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13.8 The Divergence Theorem

Question. What is a simple solid region? What are some examples?

Theorem. What is the divergence theorem?
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Champ

between
bounded

A regioo functions of
X
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We defined type I, type 2, and type 3 regions in $12

.7.

A simple solid region
is a region that is simultaneously

types 1
,
2
,
and 3

e regions bounded by ellipsoids or rectangular boxes .

Let E be a simple solid region and let s be the

bounday surface of E
, given with the positive (outward) orientation.

Then

() E . d5 = (S) div Edv
S E

In words
,

the flux of F across the bounday surface

of E is equal to the triple integral of the divergence

of F over E.

: Compare this to the Vector form of Green's the

which said I
.

F . nds = 1) divFdA



Proof.

1. Let F = P i+Q j+Rk. Since divF =
@P

@x
+

@Q

@y
+

@R

@z
, what is

t

E

divF dV ?

2. If n is the unit outward normal of S, what is
s

S

F · dS?

x

S

F · dS =

x

S

F · n dS =

x

S

(P i+Q j+Rk) · n dS

=

3. What do we have to do to prove the Divergence Theorem?

4. To prove the last equation, we will use the fact that E is a type 1 region:

E = {(x, y, z) | (x, y) 2 D,u1(x, y)  z  u2(x, y)}

where D is the projection of E onto the xy-plane. Using this, what is
t

E

@R

@z
dV ?

y

E

@R

@z
dV =

2

-
IF . 25 = CdivEd

(l)divFdv = [dV+
E

PindS+ QYdS+ Bind

(PindS = [S EQ)

show that IQ5 . nds =& EQ2

SBEdS= EQ3

S [S(xyd !

= S & (x,e, uzxy)-B(x,y , u, (x,y) d



5. What is the boundary of E?

6. How can we rewrite
s

S

Rk · n dS?

7. What are
s

S1

Rk · n dS and
s

S2

Rk · n dS?

8. Use the above to conclude that the Divergence Theorem holds.
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The bounday surface S consists

of three pieces :
S
.. S2, and Sy

Sy may or may not appear

Le
.g .

no Sy if E is a sphere

On Sz , E . n =0 Since it is verted anda is horizontal

&Riddd
(It is also this if there is no S3)

On Su
,
n points up .

So [SR.d = S & (x, y , un(x,yld
On Si

,
n points down . So JSRds = -SR(x, y, u ,

(x
,y d

EQU
- EdS = (R(x, Yexyl)dA-xy,xy)dA=

EQI and EQ2 are proved the same way , using the

fact that E is type 2 and type 3.



Example. Find the flux of the vector field F(x, y, z) = z i+ y j+ xk over the unit sphere

x2 + y2 + z2 = 1.

4

divF = (z) + z(y) + (x) = 1

The unit sphere is the boundary of the unit ball B

given by xi+y+z21 . By the divergence theorem,

S E . d5 = ()) div Fdv = (SS1dv = Vol(B)

B B
= (1)3

=

I



Example. Evaluate
s

S F · dS, where

F(x, y, z) = xy i+ (y2 + exz
2
) j+ sin(xy)k

and S is the surface of the region E bounded by the parabolic cylinder z = 1� x2 and the planes

z = 0, y = 0, and y + z = 2.

5

We will use the divergence
theorem instead of computing
the four surface integrals directly.

divF = (xy) + z(y2 + e
+2) + -(inxy) = y + zy = 3y

By the divergence theorem (need to put this on the exam),

(JF . d5 = ()) div Edv = (S) by av

E E

= J'gix by dyd

= 1



Example. Let S be the unit cube with an open top. Find the flux of the vector field F = hz, y, xi
over S.

6

z
Let J be the union of S and the

top of the cube

/

2

* () E . 25 = 1) F . d
+SSFs

5

X

() F . d5 = [S) divEdV
= (SIdV = VollE=

5

Lid : F(x,y) = (X, y , z)0xxy1 , 0xy)/

x = <1 , 0, 07

Ty = 30, 1, 0

Exx = 10, 0,1-
>

This agrees with the

outward orientation -

9) Fid = (S <z, y , x) = 10, 0, 17 dA = /) x da

lid D D

(6) x dxdy = S xdx . )
j dy =

(F . 25 =
FC-=



x2
X
z

-E x

F . 25
+SE .2 = SSEs Szi⑪

5
,
is given by (x,y) = (x,y, 07 , x +y< / Si

F(r(x,y)) = 30, y3 ,y oriented

Outward
↑
x
x
y
= 41, 0, 04 x50, 1,0 = 300,1 m n = - E

() E .d = () <0, y 3/3, y2>. 10, 0,-1) da = fS-y2dA
Si

= /2-rsinor do

=-sindo . So'rdr = -
sin
20 = I-cos28
--

2

SE . as = ISS divEdV
= ISSXyENI divE= x2+y+ z

?

= Sig p2psing d do a

= 1 singd . J
*
do . /

!

'
p
Y
d) = 1 . 25 · = 2

-

& F .d = -()=


