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12.9 Change of Variables in Multiple Integrals

Definition. What is a transformation T : R2 ! R2
?
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Champ

· A transformation T is a function whose domain and range
are both subsets of R2.

+(u
,
v) = (x ,y) where X = g(u,v) and y = < (u

,v)

If no two
points have the same image ,

T is

called one-to-one (or injectivel
. If T is one-to-one,

then it has an inverse +.

· We will usually assume that T is a C transformation
.

This means that g and h have continuous first order

partial derivatives.



Example. A transformation is defined by the equations

x = u2 � v2, y = 2uv

Find the image of the square S = [0, 1]⇥ [0, 1].
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- ↑
->>

· The side S
, is given by V= 0 (OU)

=> X = u2 and y = 0

=> S
,

is mapped to the line segment from Cool to (1
, 0)

· The side Sz is given by U= 1 (0)
- X= 1- v2 and y =2

-> Eliminating , x= 1 - 2 for Oxy 2

The side Sz is given by V= 1 (043)
->

x= ut - 1 and
y = 2u

=

Eliminating us x = = -1 for Oy2
the side Sy is

given by U= 0 (OV = 1)
= X = -v" and

y= 0

=> Sy is mapped to the line
segment from (-1

, 0) to 10
,0



Question. Suppose that a rectangle S in the uv-plane is mapped to a region R in the xy-plane
under a transformation T . If S has dimensions �u and �v, how can we approximate the area of

the region R?
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&
) Let T(u

,v) = (x
,y) ,

where x= g(usv) and
y= h(us)

-

>

· Idea : Approximate & by a parallelogram .

What are the sides ?

Given a point (a,v
, F(us) = < g(s), hus) is the

position vector of the image of (>v) under +.

At (xocYol
,
the tangent vectors are

Fu = <9n(UoVo
, huCUL = Cr COL

Fr = < gr(no, Vo
, hello ,Vo = Choo, Coro

The sides of the parallelogram are Duri and Arfr S See book
The area of R is approximately

for details

(a) = I FuxAnAv The Jacobian

↓
ijk

where Fux = 2 O
= Ex yen +=Ju au

o x a a



Definition. What is the Jacobian of the transformation T given by x = g(u, v) and y = h(u, v)?

Remark. Use the Jacobian to give an approximation to the area �A of the region R above.

Theorem. How can we compute the double integral of f over R using a general change of

coordinates?

x

R

f(x, y) dA ⇡
mX

i=1

nX

j=1

f(xi, yj)�A

⇡
mX

i=1

nX

j=1

⇡
x

S

f
⇣
g(u, v), h(u, v)

⌘ ����
@(x, y)

@(u, v)

���� du dv
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How much to scale the area

of S to get the area of R
-

2(x
,y)=a(u,v)

y
absolute value

2(x,])
A

a(u
,v)
DuAv

Divide the region S
↓ into rectangles Sij

f(g(uisvil
,h(isVol. 2 Av



Example. Show that integration in polar coordinates is just a special case of the change of

coordinates formula above.
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T
>

The transformation T goes from the 80-plane to the xy-plane

x = g(r ,o) = rcos O y= h(r, b) = rsinO

The Jacobian is

o Cos O - rsin &
Note : r2 0

a(x,y)
= =

= rcosO + usin = r
2(r

,
0)

o SinO UCOSD

So...

(f(x,z) dxdy = ( f(rcoso ,
rsino)
al

adoa
2(r

,
ob

= S) f (rcos8
, rsino). ~ dr do

S



Example. Use the change of variables x = u2 � v2, y = 2uv to evaluate the integral
s

R y dA,

where R is the region bounded by the x-axis and the parabolas y2 = 4� 4x and y2 = 4+4x, y � 0.
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T
>

This is the transformation from the example on pg . 2

The Jacobian is

Note : this is 20

2(X,7) ! 2u -2v

= I = 4u2 + 422
2(u,v)

↳ 2v zu

·

$yda = fur
ann

da =%) Zur . 4 (uvl dudo
2(u,v]

= 8)! )! u3v + uv3 du du

= 8 ! ( uv + En 13] d

= (! 2 + 41dv = [vz + v4)v = 2



Example. Evaluate the integral
s

R e(x+y)/(x�y) dA, where R is the trapezoidal region with

vertices (1, 0), (2, 0), (0,�2), and (0,�1).
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T

-

-
T

-1

What should the change of variables be?

T
-

⑭y+
u

u = x +y
and v = x- y

E⑪ v
- u+ V = 2 x and u-v = 2y ↓

T

=> x = 1 (u+v) and y = z(u-v

· Jacobian :

a(x,z)
=

1
2(n,v)

=

by a I - =

= -
-

This is negative
because going counterdockwise

around S corresponds
to going clockwise around

R
,
so the orientation

changes.
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What is S ? The sides of R are

y=0 x - y =2x= 0 x - y = 1

In the ur-plane, these lines correspond to

U=V V = 2 u = -v V = ↳

V

V = 2
&

n= V
S

u=V

V = 1

> u

=> S is the trapezoidal region with Vertices (11) , (2,
2)

,
(2

,
2)

,
and (c)

Se da = Sew
2(X ,y) dudv
2(u,v)

= zuv . E dud = E? [VeNurdu
= =(? (e - e")vdv

= 3(e - et)



Theorem. What is the change of variables formula for triple integrals?
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Let T be a transformation that maps a region S

in uVw-space onto a region & in Xyz-space by

X = g(u, v,w) y = h(n
,
v

,w) z = k(u
,
v,w)

The Jacobian of T is the following 3x3 determinant

u E Ex
Ow

2(X, y ,z)

2(u
,v,w)

=

a re

2
We then have

SSS f(x,Yiz) dV = S f(g(u,vin), H(, , ), K(u,v,2) .

EXCY ,
E

dududo

R S
2(u

,v,w)



Example. Derive the formula for triple integration in spherical coordinates.
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=psicos y = psinsino z = 0 CoS0

Sindcoso-psinsing propose

2(x,y ,
z)

= sinsing psicoso prossing
2 (9,0,%

Cost O - psing

Expandalongao
t

=

-Asinsio propose Sindcoso-psinsing
Cosp - psing

AsicosO Possing sinsing psicoso

=Cosp (-p-sincososino-psingcos costof use the fact
> that

- psing (psicos O + psinysino) cos20+SinO = 1

=

= > sing cos2y - psing sing = -psing

Since 00
, we have sing =0

,
so
ii)

-(, 8,)
= Using
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