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12.7 Triple Integrals

Definition. What is the triple integral of f over the box B?

1

Champ

g
f(x, y,z)

Divide B into Sub-boxes Bijk
·

Each sob-box has volume DV =AXAyAz
The triple integral of f(x>y ,z) over the box B is

SSS f(x,Y ,
z) &V = lim & f(x , Jik ,zi) DVB !M

,n-* i= ) j= 1 k=

if this limit exists.
&

sample point
in Bijk



Theorem (Fubini’s Theorem for Triple Integrals). If f is continuous on the rectangular box

B = [a, b]⇥ [c, d]⇥ [r, s], then how can we evaluate
t

B f(x, y, z) dV using an iterated integral?

Example. Evaluate the triple integral
s

B xyz2 dV , where B is the rectangular box given by

B = {(x, y, z) | 0  x  1, �1  y  2, 0  z  3}

2

(6) f(x,y ,z) dV =

" "

f(x,y ,z)dxdydz

(All six possible orders of integration give the same value)

S

· We could choose any
of the six possible orders of integration

· Let's choose dxdydz

1) xyz d = (=(2) xyz dxdye e
= 61 [ . yzzTF de z

= 632 ZE2 didi
= ! [32zn J dz

= 6332dz = <zbyEt



Definition. What is a type 1 solid region? If E is type 1, what is
t

E f(x, y, z) dV ?

3

dz first
T

E is a type I region if it
lies between the graphs of
two continuous functions of

x and
y

· That is
, E = G (x,7,z)/(x,y) ED

,
4

,
(,2) <7) 42(X,y))

If E is type 1
, [ f(x,,z) dU = S [JULYsf(x,7,

z)dz
Where D is the projection of E to the

xy-plane.
· If D is type I,

we get

type#S)) +(x ,+,z) dW = S3[gncc unc F(X, ,z)dE

· If D is type I, we get

SS) +(x,2 ,
z) dv = J d guacy

Unlie

f(x,y,z)depet
E Su

,x,x



Example. Evaluate
t

E z dV , where E is the solit tetrahedron bounded by the four planes

x = 0, y = 0, z = 0, and x+ y + z = 1.

4

solid
-

· Lower boundary : z = 0

· Upper boundary : E = 1-
x -y

· Projection of E to the
xy-plane is the triangular

region D bounded by X= 0
, y = 0

,
and
y = 1 -X

·

Viewing D as a type I region, we get

66)zdv = %[1
x

&
x

zdzdyd iE

= 54



Definition. What is a type 2 solid region? If E is type 2, what is
t

E f(x, y, z) dV ?

Definition. What is a type 3 solid region? If E is type 3, what is
t

E f(x, y, z) dV ?

5

↓x first
-

E is type 2 if it lies

between functions u
, Cy , z)

and Uz(y ,z)

Here
, (SS f(X:id = S [JucLyit - (x, , d xE

Where D is the projection of E to the yz-plane.

by first
t

E is type 3 if it lies
between functions U

, (x,z)
and Uz(X,z)

Here
, $ f(x,> :7)dV = 9) [ Junxz -f(x,y ,

2)dy
where D is the protection of E to the Xz-plane.



Example. Evaluate
t

E

p
x2 + z2 dV , where E is the region bounded by the paraboloid

y = x2 + z2 and the plane y = 4.

6

z ==(-x2

⑭el Lower bound : z = -x2 Upper bound : z=FX2
Cdz first)

Projection to the xy-plane is Di
y-x2

-x2 +z2dz]dAMartendeee
⑮3 Left bounday :1 = X+ E2 Right boundary : y= Y

Cdyfirst) Projection toXE-plane is Dz

6/+z2dU = /S [ /
zn
Utzndy] d

P3
=

((4 -x2-74~+z2 da

polar in
-> = 62π92(4- r2)r . rdrd I

128T

the xz-plane 15



1 f(x) dx / area under corre

/
leasl

g') f(x,y) dydx H volume under surface

LEn·use

<bydg f(x, ) dzdy hypervolume under

-
a 4.D graph

N
Note: if flxii) is a density function,

the triple intgel computes the mass

of the region



Example. Use a triple integral to find the volume of the tetrahedron T bounded by the planes

x+ 2y + z = 2, x = 2y, x = 0, and z = 0.

7

-
V(E = (S)1

Lower bornday : z = 0

Upper boundary : z = 2 -X-2y

The projection D is bounded by X=0
, y =

=
2)

and y = 1- Ez

V(π = (2) 1 dv = j'j" = (2
-x-2y

dzdydx
O * O

= S [
*
2 - x - 2y dy x

= t

(See the calculation in $12
. 3)



Definition. How can we compute the mass and the center of mass of a solid object that occupies

the region E if its density, in units of mass per unit volume, at any given point (x, y, z) is given
by ⇢(x, y, z)?

Example. Find the center of mass of a solid of constant density that is bounded by the parabolic

cylinder x = y2 and the planes x = z, z = 0, and x = 1.

8

Mass : m = S& p(X , y,
z)d

Moments : Myz = () X .p(x,y ,z)dV M xz = f) yp (x,y,
z)dV Mx

y
= (6) z p(x,y,z

Center of Mass : E =
z

J = ME E = M

· (1, 1)

· (1
,

-1)

View E as a type I region and choose order of integeton dzdxdy

0 m = ())pdV = $ [5Ypdz]
= S. % Pdzdx dy
= I
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② Mxy = S(z . pdV = !' ) " z :pdzdxy

=

Myz = (5) x · pdV = !'Sj2 %* x -pdzdxy

=
7

Mxz = 0 (E is symmetric about the Xz-plane)

④ (5
, 5 ,
E) = (ME , ME,

O
= ) 47 se 20s
= (Ec 0

, f


