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13.2 Line Integrals

Definition. If f is defined on a smooth curve C given by

x = x(t) y = y(t) a  t  b

what is the line integral of f along C?

1

Champ

->
More accurate to

call these "curve integrals"

Divide[a, b] into n

subintervals [ti-1 , ti]

AS3/
· This divides C into n

(2)
subarcs with lengths

sil
AS, , AS2 , ..., Sn

Choose a point P ;*(x*,y*)
in the ith subarc

height ↓ base
The sum fl,y . Asi approximates the

area below f(x,y) and above the curve C

The line integral of f along the curve C is

S
,

f(x ,y)ds = /in & fix ,ys i



Definition. Suppose that a smooth curve C is defined parametrically by the equations

x = x(t) y = y(t) a  t  b

If f is a continuous function, how can we evaluate the line integral of f along the curve C?

2

if f(x,y = 0
,
(
,
f(x,y)ds

↳
represents the area of

the "curtain" under f

and above C.

In terms of t
,
the length ds is

see $10 . 3

ds =
+ (+) dt

(c f(x,y)ds = Cf(x(t), y(t)). )

· This is called the line integral of with respect tocrelength .

· This integral does not depend on the parametrization of the curve
.



Example. Evaluate
R
C(2 + x2y) ds, where C is the upper half of the unit circle x2 + y2 = 1.

3

① Find a parametrization for C .

x(t) y(t)
II I

=> F(t) = (cost, sint] Where 0

& Here
, f(x,y) = 2+ x-y .

So f(x(t) , y(t)) = 2+ cost · sint

Also, = -sint and y = cost

③ S
,

2 +xyds = 6 (2 + cost · sint). in t cos + It

= 2 + cost . sintdt

t= T

I= [2t - cost
to

= 2π + z3



Question. How can we define the line integral of f along C if C is a piecewise-smooth curve?

Example. Evaluate
R
C 2x ds, where C consists of the arc C1 of the parabola y = x2 from (0, 0) to

(1, 1) followed by the vertical line segment C2 from (1, 1) to (1, 2).

4

We can integrate each piece
separately and take the sumi

(
,

fds = Safds + J fds + ... t Sofds

① A parametrization for C
,
is

E(t) = <+, +z)
,

0 , + = /

(
,
2xds = 1! 2+ . de

= (! 2 t -X+ 4+2d+

= [1 . =(1+ 4 +2)3]E =
55

6

② A parametrization for C2 is

Ez(t) = <1 ,
+ >

,
11 +3 2

Sc
,

2xds = S32 . 1.() dt = 122d= = 2

③ Hence S
,
2xds = 55-



Definition. What are the line integrals of f along C with respect to x and y?

Example. Evaluate
R
C y2 dx+ x dy, where

(a) C = C1 is the line segment from (�5,�3) to (0, 2).

(b) C = C2 is the arc of the parabola x = 4� y2 from (�5,�3) to (0, 2).

5

(
,

f(x
,y)dx = Jo f(x(x), y (t)) - x(A) A

(
,

f(x,y)dy = (bf(x(t), y(t)) - y'(t)d+

-> S
,
ydx + S

,
x dy

(a) A parametrization for C
,

is

I
,
(t) = (5t - 3

,
5t-37

,
02 +=)

[Recall : F(7) = (1 -z)
.

+ + F
, 0 , t = 1]

Since dx= 5dt and dy = 5 dt,

Sc
,

ydx + x dy = J! (St - 3)2 . (5dt) + (St-3) . (5(t)

= 5)! 25t = 25t + 4dt

=

5[t 2 + 47]E
=-



6

(b) A parametrization for C2 is

3
,
(t) = < 4 - 72

,
+) for -3+ 2

Since dx = -2t dt and dy = It,

S
,
ydx + xdy = (

x

+ (-2+ dt) + (4 -zz

=(2 - 2 t3 --+ ydt

= [ --
= 40

Note : We got different answers
,

even though the curves

had the same endpoints

Big Question : When is the line integral independent

of the path ? ( * Suspenseful music)



Definition. Suppose that C is a smooth space curve given by the parametric equations

x = x(t) y = y(t) z = z(t) a  t  b

If f is a function of three variables that is continuous on some region containing C, what is the

line integral of f along C?

Remark. How can we rewrite
R
C f(x, y) ds and

R
C f(x, y, z) ds more compactly?

7

· This is similar to line integrals for plane curves

·

(
<

f(x , y,)ds = lim f(x*
,y, asi

n+3 i= 1

= f(x ,Ch,z() !

(+ (e)

· If C is parametrized by Ct)
,
then both integrals

can be written asf((AL) · (F(t)) It

· Note : f(x,y,) = 1
,
then S

,
d = S /FC Id

is the arclength of C (See $10
.3)



Example. Evaluate
R
C y sin z ds, where C is the circular helix given by the equations

x = cos t, y = sin t, z = t for 0  t  2⇡.

Question. If C is a space curve, line integrals along C with respect to x, y, and z can also be

defined. For example, what is
R
C f(x, y, z) dz?

8

Sysinzds

* (sint)sint d

* sintsints+ (cost)12 It

V2(π 1-cos27a
2

t=2π

[t -sin2]
= o

E .T

(
,

f(x,y ,
z)dz = Sbf(x(, yCH ,

(H) . z'CA a



Example. Evaluate
R
C y dx+ z dy + x dz, where C consists of the line segment C1 from (2, 0, 0)

to (3, 4, 5), followed by the vertical line segment C2 from (3, 4, 5) to (3, 4, 0).

9



Question. Suppose that F = P i+Qj+Rk is a continuous force field on R3
. How can we

compute the work done by this force in moving a particle along a smooth curve C?

10

· the work done by a constant

force F is E . I

To compute the work done

by a variable force (i. e.

a continuous vector field),
We use line integrals.

length of subarc parameter corresponding to the sample point &*↓
· If As i

is small enough ,
the particle proceeds approximately

in the direction of the unit tangent vector FCEF)

· The work done by Fin moving the particle from Pix to Pi

is approximately
-

E 8 d

F(x+, y+, z=) · [ASiF()] = [F(x+,y,
z!) . F (+=)] A si

· The total work done is approximately

[F(, y, t · F(x, ,]d
· As n becomes large, we obtain

W = J
,

F(x
,2 ,
7) · # (x

,y ,
z)ds = S

,

F - Fds



Definition. Let F be a continuous vector field defined on a smooth curve C given by a vector

function r(t) for a  t  b. What is the line integral of F along C?

Example. Find the work done by the force field F(x, y) = x2 i� xy j in moving a particle along

the quarter-circle r(t) = cos t i+ sin t j for 0  t  ⇡/2.

11

#(F(H) means #(X(H
, y(A)

,
z(A)

d means '(t) dt ↑If C is given by (t) = x(1) + y (t)) + z()
,
then

F(t) = F'(t)/(F(t)) and ds = 15/)/dt

J
,

F . F ds = J F((A) · FC · ((ldt = F((E) · FCA
It'(t))

↓

often written as Sc. do

&
x(+> y(+

II

① F(t) = < cost , sint]

↑(t) = <-sint
, cost]

E(F(t) = <cost-cost sit <

② W = S
,

F . d = 1
*
ELSA) oFt

=St <Cost
,

-Costsint] <-sint, cost It
&

=J
**
-2 cost sint It

= (3cot] = -



Example. Evaluate
R
C F · dr, where F(x, y, z) = xy i+ yz j+ zxk and C is the twisted cubic

given by

x = t y = t2 z = t3 0  t  1

12

X I Z

Is I

① F(t) = JE
,
+

2

,
+3

F(t) = < 1
,

2+
,

3 t3)

F((t)) = < +3
,
t

,
+<

② J, . d = ( ((h) :(A

=J! < +3, +,
+4) · <1 , 2 t

,
3 t2dt

= J! +3 + 5 t dt

=
I 27

8



Question. What is the relationship between line integrals of vector fields and line integrals of

scalar fields?

13

Suppose F = PT +Q + RI (t) = 2X(t)
, y(t), z(t)L

r'(t) = <x'(t)
, y'(t) , z'(t)>

J
,
F .d = jb F(F(t) . = (z) <t

= (b <P(x() ,y() , z(t)) , Q(x(), y(t), 7(H)
,
B(x(

, y (H), z( ))) · <X(H), Y'CA, z'CA)) de

= P(X ,HL ,EH) XCAdt + S Q(X,Y(),E()y()dt+ RIC,y(), z()=(H) at

= (
,

P(x,y ,
z)dx + Q(x,y ,z)dy + R(x,y,

z)dz

Example : Scydx + zdy+ x2z = S
,

# . d)

where F(x ,7 ,z) = <y , z, x >


