linear combina-
tions of the elements of A.

False.

If R is a field, then M is a vector space. A minimal generat-
ing set for a vector space is a basis, and we know that there
are multiple bases that can generate the vector space.

False.

If N is finitely generated, then it has a minimal generating
set (not necessarily unique).

Q as a Z-module has no minimal generating set.

Let M,,..., M; be a collection of R-modules. Then the
k-tuples (my,my, ..., m;) where m; € M; with addition and
action of R defined componenetwise is the direct product
of My, ..., My, denoted M| X --- X M.

The external direct sum is the same thing but is infuriat-
ingly denoted M| @ - - - ® M

False.

Let F be a field and let R = F[xi, x2, .. .], the ring of poly-
nomials in infinitely many variables. Let R be an R-module
over itself. Then R is finitely generated by 1 but the sub-
module generated by {x, x5, ...} is not finitely generated.

1. M is the direct sum of Ny, ..., N.

2. NN (Ny+--+Nj_t + Njyy +---+ N) = 0 for all
jefl,... k}.

3. Every x € N + --- + Nj can be written uniquely in the
formn; + --- + n; with n; € N;.

Let I be a nonempty index set and for each i € I, let M;
be an R-module. The direct product is their direct product
as abelian groups with the action of R as componentwise
multiplication.

The direct sum is the submodule of the direct prod-
uct where only finitely many of the components m; are
nonzero.

In a direct sum, each element can uniquely be written as a
sum of module elements.

In a free module, each element can be uniquely written as
an R-linear combination of some generating set (i.e. basis).

An R-module F is free on the subset A of F if for every
nonzero element x € F, there are unique nonzero ele-
ments ry,...,7, € R and unique ay,...,a, € A such that
X=nay+- -+ rya,.

Another way of describing this is to say that A is a basis for
F.




MoDULES

What is the universal property of free modules?

ALGEBRA PRELIM

MoDULES

True or False: If F; and F, are free R-modules
on the same set A, then there is a unique
isomorphism between F| and F, which is the
identity map on A. Give a proof or
counterexample.

ALGEBRA PRELIM

MoDULES

Let R be an integral domain and let M be a free
R-module of finite rank n. Prove that any n + 1
elements of M are R-linearly dependent.

ALGEBRA PRELIM

MoDULES

Let R a ring and M an R-module. What does it
mean for M to be a torsion module?

ALGEBRA PRELIM

MoDULES

Let R a ring and M an R-module. What does it
mean for M to be torsion-free?

ALGEBRA PRELIM

MoDULES

Let R an integral domain and M an R-module.
What is the torsion submodule denoted Tor(M)?

ALGEBRA PRELIM

MoDULES

Let R be a ring, M be an R-module, and N a
submodule of M. What is the annihilator of N?

ALGEBRA PRELIM

MoDULES

True or False: If M is an R-module for some
ring R and N, L are submodules, then N C L
implies Ann N € Ann L.

ALGEBRA PRELIM

MoDULES

Let R be an integral domain. What is the rank of
an R-module M?

ALGEBRA PRELIM

MoDULES

True or False: Let R be an integral domain, M a
finitely generated R-module, and N a submodule
of M. Then the rank of M is greater than or
equal to the rank of N.

ALGEBRA PRELIM




True.

Proof sketch: F and F, are both a bunch of copies of R
indexed by the elements of A, so just map any copy of R to
another copy of R.

Let A be a set, R aring, and F(A) the free R-module on the
set A. If M is any R-module and ¢ : A — M is a set map,
there is a unique R-module homomorphism ¢ : F(A) - M
such that Yy(A) = ¢(A).

A—— F(A)

@ ¥

!
!
|
|
:
+
M

M is a torsion module if for every m € M, there exists
r € R such that r is not a zero divisor and r annihilates m,
i.e. rm = 0. In other words, every element of M is a torsion
element.

Let x1,...,x,+1 € M be our set of n + 1 elements.

R is an integral domain, so embed it in its field of fractions
F. Because M = R", we know M C F". Since F" is an n-
dimensional vector space, the n + 1 elements are F-linearly
dependent so there exists linear dependence relation with
fis-. s fur1 € F not all zero such that fix; + -+« fre1 X041 =
0. We can obtain an R-linear dependence relation by clear-
ing the denominators.

The torsion submodule Tor(M) is the set of all torsion
elements of M.

Note: If R is not commutative, Tor(M) may fail to be a
submodule.

M is torsion free if for m € M and r € R where r is not a
zero divisor, rm = 0 implies that m = 0. In other words,
the only torsion element of M is 0.

False.

Ann(L) C Ann(N)

The annihilator of N is the ideal of R defined by

Ann(N) ={re R|rn=0forall n € N}

False. Consider Z[x] as a module over itself. Then its rank
is one while the rank of its submodule (2, x) is two.

The rank of M is the maximum number of R-linearly inde-
pendent elements of M.




MoDULES

State the structure theorem for modules over
PIDs in invariant factor form.

ALGEBRA PRELIM

MoDULES

State the structure theorem for modules over
PIDs in elementary divisor form.

ALGEBRA PRELIM

MoDULES

Let R be a PID and let M be a
torsion R-module, M + 0.
What is the p-primary component of M'?

ALGEBRA PRELIM

MoDULES

True or False: Every nonzero torsion module
over a PID is a direct sum of its p-primary
components. Give a proof or counterexample.

ALGEBRA PRELIM

MoDULES MoDULES
LetR be a PID and p prime in R. Let F = R/(p). .
. What is an R-algebra?
Prove that it M = R", then M/pM = F". frargeora’
ALGEBRA PRELIM ALGEBRA PRELIM
MoDULES MoDULES

What is meant by the expression “Every
R-algebra is also an R-module”?

ALGEBRA PRELIM

What is special about a module over a PID?

ALGEBRA PRELIM

MoDULES

True or False: Let F be a field. Any nonzero free
F[x]-module is an infinite dimensional vector
space over F. Give a proof or counterexample.

ALGEBRA PRELIM

MoDULES

True or False: Let R be a ring and M an
R-module. if A is a minimal spanning set for M
under R-linear combinations, then A is a basis.
Give a proof or counterexample.

ALGEBRA PRELIM




Let R be a PID and M a finitely generated R-module. Then
M is the direct sum of a finite number of cyclic modules
whose annihilators are either (0) or generated by powers of
primes in R, i.e.

M=R'®R/(p™)®R/(p?) & ---®R/(p™)

(9

where 1 is a nonnegative integer and p;
of not-necessarily-distinct primes in R.

are positive powers

Let R be a PID and M a finitely generated R-module. Then

1. M=R"®R/(a) ®R/(ax) ® - -- ® R/(a,,) where a; € R
nonzeroand a; |ax |-+ | ap.

2. M is torsion-free if and only if M is free.

3. Tor(M) = R/(a;)®R/(a2) ®--- ®R/(an)

True.

Let M be the aforementioned torsion module. By the struc-
ture theorem for modules over PIDs (elementary divisor
form), the fact that M is torsion means that its free rank is
zero. Then the structure theorem states exactly this - that M
is isomorphic to a direct sum of its p-primary components.

p;-primary component of M

={xe M : xp! = 0 where @ > 0}

Let R be a commutative ring. An R-algebra is an R-module
M together with binary multiplication M X M — M (called
M-multiplication) satisfying

o [ax+ By, z] = alx,z] +Bly,z]
o [z,ax + By] = alz, x] + Blz,¥]

for all scalars «, beta € R and all elements x,y, z € A.

We will proceed by seeking a R-module homomorphism
¢ R" — (R/(p))" with kernel pM.

Take (ay,...,a,) € R" and let ¢((ai,...,a,)) = (a
mod (p),...,a, mod (p)). This map is clearly surjec-
tive. The kernel is the set of elements whose every com-
ponent are multiples of p, or in other words, pR". Thus
M/pM = R"/pR" = (R/(p))" = F"

A module over a PID has a decomposition based on the
Structure Theorem for Modules over PIDs.

Any R-algebra is an R-module by simply forgetting the
multiplicative structure of that R-algebra.

False.

Let Z/nZ be a Z-module. This module cannot have a basis
because no element is linearly independent, i.e. every ele-
ment can be multiplied by an appropriate nonzero element
of Z toreach 0. So 1 € Z/nZ is a minimal spanning set, yet
it fails to be a basis.

True.

Since F is a field, F[x] is a PID. By the Structure Theorem
for Modules over PIDs, a free F[x]-module is isomorphic
to a direct sum of copies of F[x].




MoDULES

True or False: Let R be a ring and M an
R-module with a finite basis. Then every
spanning set in M contains a basis and every
linearly independent set in M is contained in a
basis.

ALGEBRA PRELIM

MoDULES

Give an example of a free module with a
submodule that is not free.

ALGEBRA PRELIM

MoDULES

True or False: If M is an R-module for some
ring R, then M is a free R-module if and only if
M has a basis.

ALGEBRA PRELIM

MoDULES

For what kind of R-module is is true that we can

uniquely define an R-module homomorphism by

specitying the values that the elements of a basis
map to?

ALGEBRA PRELIM

MoDULES

Give an example of a quotient of a free module
that is not free.

ALGEBRA PRELIM

MoDULES

Give an example of an R-module that cannot be
expressed as a direct sum of it submodules.

ALGEBRA PRELIM

MoDULES

Let M be an R-module for some ring R and let
N, P be submodules. Prove thatift M = N @ P,
then P = M/N.

ALGEBRA PRELIM

MoDULES

Let M an R-module for some ring R. What
condition needs to be placed on R to guarantee
that any two bases of M have the same
cardinality and the cardinality of a spanning set
is greater than or equal to that of a basis?

ALGEBRA PRELIM

MoDULES

Complete the sentence: Let R be a commutative
ring with identity. Then two R-modules have the
same rank if and only if

ALGEBRA PRELIM

MoDULES

Let R be PID and let M be a cyclic R-module.
Let Ann(M) be the annihilator of M. Prove that
M = R/Ann(M).

ALGEBRA PRELIM




The set Z X Z is a free module over itself using compo-
nentwise multiplication. We know it is free because the
singleton set {(1, 1)} serves as a basis.

False.
The submodule Z x {0} is a proper submodule that is not
free. We know it is not free because no elements are lin-
early independent. Any (a, 0) is torsion because multiply-
ing by nonzero element (0, b) will result in (0, 0).
This is true for free R-modules.
True.

Only free R-modules have bases anyway!

Z is a module over itself. Its submodules are the ideals of
the ring Z. These are nZ forn € Z.

Given any two submodules nZ and mZ, we know that their
intersection is nontrivial. In fact, their interseciton is kZ
where k = lcm(n, m). Since there are no submodules that
intersect only trivially, this module cannot be expressed as
a direct sum.

Z is a free module over itself because its basis is the set
{1}. nZ is is a proper submodule that is also free because
its basis is the set {n}. But Z/nZ is not a free Z-module
because not even a single element is linearly independent.

R needs to be a commutative ring with identity.

Let 7 be the canonical projection 7 : M — P. Then by the
first isomorphism theorem, M/N = P.

Define the multiplication map ¢ such thatforr € R,m € M,
©(r) = rm. This is an R-module homomorphism. The map
is surjective since M is cyclic. The kernel of this map is the
set of elements in R that map every element of M to zero
- in other words, Ann(M). Thus by the first isomorphism
theorem, R/ Ann(M) = M.

they are isomorphic




MoDULES

What condition on a ring R guarantees that any
submodule of a free R-module is also free?

ALGEBRA PRELIM

MoDULES

True or False: Let M be a free module over R
and let R be a PID. Let N be a submodule of M.
Then any basis for N can be extended to form a

basis for M. Give a proof or counterexample.

ALGEBRA PRELIM

MoDULES

Let R be a PID, M a free R-module, and N a
submodule. What is the closest analogue to the
vector space property that there is a basis for M

containing a basis for N?

ALGEBRA PRELIM

MoDULES

True or False: Any free module over an integral
domain is torsion-free. Give a proof or
counterexample.

ALGEBRA PRELIM

MoDULES

Complete the sentence: A finitely-generated
module over a PID is a free module if and only
if it is

ALGEBRA PRELIM

MoDULES

Complete the sentence: Any
module over a PID R is the
direct sum of a finitely generated free R-module
and a finitely generated torsion R-module

ALGEBRA PRELIM

MoDULES

Let R be a PID and M a finitely generated
R-module so that M = Mg.. ® Mo,.
True or False:

(1) M. is unique.

(2) M,y 1s unique.

ALGEBRA PRELIM

LINEAR ALGEBRA

When does a matrix admit an LU decomposition
into lower and upper triangular matrices?

ALGEBRA PRELIM

LINEAR ALGEBRA

What are the vector space axioms for a vector
space V over a field F?

ALGEBRA PRELIM

LINEAR ALGEBRA

Fill in the blank: Each conjugacy class of
is represented by exactly one
matrix in rational canonical form

ALGEBRA PRELIM




False.

Z is a module over itself and 2Z is a submodule. The set
{2} is a basis for 2Z, but it cannot be extended to a basis for
Z.

R is a PID.

True.

A free module of rank n over R where R is an integral do-
main is isomorphic to R". Since R is an integral domain, its
action on R" (n copies of itself) must be torsion-free.

Let M be of rank n and let N be of rank k < n. Then there
is a basis B for M that contains a subset S = {vy,..., v} for
which {rivy, ..., v}, r; € R nonzero, is a basis for N. The
elements r; satisfy the divisility relations r, | r | e | Tk

finitely generated

torsion-free

An invertible matrix admits an LU decomposition if and
only if all of its leading principal minors are nonsingular,
i.e. all of the (n — 1) X (n — 1) minors are nonsingular.

1. False. Mfe. is unique up to isomorphism, i.e., its rank
is unique
2. True. M, consists of all the torsion elements of M.

GL,(F) for some field F. This means that you can use
RCF to count conjugacy classes in GL,(F) but not in some
subgroup, say S L,(F).

For u,v € Vand a,b € F, we must have

V is a group under addition
a(bv) = (ab)v
lv=vwherel € F

a(u+v) = au + av

(a+b)v = av + bv

M




LINEAR ALGEBRA

Given a matrix A, what is the trace of A? What
are the three properties that completely
characterize a matrix trace?

ALGEBRA PRELIM

LINEAR ALGEBRA

True or False: Given a finite collection of
matrices, the trace of their product is the same
for any order matrix multiplication.

ALGEBRA PRELIM

LINEAR ALGEBRA

Let V be a vector space over field F and S a
subset of V. What does it mean for S to be a
linearly independent set of vectors?

ALGEBRA PRELIM

LINEAR ALGEBRA

Let V be a vector space. What is a basis for V?

ALGEBRA PRELIM

LINEAR ALGEBRA

Let V, W be two n-dimensional vector spaces
over a field F. Prove that V and W are
isomorphic.

ALGEBRA PRELIM

LINEAR ALGEBRA

Let V be a vector space over F and W a
subspace of V. What is the dimension of V/W?

ALGEBRA PRELIM

LINEAR ALGEBRA

Lety : V — U be a linear transformation over
F. What is the relationship between dim V,
dimker ¢, and dim ¢(V)?

ALGEBRA PRELIM

LINEAR ALGEBRA

Let V be a k-dimensional vector space over F,
the finite field with q elements. How many
distinct bases of W are there? How does this
relate to |GL(V)|, the group of invertible linear
transformations from V to V'?

ALGEBRA PRELIM

LINEAR ALGEBRA

Suppose ¢ : Q> — Q° is a linear transformation
such for x,y,z € Q,
o(x,y,2) = Ox+4y+5z,—4x—3z, —6x—4y—27).
Write the matrix representing .

ALGEBRA PRELIM

LINEAR ALGEBRA

Let V, W be vector spaces over field F. What is
the dimension of Homg(V, W)? Give a proof.

ALGEBRA PRELIM




False.

The trace is only equal for cyclic permutations of the or-
der of multiplication. Thus trace(ABC) = trace(BCA) =
trace(CAB) but trace(ABC) # trace(ACB)

The trace of A is the sum along its diagonal. The three
properties that completely characterize the trace are

1. trace(A + B) = trace(A) + trace(B)
2. trace(cA) = ctrace(A) for constant ¢
3. trace(AB) = trace(BA)

A basis for V is a minimal spanning set. It can also be
described as a maximal linearly independent set.

S is a linearly independent set of vectors if for aq,...,a, €
Fandvy,...,v, € S, the equation ajvi +--- + a@,v, = 0
implies thata; = --- =@, = 0.

dimV/W =dimV —dim W

We will prove that V and W are both isomorphic to F". Let
Vi, ..., V, be abasis for V. Define the map
p:F">V by

olay,...,ay) =avy + -+ ayvy,

It is clear that ¢ is F-linear, surjective, and injective. Thus
@ is an isomorphism.

There are (¢ — 1)(¢* — ¢9)(¢" — ¢*) - - - (¢F = ¢~ 1) distinct
bases of V. The first basis vector is one of the g* — 1
nonzero vectors. The second one is a vector not in the span
of the first, so there are g¢ — g possibilities. The third is
not in the span of the first two vectors, so there are ¢* — ¢*
possibilities. We continue this way until we have k vectors.

|GL(V)| is equal to this same number because an invertible
map from V maps a fixed basis to any basis of V, so there
are exactly as many as distinct bases for V.

dim V = dimker ¢ + dim ¢(V)

dim Hompg(V, W) = (dim V)(dim W)

Pf: Hompg(V, W) is isomorphic to the space of (dim V) x
(dim W) matrices over F. The space of these matrices has
dimension (dim V)(dim W).

Erica says: Rows describe where you go. Columns de-
scribe where you’re fro ... lum.

9 4 5
-4 0 -3
-6 -4 -2

Note that the first row is the coeflicient of x, i.e. it’s where
x “goes”. The first column lists the coefficients of x,y, z,
thereby describing where the image is “frolum.”




LINEAR ALGEBRA

Let A, B be n X n matrices. What does it mean if
A and B are similar?

ALGEBRA PRELIM

LINEAR ALGEBRA

Let V be a vector space over field F'. What is the
dual space V*?

ALGEBRA PRELIM

LINEAR ALGEBRA

Let V be a vector space over field F. Given some
basis {vy,...,v,} of V, what is the dual basis?

ALGEBRA PRELIM

LINEAR ALGEBRA

True or False: Let V be a vector space and V* its
dual space. Then dim(V) = dim(V™).

ALGEBRA PRELIM

LINEAR ALGEBRA

Let V be a vector space over field F. What is the
double dual V**?

ALGEBRA PRELIM

LINEAR ALGEBRA

Let V be a finite-dimensional vector space.
What does it mean to say that there is a natural
isomorphism between V and its double dual
V**? What is this isomorphism?

ALGEBRA PRELIM

LINEAR ALGEBRA

Given a matrix A = («a;;), what is the
determinant?

ALGEBRA PRELIM

LINEAR ALGEBRA

State Cramer’s Rule.

ALGEBRA PRELIM

LINEAR ALGEBRA

Let A be an n X n matrix over an integral domain
R. What can we say about the columns of A if
detA =07

ALGEBRA PRELIM

LINEAR ALGEBRA

True or False: Let A, B be n X n matrices over a
commutative unital ring R. Then
det AB = (det A)(det B).

ALGEBRA PRELIM




Cherry says: the lying down vectors!

V* = Homg(V, F), i.e. the space of linear transformations
from V to F.

The elements of V* are called linear functionals.

A and B are similar if there exists an invertible n X n matrix
P such that A = P~'BP.

Geometrically, this means they represent the same linear
transformation under a difference choice of basis.

False.

If V is finite dimensional, the statement is true since
dim V* = dim Homg(V, F) = (dim V)(dim F) = dim V.

If V is infinite dimensional, dim(V) < dim(V*).

The dual basis is the set {v}, ..., v,} such that the action of
any element of the dual basis on any element of the basis
of V is defined by vi(v;) = ¢;;, i.e. the Kronecker delta.

As the name suggests, the dual basis is a basis for dual
space V*.

It means that specifying an explicit isomorphism between
the two spaces does not depend on choosing a basis.

This isomorphism is called evaluation at v. Define
E,:Vi—>F by  E()=fO.

Then ¢ : V — V** such that ¢(v) = E, is an isomorphism.

It is the dual of V*.

Let Ay,...,A, be the columns of n X n matrix A. Suppose
B=BA +---B,A, forBy,...,B, € R, Raring. Then

,8,‘ detA = det(Al,. . .,Ai_l,B,Ai_H, .. .,An)

The determinant, denoted det(A), is given by

det(a;j) = Z sgn(o) ﬁ%aﬁ
i=1

€S,

where sgn(o) is the sign (+ or -) of the permutation o.

True.

detA = 0 if and only if the columns of A are R-linearly
dependent.




LINEAR ALGEBRA

True or False: If W is any subspace of vector
space V, then there exists subspace U such that
V =W@ U. Give a proof or a counterexample.

ALGEBRA PRELIM

LINEAR ALGEBRA

Let T be the matrix of a linear transformation.
How does one calculate det(T') if T is upper
triangular?

ALGEBRA PRELIM

LINEAR ALGEBRA

Let T be the matrix of a linear transformation.
How does one find the characteristic polynomial
of T?

ALGEBRA PRELIM

LINEAR ALGEBRA

What is the significance of the roots of the
characteristic polynomial?

ALGEBRA PRELIM

LINEAR ALGEBRA

What is the minimal polynomial of a matrix A?

ALGEBRA PRELIM

LINEAR ALGEBRA

Explain the fact that the rational canonical form
of a matrix A is based on an invariant factor
decomposition of the finite-dimensional vector
space V.

ALGEBRA PRELIM

LINEAR ALGEBRA

True or False: The minimal polynomial is the
smallest invariant factor of vector space V.

ALGEBRA PRELIM

LINEAR ALGEBRA

Given an invariant factor
a(x) = X"+ b, 1 X" ' +--- 4+ b,x + by, what is the
companion matrix generated by this invariant
factor?

ALGEBRA PRELIM

LINEAR ALGEBRA

Let C; be the companion matrix calculated from
invariant factor a;(x) and let the invariant factors
satify a;(x) | ar(x) | | a,(x). How do we form
the rational canonical form from these
companion matrices?

ALGEBRA PRELIM

LINEAR ALGEBRA

True or False: Let S, T be linear transformations
of V. Then S, T are similar if and only if they
share the same rational canonical form.

ALGEBRA PRELIM




det(T) = the product along the diagonal

True. Every subspace has a complement.

Let By be a basis for W. We can extend it to form a basis
for V. Let this basis for V be called By. Then U is the
span of By \ By. By the construction of By, it is clear that
V=WeU.

They are eigenvalues.

The characteristic polynomial is det(x/ — T).

Given a particular matrix A, V is an F[x]-module. Since
F[x] is a PID (actually it’s Euclidean), we can use the struc-
ture theorem for modules over PIDs. Then

V = Flx]/(a1(x)) @ F[x]/(ax(x)) ® - - - @ F[x]/(am(x))

where the generators of the quotienting ideals are invariant
factors.

The minimal polynomial m(x) is the unique monic polyno-
mial of lowest degree such that m(A) = 0 (the zero opera-
tor)

00 —bg
1 0 -b
0 1 -b,
0 0 :
00 1 _bn—l

False.

It is the largest invariant factor. All other invariant factors
must divide it.

True.

Ci
C




LINEAR ALGEBRA

True or False: Let A be an n X n matrix over field
F and let K be an extension of F. Then the
rational canonical forms of A over K and over F
are the same.

ALGEBRA PRELIM

LINEAR ALGEBRA

What is an n X n Jordan block for eigenvalue A?

ALGEBRA PRELIM

LINEAR ALGEBRA

Complete the sentence: A matrix is
diagonalizable if and only if its Jordan canonical
form is

ALGEBRA PRELIM

LINEAR ALGEBRA

In what sense is the Jordan canonical form of a
matrix unique?

ALGEBRA PRELIM

LINEAR ALGEBRA

What does it mean for a matrix to be in
Jordan canonical form?

ALGEBRA PRELIM

LINEAR ALGEBRA

True or False: Two diagonal matrices are similar
if and only if their diagonal entries are the same
up to a permutation.

ALGEBRA PRELIM

LINEAR ALGEBRA

A matrix M is diagonalizable if and only if what
condition is placed on its minimal polynomial?
Give a proof.

ALGEBRA PRELIM

FieLps

In what fields does that quadratic formula apply?

ALGEBRA PRELIM

FieLDs

Let L/ F be a finite extension of fields. For
a € L, left multiplication by « is an F-linear
transformation of F. What is the relationship

between the field norm of « and this linear

transformation induced by a'?

ALGEBRA PRELIM

FieLDs

Let L/ F be a finite extension of fields. For
« € L, what is the field norm Ny p(a)?

ALGEBRA PRELIM




A
1 True.
A1
It is unique up to permutation of the Jordan blocks. diagonal

True.

If their diagonal entries are the same up to permutation,
then their Jordan canonical forms are the same, which
means they are similar.

A matrix is in Jordan canonical form if it is block diagonal
and each block is a Jordan block.

The quadratic formula applies in any field that is not of
characteristic 2.

Its minimal polynomial m(x) must have no repeated roots.

(&) If m(x) has no repeated roots, by the divisibility
conditions of invariant factors, the elementary divisors are
linear polynomials. Thus the JCF of M is diagonal

(=) If M is similar to a diagonal matrix D, then M and
D have the same minimal polynomial. The minimal poly-
nomial of D must contain all distinct linear factors, each
corresponding to the 1 X 1 blocks that make up D.

Let f(x) be the minimal polynomial for @ over F. Let
oi(@),...,o,(a) be the roots (counted with multiplicity)

of f(x). Then
n [L:F(@)]
o _,-(a)]
=1
i.e., it is the product of all Galois conjugates of @. One

can also think of it as the constant term of the minimal
polynomial times (—1)" where n is the degree of f(x).

J

Nyr(a) = [

Let T be the matrix that represents the linear transforma-
tion. Then the field norm of « is the determinant of 7.




FieLDs

Let K/ F be a finite extension of fields. For
a € K, left multiplication by a on K is an
F-linear transformation T,, of K. How does the
minimal polynomial of @ over F relate to T,,?

ALGEBRA PRELIM

FieLps

Let K/ F be a finite extension of fields. For
a € K, left multiplication by a on K is an
F-linear transformation T,, of K. What is the
trace Trg r(a)? How does Trg p(«) relate to T, ?

ALGEBRA PRELIM

FieLDs

Let K/ F be a finite extension of fields. For
a € K, left multiplication by « is an F-linear
transformation of F. What is the relationship
between T'rg () and this linear transformation
induced by a?

ALGEBRA PRELIM

FieLDs

Let Fy» and F,» be finite fields of characteristic
p. What is the smallest finite field that contains
both of them? Give a proof.

ALGEBRA PRELIM

FieLbs FieLbs
For what type of polynomial is is true that the
polynomial is irreducible if and only if it does State the rational roots theorem
not have a root in field F?
ALGEBRA PRELIM ALGEBRA PRELIM
FieLbs FieLbs

Let G be a finite subgroup of the multiplicative
group of a field. What property does G have?
Give an example for the field F, for prime p.

ALGEBRA PRELIM

True or False: In a finite field, adjoining one root
of an irreducible polynomial results in the
splitting field of the polynomial.

ALGEBRA PRELIM

FieLDs

What is the characteristic of a field?

ALGEBRA PRELIM

FieLDs

What is the characteristic of a field in terms of
its prime subfield?

ALGEBRA PRELIM




Let f(x) be the minimal polynomial for @ over F. Let
oi(@),...,o,(a) be the roots (counted with multiplicity)
of f(x). Then

n [L:F(@)]
Tryp(a) = [Z a,-(a)]
j=1

i.e., it is the sum of all Galois conjugates of a. One can also
think of it as the coefficient of the second-highest degree
term of f(x) times —1.

The minimal polynomial of « over F is equal to the mini-
mal polynomial of the matrix 7.

Let £k = lcm(n,m). Then the smallest finite field that
contains both fields if F .

F, contains the n roots of x”" — x and F,, contains the m
roots of x”" —x. The smallest polynomial of the form x —x
that is divisible by both x”" — x and x*" — x is the one where
k = lecm(n,m). Thus the smallest field that contains both
fields is F .

Trg/r(a@) is equal to the trace (matrix trace, i.e. sum along
diagonal) of the matrix that represents the linear transfor-
mation.

Let p(x) be a polynomial with integer coefficients. For
r/s € Q, r/s is a root of p(x) if and only if r divides the
constant term and s divides the leading coeflicient.

A polynomial of degree 2 or 3, since these are the only
kinds that factor if and only if they have a linear factor.

True.

G is cyclic.

For F), its group of units F); is a finite subgroup of the
multiplicative group of a field. Therefore, F; is cyclic.

char(F) = 0 if and only if its prime subfield is isomorphic
toQ

char(F) = p if and only if its prime subfield is isomorphic
to .

Let F be a field. Then its characteristic, char(F), is the
smallest positive integer p such that p-a@ =0 forall @ € F.
If no such p exists, char(F) = 0




FieLDs

What is the prime subfield of a field F'?

ALGEBRA PRELIM

FieLps

What is a field extension of a field F'?

ALGEBRA PRELIM

FieLDs

What is the degree of an extension K/F?

ALGEBRA PRELIM

FieLDs

Lety : F — F’ be a homomorphism of fields.
What can we say about ¢?

ALGEBRA PRELIM

FieLps

What is a splitting field for an irreducible
polynomial p(x) € F[x]?

ALGEBRA PRELIM

FieLps

Let p(x) € F[x] be an irreducible polynomial of

degree n and let K = F[x]/(p(x)). What is one

convenient basis for representing K as a vector
space over F'?

ALGEBRA PRELIM

FieLDs

What is a simple extension of field F'?

ALGEBRA PRELIM

FieLps

Let K be a finite extension over field F'. Name
two conclusions that can be drawn from this
statement.

ALGEBRA PRELIM

FieLDs

What does it mean for an element a to be
algebraic over field F? What does it mean for
extension K to be algebraic over F?

ALGEBRA PRELIM

FieLDs

Let « be an algebraic element over field F. What
is my, p(x), the minimal polynomial of a?

ALGEBRA PRELIM




A field extension of a field F is a field K such that F' C K.
This extension is denoted K/F.

The prime subfield of a field F is the subfield generated by
1. It is isomorphic to either Q or F,,.

@ is either an injective or the zero map. This is because the
kernel of the homomorphism must be an ideal of F (viewed
as aring), but F has only 0 and F as ideals.

The degree of extension K/F is the dimension of K as a
vector space over F.

Let & = x mod (p(x)). Then 1,6, 6%, ...,0" ! can serve as

a basis for K as a vector space over F.

The splitting field for p(x) is the field F[x]/(p(x)).

1. K is algebraic over F, so every element in K is the root
of some polynomial in F[x].

2. K is generated by a finite number of algebraic elements
over F.

A simple extension is a field K/F that is generated by a
single element, i.e. K = F(a).

The minimal polynomial m, r(x) is the unique monic irre-
ducible polynomial in F[x] with @ as a root.

An element « is algebraic over F if « is the root of some
polynomial in F[x]. K/F is algebraic if every element of
K is algebraic over F




FieLDs

Let p(x) € F[x] have a as a root. What can we
say about the minimal polynomial of a?

ALGEBRA PRELIM

FieLps

True or False: If K/ F is an extension of fields
and « is algebraic over both K and F, then
Mg r(x) divides mg g(x).

ALGEBRA PRELIM

FieLDs FieLDs
Let F be a field and let « be algebraic over F. Let a be algebraic over field F.
What is the degree of a? Prove that [F(a) : F] = deg(a)
ALGEBRA PRELIM ALGEBRA PRELIM
FieLps FieLps

Complete the sentence: The field extension
F(a)/F is finite if and only if

ALGEBRA PRELIM

What is the tower rule for field extensions?

ALGEBRA PRELIM

FieLDs

What does it mean for a field extension K/ F to
be finitely generated?

ALGEBRA PRELIM

FieLps

(Artin’s Theorem) Complete the sentence: Let
K/ F be a finite extension. Then K = F(«) for
some a € K if and only if

ALGEBRA PRELIM

FieLDs

What condition on field extension K/ F
guarantees that K = F(«) for some @ € K? What
can we say if the base field is of characteristic 0?7

ALGEBRA PRELIM

FieLDs

Suppose a, 8 are algebraic over F. Prove that
atp,ap,a/B (B # 0) are all algebraic over F.

ALGEBRA PRELIM




False.

Mg k(x) divides mg p(x)

The minimal polynomial of @ divides p(x).

Let deg(a@) = n. Since F(a) = F[x]/(mqr(x)), we know
F(a) can be viewed as polynomials of degree n — 1, which
is a vector space of dimension n over F.

The degree of a is the degree of its minimal polynomial.

Let F C K C Lbe fields. Then [L: F] =[L: K][K : F].

Nat calls it “Lagrange’s for fields”

«a is algebraic over F

there exist finitely many intermediate fields

(alternatively) if the extension is finite and separable.

K/F is
ay, @, ...,q

finitely generated if there are elements
€ K such that K = F(aj,as,...,q;).

All of these elements lie in F(a, 8)/F. Since this extension
over F is generated by finitely many algebraic elements,
the extension is finite. A finite extension is always alge-
braic, and thus every above-listed element is algebraic.

The conclusion holds if K/ F is a finite separable extension.

If the base field is of characteristic zero, then every exten-
sion is separable, so any finite extension is a simple exten-
sion.




FieLDs

If K, K, are subfields of field K, what is the
composite field KK, ?

ALGEBRA PRELIM

FieLps

True or False: If K, K5 are finite extensions
of F contained in K, then
[Kle . F] < [Kl . F][K2 . F]
Give a proof or counterexample.

ALGEBRA PRELIM

FieLDs FieLDs
Let K, K> be finite extensions of F'
containedin K. Let [K, : F] =n, Prove that if [F(«) : F] is odd, then
[Ky : F]=m, and (n,m) = 1. F(a) = F(a?).
Prove that [K\ K5 : F] = [K, : F]|K, : F].
ALGEBRA PRELIM ALGEBRA PRELIM
FieLps FieLps

Complete the sentence: Let F C R. Thena € R
can be obtained by compass and straightedge
constructions if and only if

ALGEBRA PRELIM

Prove that given a cube, one cannot construct
another cube with double the volume by using
compass and straightedge constructions.

ALGEBRA PRELIM

FieLbs FieLbs
Complete the sentence: The regular n-gon is
constructible by compass and straightedge What is a Fermat prime?
constuctions if and only if
ALGEBRA PRELIM ALGEBRA PRELIM
FieLbs FieLbs

What is a splitting field?

ALGEBRA PRELIM

What is a normal extension?

ALGEBRA PRELIM




True.

K|, K, are finite extensions, so they are finitely generated.
Say Kl = F(al, . ,CY,,) and Kz = F(ﬂ], . ,ﬂm) Then
K]Kz = F(a’], . ,(Xn,,Bl, e ,ﬁm) = K](ﬁ], . ,ﬁm). This
means {f;} spans K; K, over Kj, so [K;K; : K;] < m. Then
applying the tower rule completes the proof.

Note: The inequality becomes an equality if and only if an
F-basis for one of the fields remains linearly independent
over the other field.

K/ K, is the smallest subfield of K that contains K; and K.

Clearly F(a?) C F(a). Then [F(a) : F(a®)][F(a?) : F]
is odd. The minimal polynomial for a over F(a?) is of

degree at most 2 since « is a root of x> — a?.

If mq(x) is of degree 2, then [F(a) : F(a?)] = 2, which
contradicts that [F(a) : F(@)][F(@)?® : F]is odd. Thus
my(x) is of degree 1 and a € F(a?).

K, and K, are subfields of K;K>, so both n and m divide
[KiK; : F]. Then [K K, : F] is divisible by lem(n, m) =
nm. Finally since it is known that [K; K, : F] < [K] :
F1[K; : F], we conclude [K K> : F] = [K, : F][K; : F].

Suppose the original cube has side length 1. Then a cube
with double the volume has side length V2. This element
has degree 3 over Q, so [Q(V2) : Q] # 2* for nonneg-
ative integer k. Thus the cube of doubled volume is not
constructible.

[F(a) : F] = 2 for some integer k > 0

A Fermat prime is a prime number of the form 22" + 1 for
nonnegative integer 7.

n = 2kp;---p, where k is a nonnegative integer and
pi,-- ., py are distinct Fermat primes.

Let K be an algebraic extension of F. If K is the splitting
field for some collection of polynomials f(x) € F[x], then
K is a normal extension.

Let K be an extension of F. Then K is a splitting field
for the polynomial f(x) € F[x] if f(x) factors into linear
factors in K[x] and fails to factor completely in any proper
subfield of K containing F.




FieLDs

Complete the sentence: Let f(x) € F[x] be a
polynomial of degree n. Then adjoining one root
of f(x) to F generates an extension of degree n

if and only if

ALGEBRA PRELIM

FieLps

Let f(x) € F[x] be of degree n. What is the
largest possible degree of the extension that is
the splitting field of f(x)?

ALGEBRA PRELIM

FieLDs FieLDs
) o ) How many n'* roots of unity are primitive roots
What is a primitive root of unity? y uty-are p
—_— of unity?
ALGEBRA PRELIM ALGEBRA PRELIM
FieLps FieLps

What is the
cyclotomic field of n roots of unity?

ALGEBRA PRELIM

Let ¢, be a primitive p™ root of unity for prime
p. What is the minimal polynomial for {,,?

ALGEBRA PRELIM

FieLDs FieLps
hat i : her 1 rimiti th . .
What is [Q(Z,) : Q1 whe e'g,, S 4 primitive n What is an algebraic closure of F?
root of unity?
ALGEBRA PRELIM ALGEBRA PRELIM
FieLDs FieLDs

What is a separable polynomial?

ALGEBRA PRELIM

How can we use the derivative to check whether
a polynomial is separable?

ALGEBRA PRELIM




The splitting field is an extension of degree at most n!.

f(x) is irreducible over F

¢(n), where ¢ is the Euler ¢-function.

A generator in the cyclic group of all n”* roots of unity is
called a primitive n* root of unity.

xP =1
=xP a2 b x+ 1

Itis @,(x) = ——
P

Q(eZA'i/n)

The field F is an algebraic closure of F if F is algebraic
over F and every polynomial f(x) € F[x] splits completely
over F.

¢(n), where ¢ is the Euler ¢-function.

Let f(x) be a polynomial. Then f(x) is separable if and
only if f(x) and f’(x) share no common factors.

A polynomial over field F is separable if it has no multiple
roots.




FieLDs

Prove that every irreducible polynomial over a
field of characteristic 0 is separable. Explain
why this proof fails in fields of characteristic p.

ALGEBRA PRELIM

FieLps

What is the Frobenius endomorphism of F?

ALGEBRA PRELIM

FieLDs FieLDs
Let F be a field of charactfensn?' p. Prove that What is a perfect field?
the Frobenius map is a bijection.
ALGEBRA PRELIM ALGEBRA PRELIM
FieLps FieLps

List several equivalent characterizations of a
perfect field F.

ALGEBRA PRELIM

True or False: All fields of characteristic zero
and all finite fields are perfect.

ALGEBRA PRELIM

FieLDs

Complete the sentence: Every irreducible
polynomial over a field is
separable.

ALGEBRA PRELIM

FieLps

True or False: Finite fields of any order p" are
unique up to isomorphism. Give a proof or
counterexample.

ALGEBRA PRELIM

FieLDs

Let f(x) be an irreducible polynomial over a
field F of characteristic p. Prove that there is a
unique integer k > 0 and unique irreducible
separable polynomial f.,(x) € F[x] such that

FO) = frep (&7):

ALGEBRA PRELIM

FieLDs

Let f(x) be irreducible over a field F of
characteristic p. What is the
separable degree of f(x)? What is the
inseparable degree of f(x)?

ALGEBRA PRELIM




Let F be a field of characteristic p. The Frobenius endo-
morphism is the map ¢ : F — F such that ¢(a@) = a”.

Let F be of characteristic zero and p(x) € F[x] is irre-
ducible of degree n. The only factors of p(x) are 1 and
p(x). The derivative p’(x) has factors of degree at most
n — 1. Thus the only factor that p(x) and p’(x) can share is
1. Thus p(x) is separable.

In a field of characteristic p, the derivative of x”" is zero,
so the degree of the derivative may drop more than 1. How-
ever, if p’(x) is nonzero (and p(x) is irreducible as before),
then p(x) is separable.

A field K of characteristic p is perfect if every element of
K is a p™ power in K. Any field of characteristic 0 is also
perfect.

Let p(a) = a” for a € F be the Frobenius map. Since ¢ is a
map between fields, the map is injective. Also, ¢ maps F to
itself so injectivity is enough to prove that ¢ is a bijection.

True.

TFAE:

e F is perfect

e Every irreducible polynomial over F has distinct roots

e Every irreducible polynomial over F is separable

e Every finite extension of F is separable

o Every algebraic extension of F is separable

o Either F has characteristic 0 or when F has characteristic
p. then every element is a p”* power

True.

A finite field of order p” is the splitting field over F), of the
polynomial x*" — x. All splitting fields are unique up to
isomorphism.

perfect

Let fi.p(x) be the unique irreducible separable polynomial
in F[x] such that f(x) = fy (xpk).

The separable degree of f(x) is the degree of fy.,(x).
The inseparable degree of f(x) is the integer pk.

Note: These definitions only make sense for irreducible
polynomials!

If f(x) is separable, then f = f,. If f(x) is not sepa-
rable, then f’(x) = 0 and every power of x in f(x) is a
multiple of p. Thus there exists polynomial fj(x) such that
f(x) = fi(x?). Continue this process until fy(x) is sepa-
rable (i.e. has nonzero derivative). Such an f; is clearly
irreducible since any factorization of f; would produce a
corresponding factorization of f. This f; is the fi, we
seek.




FieLDs

What is a separable field extension?

ALGEBRA PRELIM

FieLps

What is the n™ cyclotomic polynomial ®,(x)?

ALGEBRA PRELIM

FieLDs

Prove that if a field contains the n™ roots of
unity for n odd, then it also contains the 2n™
roots of unity.

ALGEBRA PRELIM

FieLDs

Let K/F be an extension of fields. What is
Aut(K/F)?

ALGEBRA PRELIM

FiELDS FiELDS
Let K/F be a field extension and « € K be .
./ What is the fixed field of a set
algebraic over F'. Let o € Aut(K/F). What can —_—
of automorphisms H?
we say about o(a)?
ALGEBRA PRELIM ALGEBRA PRELIM
FiELDS FiELDS
True or False: Let K/F be an extension of fields.
Then [K : F] < Aut(K/F). Give a proof or What is a Galois extension?
counterexample.
ALGEBRA PRELIM ALGEBRA PRELIM
FiELDS FiELDS

List five equivalent characterizations of K/ F
being a Galois extension.

ALGEBRA PRELIM

What is the Galois group of the splitting field of
x> =2 overQ?

ALGEBRA PRELIM




Let u, be the group of n roots of unity over Q.

o,0=|]

{ primitive euy,

x=0= | |(x—§,‘f)
1<a<n
(a,n)=1

In other words, it is the polynomial whose roots are exactly
the primitive n™ roots of unity.

A field K is separable over F if every element of K is the
root of a separable polynomial over F. Equivalently, K is
separable if every element of K has a separable minimal
polynomial over F.

Aut(K/F) is the group (under composition) of automor-
phisms of K that fix every element of F.

Notice x* = 1 = (x" — 1)(x" + 1). Let { be aroot of X" — 1.
Then —¢ is a root of X" + 1. Thus any field with the n'"
roots of unity also contains the 2n" roots of unity.

Geometrically, we can see that the set of roots of x* + 1 is
a rotation of the roots of x* — 1 by 180°.

Let K be a field and let H be a subset of Aut(K). Then the
fixed field of H is the subfield of K such that H fixes all the
elements of this subfield.

o(a) is a root of the minimal polynomial of .

Let K/F be a finite extension. Then K is Galois over F if
|Aut(K/F)| = [K : F]. If K/F is Galois, then the group of
automorphisms is denoted Gal(K/F).

False.

Let @ = V2. Then [Q(a) : Q] = 3, but | Aut(Q(a)/Q)| = 1.
To see this, recall m,(x) = x> — 2. In the splitting field
K of my(x), Aut(K/Q) would shuffle the three roots. But
Q(@)/Q contains the only real root, so automorphisms
that fix the base field can only map « to itself. Hence

| Aut(Q()/Q)l = 1.

Let @ = V2, £ = ¢*/3. The splitting field is Q(e, ¢). Then
[Qa,): Q] =[Q@, ) : AIQa) : Q]

=2-3

=6.

Since the extension is of degree 6, the Galois group has 6
elements. Our polynomial has 3 roots, so the Galois group
must be a subgroup of S3. By considerations regarding
order, the Galois group must be §3.

TFAE:

e K/F is Galois

o |Aut(K/F)| =[K : F]

e K is the splitting field over F for a separable polynomial

e K/F is algebraic and F is the fixed field of Aut(K/F)

e Every irreducible polynomial in F[x] with one root in K
splits over K and is separable.

e K/F is anormal, separable, and finite extension.




FieLDs

True or False: A Galois extension of a Galois
extension is also Galois. Give a proof or
counterexample.

ALGEBRA PRELIM

FieLps

True or False: Any quadratic extension K/F is
Galois.

ALGEBRA PRELIM

FieLDs

What is a Galois conjugate?

ALGEBRA PRELIM

FieLDs

Let K/F be a Galois extension and
G = Gal(K/F). Let E be a subfield of K
containing F. Draw and label the lattices for
K/F and G according to the Fundamental
Theorem of Galois Theory,

ALGEBRA PRELIM

FieLps

Let K/F be a Galois extension and
G = Gal(K/F). Let E be a subfield of K
containing F. According to the Fundamental
Theorem of Galois Theory, E/F is Galois under
what condition? What is the Galois group?

ALGEBRA PRELIM

FieLps

Let K/F be a Galois extension and
G = Gal(K/F). Let E be a subfield of K
containing F. Let H = Gal(K/E). According to
the Fundamental Theorem of Galois Theory,
what can be said about the cosets of H in G?

ALGEBRA PRELIM

FieLDs

Give an example of a field that is not perfect.

ALGEBRA PRELIM

FieLps

What is the degree of the extension F . /F,?

ALGEBRA PRELIM

FieLDs

True or False: The field F,. is always Galois
over F,. Give a proof or counterexample.

ALGEBRA PRELIM

FieLDs

What is the Galois group of F. [F,,?

ALGEBRA PRELIM




Almost true.

It is true if F is not of characteristic 2

False.

Q( V2)/ Q(V2) and Q( V2)/Q are both Galois because they
are both quadratic extensions of a field with characteristic
# 2. But Q(V2)/Q is not Galois.

— K {1}
h
H = Gal(K/E)
§ E (has order h)
B 2 G = Gal(K/F)

(has order g)

Let K/F be a Galois extension. If @ € K, then the elements
o(a) for any o € Gal(K/F) are the Galois conjugate of «
over F. In other words, the Galois conjugates are the other
roots of the minimal polynomial of «.

There is a one-to-one correspondence between the isomor-
phisms of E that fix F and the cosets of H in G.

If H < G, then Aut(E/F) = Gal(E/F) = G/H.

E/F is Galois if and only if Aut(E/F) < G = Gal(K/F).

Gal(E/F) = G/H where H = Gal(K/E)

[F,, :Fyl=n

Since all fields of characteristic 0 and all finite fields
are perfect, we seek an infinite field of characteristic p.
Recall that a field is perfect if and only if every irreducible
polynomial is separable.

Consider F,(7), the field of rational functions in transcen-
dental t. The polynomial x” — ¢t € F,(#)[x] is irreducible
by Eisenstein’s using the prime element ¢. Let « be a root.
Then o =t, so x” —a” = (x — a)?, which is not separable.

It is the cyclic group of order n generated by the Frobenius
automorphism, i.e.

Gal(Fy /F,) = (o)) = Z/nZ

where 0, : Fn — Fpn so that op(@) = o”.

True.

F,» is the splitting field of the separable polynomial x”" — x
and hence it is a Galois extension.




FieLDs

Under what condition on n, m is is true that
Fp CFEpn?

ALGEBRA PRELIM

FieLps

Prove that the irreducible polynomial
x* + 1 € Z[x] is reducible modulo every prime.

ALGEBRA PRELIM

FieLDs

Let p(x) be irreducible over F,» and let a be a
root of p(x). What can we say about the field
F,.(a)? Give a proof.

ALGEBRA PRELIM

FieLDs

Describe one method for recursively producing
irreducible polynomials over F,,.

ALGEBRA PRELIM

FieLps FieLps
p)‘l _ . . . . .
Prove that'x x 1S the product of all {r‘r'ec'luc1ble What is the algebraic closure of F,,?
polynomials over IF, with degree d dividing n.
ALGEBRA PRELIM ALGEBRA PRELIM
FieLDs FieLps

Suppose K/ F is Galois and F’/F is any
extension. Prove that KF’/F’ is also Galois.
What is its Galois group?

ALGEBRA PRELIM

Complete the formula: Suppose K/F is Galois
and F'/F is any extension.
Then [KF' : F] =

ALGEBRA PRELIM

FieLDs

Let K, K, be Galois extensions of a field F.
Prove that K| N K, is Galois over F.

ALGEBRA PRELIM

FieLDs

Let K, K, be Galois extensions of F. Is K| K,
Galois? If so, what is its Galois group?

ALGEBRA PRELIM




If p = 2, then x* + 1 = (x + 1)* and so it is reducible.

If p is 0dd, note that p? — 1 is divisible by 8. Thus x”"~! — 1
is divisible by x® — 1. Then

x4+1|x8—1|x”2_1—1 x”z—x,

the last of which generates F, an extension of degree 2.
So any extension generated by a root of x* + 1 is of degree
at most 2, which means it is not irreducible over F,.

This is true only when n divides m.

x”" — x is precisely the product of all irreducible polyno-
mials over F, of degree d dividing n.

For example, say we seek all irreducible degree 6 polyno-
mials over F5. Since 1,2,3,6 are the divisors of 6, take
x¥ — x and divide by all irreducible polynomials of degrees
1, 2, and 3. The divisors of the quotient are all the irre-

ducible degree 6 polynomials.

F,: (@) is the splitting field for p(x)

Let deg(p(x)) = d. Then [F (@) : Fy»] = d and since all
finite fields of a particular order are isomorphic, F,.(a) =
IFa. Thus @ is a root of xP" = x. Since x*" — x contains
precisely all irreducible polynomials of degree dividing nd,

we know p(x) | xP" = x and so all roots of p(x) are inF ().

F, = JFy

n>1

The roots of F,. are precisely the roots of x” — x. We
know that F,« C F)» if and only if d | n. Extending FF, to
the splitting field of any degree d irreducible polynomial
will result in F« since all finite fields of the same size are
isomorphic. Thus every minimal polynomial of degree d
splits in F,.. Grouping together all minimal polynomials
of the same degree, we see that their product is x”" — x.

[K : F][F’ : F]

[KF' : F] =
[KNF : F]

K/F is Galois, so 3 separable p(x) such that K is its split-
ting field. This same polynomial is separable over F’, so
its splitting field over F” is KF’. Thus KF'/F’ is Galois.

Gal(KF'/F") = Gal(K/K N F")

Yes, K| K, is Galois.
Its Galois group is isomorphic to the subgroup

H={(0,7)| 0 lg,nk,= T lgink, )

of the direct product Gal(K; /F) x Gal(K,/F) consisting of
elements whose restrictions to the intersection K; N K5 are
equal.

Recall that an extension is Galois if and only any ir-
reducible polynomial that has at least one root in the
extension splits completely in the extension.

Let p(x) be irreducible in F[x] with aroot @ in K; N K;. By
the above characterization of Galois extensions, all roots of
p(x) are in both K and K. But then all roots of p(x) are in
K; N K, and so K; N K; is Galois.




FieLDs

What is the Galois closure of finite
separable extension E/F?

ALGEBRA PRELIM

FieLps

Prove that it K/ F is finite and separable, then
K/F is simple.

ALGEBRA PRELIM

FieLDs

What is a separable field extension?

ALGEBRA PRELIM

FieLDs

Prove that any finite field extension over a field
of characteristic 0 is simple.

ALGEBRA PRELIM

FieLps

Let Q(£,) be the cyclotomic field of n* roots of
unity. What is its Galois group?

ALGEBRA PRELIM

FieLps

Let Q(£,) be the cyclotomic field extension over
Q for prime p. What is the Galois group of this
extension?

ALGEBRA PRELIM

FIELDS FIELDS
Letn = p{'p5*--- p;* be the factorization of
positive integer n into distinct prime powers. . . S
Prove that Gal(Q(Z,)/Q) = What is an abelian field extension’
Gal(Q(£,m)/Q) X - - X Gal(Q(Z,x)/ Q).
ALGEBRA PRELIM ALGEBRA PRELIM
FIELDS FIELDS

Let G be a finite abelian group. Prove that there
is a field K/Q such that Gal(K/Q) = G.

ALGEBRA PRELIM

What is the discriminant of a polynomial?

ALGEBRA PRELIM




Let L be the Galois closure of K/F. By the Fundamental
Theorem of Galois Theory, any intermediate field between
K and F corresponds to a subgroup of Gal(L/F). Since
there are finitely many subgroups, there are also finitely
many intermediate fields. By Artin’s Theorem, K/F is sim-
ple.

The Galois closure is an extension K/F which is Galois
over F and is minimal in the sense that in a fixed algebraic
closure of K, any other Galois extension of F' containing E
contains K.

Note that the Galois closure is defined for finite separable
extensions.

Any finite extension K/F of a field of characteristic O is
separable. If the extension is finite and separable, we
can consider its Galois closure. The corresponding Galois
group of this Galois closure has finitely many subgroups
and thus K/F has only finitely many intermediate fields.
By Artin’s Theorem, K/F is simple.

A field extension is separable if the minimal polynomial of
every element is separable.

The cyclic group Z/(p — 1)Z.

Its Galois group is the multiplicative group (Z/nZ)*.

The extension K/F' is called abelian if K/F is Galois and
Gal(K/F) is an abelian group.

az"' Tk . . ., . .
Note that Z,> " is a primitive p{"-th root of unity, so the

field Q(gp(]q) is a subfield of Q(¢,). The same applies to
the other prime powers. Their composite field is Q({,) and
their intersection is Q. This means that the Galois group of
Q(¢y) is the direct product of the Galois groups of each of
the aforementioned subfields, i.e.

Gal(Q(£x)/Q) = Gal(Q(¢,7)/Q) X - - - X Gal(Q(¢,x)/Q)

Let xi,..., x, be the roots of a polynomial. Then the dis-
criminant of the polynomial is D = l_[(xi - x_,-)2

i<j

The FTFGAG guarantees that G = Z,, X --- X Z,,. Let
pi be prime such that p; = 1 mod n; (there are infinitely
many such primes) fori = 1,...,k. Letn = p;--: ps.
Then (Z/nZ)* = [1%,(Z/pi2)* = [1, Z/(p: — 1)Z. Since
ni | (p1 = 1), there exists H; < Z/(p; — 1)Z such that the
quotient by H; is cyclic of order n;.

By the fundamental theorem of Galois theory, there is a
subfield of Q(&,) that is Galois over Q and has G as its
Galois group.




FieLDs

What can we say about the Galois group of a
polynomial if the square root of its discriminant
is an element of the base field?

ALGEBRA PRELIM

FieLps

Discuss the Galois group of a general irreducible
cubic polynomial.

ALGEBRA PRELIM

FieLDs

List the transitive subgroups of S 4. What is the
significance of this list of subgroups of S 4 for
Galois theory?

ALGEBRA PRELIM

FieLDs

List the transitive subgroups of Ss. What is the
significance of this list of subgroup of S 5 for
Galois theory?

ALGEBRA PRELIM

FiELDS FiELDS
Let F be a field of characteristic not dividing n.
What is a cyclic extension? Let F contain the n™ roots of unity. Prove that
F(R/a) for a € F is Galois over F.
ALGEBRA PRELIM ALGEBRA PRELIM
FiELDS FiELDS

What does it mean if an element « that is
algebraic over F can be expressed by radicals?

ALGEBRA PRELIM

What does it mean for a polynomial f(x) € F[x]
to be solvable by radicals?

ALGEBRA PRELIM

FieLDs

Complete the sentence: A polynomial f(x) can
be solved by radicals if and only if

ALGEBRA PRELIM

FieLDs

True or False: No quintic polynomial is solvable
by radicals. Give a proof or counterexample.

ALGEBRA PRELIM




The Galois group must be a subgroup of S3 and have order
at least 3 since adjoining a single root will already result in
an extension of degree 3. If the discriminant is a square of
an element of the base field, then the Galois group in As,
i.e. it’s precisely As. If the discriminant is not a square,
then the Galois group must properly contain As, i.e. it’s
precisely S 3.

The Galois group contains automorphisms that fix the base
field, so if VD = l_[(x,- — x;) is contained in the base
i<j

field, the any automorphism in the Galois gorup fixes VD.
This means that the number of transpositions of the roots is
even, since an odd number of transpositions would change
the sign of VD. We conclude that the Galois group is a
subgroup of A, where n is the degree of the polynomial in
question.

The transitive subgroups of S5 are S's, As, Djg, Fag, and
Z/5Z.

These are the only possible Galois groups for an irreducible
degree 5 polynomial.

The transitive subgroups of S4 are S4, A4, Dg, V4, and
Z/47Z.

These are the only possible Galois groups for an irreducible
degree 4 polynomial.

The minimal polynomial for {/a is x" — a. This polyno-
mial is separable. Since adjoining {/a generates the split-
ting field, the extension is Galois.

An extension K/F is cyclic if it is Galois with a cyclic Ga-
lois group.

A polynomial is solvable by radicals if all its roots can be
expressed by radicals.

An element « can be expressed by radicals if « is an el-
ement of a field K that can be formed by a succession of
simple radical extensions

F=KycK cCc---CK;=K

where K. = K;( §/a;) for some a; € K;.

False.

This is true if and only if the Galois group of the polyno-
mial is S5 or As, which are both not solvable groups. For
example, f(x) = x> — 6x + 3 € /Q[x] has Galois group S5
and so it is not solvable by radicals. But g(x) = x> — 1 con-
tains the 5 roots of unity, so this polynomial is solvable
by radicals.

its Galois group is a solvable group




FieLDs

Let p be a prime not dividing the discriminant D
of f(x) € Z[x]. What relationship does the
Galois group of over Q of f(x) have to the

Galois group over F, of f(x)?

ALGEBRA PRELIM

FieLps

Complete the sentence: An algebraic extension
over a field of characteristic 0 is

ALGEBRA PRELIM

FieLDs

What is the Frobenius map? What is its relation
to the Galois group of a finite extension over a
finite field?

ALGEBRA PRELIM

MISCELLANEOUS

State Zorn’s lemma.

ALGEBRA PRELIM

MISCELLANEOUS

What is an equivalence relation?

ALGEBRA PRELIM




separable

The Galois group of f(x) is isomorphic to a subgroup of
the Galois group of f(x).

Suppose a partially ordered set P has the property that every
chain (i.e. totally ordered subset) has an upper bound in P.
Then the set P contains at least one maximal element.

In a field of characteristic p, the Frobenius map is the map
o 1 a — a? for any element a in the field.

A finite extension of a finite field is cyclic, and the Galois
group is generated by the Frobenius map.

An equivalence relation is a binary relation on a set that is
reflexive, symmetric, and transitive.




