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12.4 Double Integrals in Polar Coordinates

Question. What is the goal?

Theorem. If f is continuous on a polar rectangle R given by 0  a  r  b, ↵  ✓  �, where
0  � � ↵  2⇡, how can we compute

s
R f(x, y) dA?
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Champ

Goal : Evaluate $ f(x,2) dA where Ris

easily described
using polar coordinates.

I f(x ,1) da = (pJb f(rco20, using) do i



Question. Consider the following polar rectangle R = [a, b]⇥ [↵,�].

To compute
s

R f(x, y) dA using polar coordinates:

• Divide the polar rectange R into polar subrectangles Rij .

• Choose the center (r⇤i , ✓
⇤
j ) of Rij as the sample point.

•
s

R f(x, y) dA = lim
m,n!1

mX

i=1

nX

j=1

f(r⇤i cos ✓
⇤
j , r

⇤
i sin ✓

⇤
j )�Ai.

What is the area �Ai of Rij?
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Y"O

xArso=

- ! = 5(ri- +ri)
o = 5(0j-, + Oj)

--

-- ↳
-

> base of the column

↳ height of the column

sum over all columns as the#- *

AA; = I rDo - Trit so

= Cri- ) so

Aven of

= Cr : + Fin, Sri Ni- AO sect
= Ar AO



Question. Using the above, explain why
s

R f(x, y) dA =
R �
↵

R b
a f(r cos ✓, r sin ✓) r dr d✓.

Answer. Let g(r, ✓) = rf(r cos ✓, r sin ✓). We have

x

R

f(x, y) dA = lim
m,n!1

mX

i=1

nX

j=1

f(r⇤i cos ✓
⇤
j , r

⇤
i sin ✓

⇤
j )�Ai

=

=

=

=

Z �

↵

Z b

a
f(r cos ✓, r sin ✓) r dr d✓

Question. Use the picture below to give an intuitive argument for why dA becomes rdrd✓ when
we convert to polar coordinates.
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lim * flr cusO, sing) Arso
M
,
n+Bi=1j=

This -
lin & gCr+,0 Boi

is a Riemann

Sum for ->

using $12 . I 1P/ g(r, o) doo

If the polar subrectangles
become small enough, they
are "essentially" rectangles .

Base : rdO

Height : dr

-> dA = rdrdO



Example. Evaluate
s

R(3x+ 4y2) dA, where R is the region in the upper half-plane bounded by
the circles x2 + y2 = 1 and x2 + y2 = 4.
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In polar coords, x
2 y2 = 1 -r= 1
x +y = 4 m = 2

R = 4 (r, d) /1 r2 2
, 0?0kπY = [1 , 2] x [0, π]

S3x + 4y2dA = %")" (3rcosP + 4r2sin 8) udro

= SπS23r2cos8 + 4r3Sin20 doe
= S
*

[r"cos0 + rY sinof o

= %
.

"I cos0 + 13 sin20 do

T
> sin28 = 1-cos20

I 67c0sP + &(1- 10320) do 2

= [7sin8 + 30 - sin20]
O = π

8=0

=



Example. Find the volume of the solid bounded by the plane z = 0 and the paraboloid
z = 1� x2 � y2.
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What is D?

If z = 0
,
z= 1-x-y2 becomes x2+y 2= 1

So D is x2+y 2 1. In polar, this is [0, 1]xS0,2π]
So
,

v = (( -x- y2)dA = (2
+

(1 -r rdo
= <Hd0 . ['r-rdr = 25 . [-If =
If we tried to use rectangular coordinates instead

,

v= S Cl-xryr) dA = 9 Sr (1-x2-ydehe
this is not so easy .



Theorem. If f is continuous on a polar region of the form

D = {(r, ✓) | ↵  ✓  �, h1(✓)  r  h2(✓)},

what is
s

D f(x, y) dA?

Example. Find the volume of the solid that lies under the paraboloid z = x2 + y2, above the
xy-plane, and inside the cylinder (x� 1)2 + y2 = 1.
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( f(x,y) da = (Phuo flrcoso, vsind di

e
What is D Y

o= =
(x - 12+y = 1

(rcoso -12 + r "sin20 = 1

Cos 0 - 20 2038 + 1 + r sin 0 = )

r -2 (020 = 0

r - 2 cos0 = 0

U = 22000
D = [(r, B) / -O ,

,
03r 421060)
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V = $(x2+yu)dA = (
= (2010(r2) ~du do
-

Io

= It (cocd doa

Cos20 = I +Co20

= <[Fr4]ro
, e

o

2

Sin28 = 1-Cos20

= St + . 16 cos o o

2
= 4 (i coso o
= 4(** (1 + 220)do
= (t 1 + 2cos20 + Cosde

= (1 + 210620 + (1+ cos40 o
= (I E2 + 220628 + Ecos4d o

O O

= Sp7 + [sinco] + [sin 40)it is
= 3 π

2


