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13.3 The Fundamental Theorem for Line Integrals

Theorem (Fundamental Theorem for Line Integrals). Let C be a smooth curve given by the

vector function r(t), a  t  b. Let f be a di↵erentiable function of two or three variables whose

gradient vector rf is continuous on C. What is
R
C rf · dr?

Proof.

1

↑

Champ

Conservative : F = VF

O-
S,f .d = f((b)) - f(F(a)) = f(yz

,yz) - f(x ,(yi)

Note : This says we can evaluate the line integral of a

conservative vector field just by knowing the value of f at the endpoints.

S
,
f . de = Sb F(F(A) · F(e)de

chain
F.
T.

c
.

J S
f(F(e)dt

= f(F(b)) - f(r(a)



Example. Find the work done by gravity in moving a particle with mass m from the point

(3, 4, 12) to the point (2, 2, 0) along a smooth curve C.

• The magnitude of the gravitational

force between two objects with masses

m and M is

|F| = mMG

r2

• Place the object with mass M at the

origin of R3
and the object with mass

m at x = hx, y, zi. The gravitational

force acts toward the origin, in the di-

rection of the unit vector � x

|x| .

• Hence, the gravitational force acting

on the object at x = hx, y, zi is

F(x) = �mMG

|x|3 x

• Since x = xi+ yj+ zk and |x| =
p

x2 + y2 + z2, we can write F in terms of its component

functions as

F(x, y, z) =
�mMGx

(x2 + y2 + z2)3/2
i+

�mMGy

(x2 + y2 + z2)3/2
j+

�mMGz

(x2 + y2 + z2)3/2
k

2

(3 , 4, 12)

Jo
·
(2,2,
0

Note : F is a conservative vector field. Indeed, f is called

F = Vf
,
where f(x,y,) =

MMG
I

a potential

-
function.

x+y+z2

Therefore
,
the work done is

w = S
,

F . 28 = J,f . d=

= f(2 ,
2

,
0) - f(3,

4
,
12)

= MMG
-

MMG
= mMG( - i )

- -24+2237+42+ 122



Definition. If F is a continuous vector field with domain D, what does it mean for
R
C F · dr to

be independent of path?

Theorem. Show that
R
C F · dr is independent of path in D if and only if

H
C F · dr = 0 for every

closed path C in D.

3

J .d is independent of path if Sc . d = Sc
,

do

for any
two paths C

,
and 2 in D that have the

same endpoints. Line integrals of conservative vector fields

are independent of path. In general Sc, .d Sc . dF.

↓

T
&
,

means C is a closed path.

-

If S
,
F . d is independent of path ,

choose
any two points

A and B on C.

·
,
F. dr = (c

,

F .d + (
,,
f. = J

,,
F - d= - (cf. = 0

Since C
, and-Cy have the same initial and terminal points.

(Et If S
,
F .d = 0 When C is a closed path,

C2 O
B

choose any
two points A and B and

any
two paths

T~ C
,
and C from A to B

.

Let C be the curveS
⑳

7
C consisting of

C
,
followed by -C2.

A

0 = 0
,
F .d = J
,
E .d +/F = S

,
de -SF

Rok : The line integral of any conservative vector field along a closed path is 0.



Definition. What is a simple curve?

Definition. What is a simply-connected region?

Theorem. How can we determine whether or not a vector field F is conservative?

4

Im : If Sc Ed is independent of path on D
,
then is

a conservative Vector field on D , i. e. f = # for some f.

A simple curve is a curve

that doesn't intersect itself

· There are no holes

There is a path between

any two points

()) · If F = P +Q is conservative
,
then there is

some functionf such that F = VF.

· ismas
=

· Conclude : If F is conservative
, we must have= 6 x

(E) Thm : If P = 20 and the region D is openada

simply-connected, then F is conservative on D
.



Example. Determine whether or not the vector field

F(x, y) = (x� y) i+ (x� 2) j

is conservative.

Example. Determine whether or not the vector field

F(x, y) = (3 + 2xy) i+ (x2 � 3y2) j

is conservative.

5

· Let P(x
,y) = x-y and Q(x

,y) = x - 2

Then

= -1 and 0 =

Since

+20 ,
E is not conservativeo

↑
All the arrows point in roughly
the same direction as the curve

=>
. dr > 0

· Let P(x,y) = 3+2xy and Q(x
,y) = x

2
-3y2

= 2x and 20 -
· Since the domain of is R2, which

is open and simply-connected , F is

X conservative.

Plausible that line integrals
are O (things seem to

cancel as we traverse a loop(



Example.

(a) If F(x, y) = (3 + 2xy) i+ (x2 � 3y2) j, find a function f such that F = rf .

(b) Evaluate the line integral
R
C F · dr, where C is the curve given by

r(t) = et sin ti+ et cos tj, 0  t  ⇡

6

(9) Since E is conservative (see previous example),

there is some f with Of = F
.

This means

fx(x ,y) = 3 + 2x
y fy(x ,y) = x2 -3y

EQU EQ2

Integrate EQI with respect to x : f(x,y) = 3x + xy + g(y)
EQ3

Differentiate EQ3 with respect to
y :

fy(xcY) = x+ g(y)
Conclude : g'(y) = -3y = g(y) = -y + k

Plugging this back into EQ3
,
f(x

,y) = 3x + x y
-y +k

(b) · We just need to know the initial point and the

terminal point since F is conservative
,
and we know

the potential function is f(x
,y) = 3x +xy

-y (Choose K=0) ·
· F(0) = (0

, 1) and F(π) = (0, -e)

=> S
,

F
. d = J

,

f . a = f (0
,

-c) = f (0
, 1) = e3*

- (- 1) = 23+


