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12.3 Double Integrals over General Regions

Definition. What is a type I region? If f is continuous on a type I region D, how can we

evaluate the double integral of f over this region?

Definition. What is a type II region? If f is continuous on a type II region D, how can we

evaluate the double integral of f over this region?

1

Champ

D is type I if it lies between the graphs of two continuous

functions of X
,

i.e. D = [(X,) /a[X4b
, 9 ,

(X) >y 92(x)]

· In this case
, $f(X,2) &A = <3 Jecc f(x,>) dy dx

D is type I if it lies between the graphs of two continuous

functions of
y ,

i
. e. D = [ (X,7) / < Bycd ,

h
, (y) => X-> h

, (y)]

· In this case
, $f(x ,4) dA = S f(x ,77 dx by



Example. Evaluate
s

D(x+ 2y) dA, where D is the region bounded by the parabolas y = 2x2

and y = 1 + x2.

2

① Where do the curves intersect?

2x2 1 +x2

=> X
=

= 1

=>
x = 11

- (-1
,
2) and (1 , 2)

& This is a type I region ,
not a type I region. ~I type I

Cit helps to draw an arrow between the curves)
= type

③ $x+2ydA = !' x + 2ydydx

= 1. [xy + y2)'t, dx
= [, x((xY + (1+x)" - x(2x4) - (2x)"dx

= ( - 3x" - x3 + 2x2 + x + 1dx

* = 1

32=

( - 3 . 15 - 44 + 2. + E + x)x
= 1

I

19



Example. Find the volume of the solid that lies under the paraboloid z = x2 + y2 and above the

region D in the xy-plane bounded by the line y = 2x and the parabola y = x2.

3

· this region is both type I and type

⑱I v = (2(4 x + y 2dydx = %"(x2y + E3)3 d
= ! x (2x) + + = x2(xt - (xY"dx

3

s 216
= (2 - - x" +***x = /- - * + EhY* 35

TypeH v = (1)
,~3
-

x + yudxdy = %Y( *
3

+ yx)+= y

= (4y3K + y5K-33 - y e

= SEySk + EyEl - 1y4TE* =



Example. Evaluate
s

D xy dA, where D is the region bounded by the line y = x� 1 and the

parabola y2 = 2x+ 6.
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I (xydA = (gt xydydx + /3)x xydydx
⑭# ( xydA = !"Set xydx

= "S *.y]YIt
Expand c

= (
+
E(y+1) 2 .

y
- z . (ty2-3) . ydy

= -(4 -

-3 + 4y3 + 2y2 - 8 y

=

+ y
+

+ 2 .33 - 4y27 = 36



Example. Find the volume of the tetrahedron bounded by the planes x+ 2y + z = 2, x = 2y,
x = 0, and z = 0.

5

What is 1 ? The planes x = 0
,

x=2y ,
and x+2y + z = z

intersect zO in the lines X= 0
,

X=Zy, and x + 2y =2

V = S)2 -x -

2y da
D

=

SS 2 - x - 2ydydx

= 6(2y -

xy
- y2)F Ex

simplify >
= 52(1 -E) - x(+ 2) - (1-2) - x -* * dx+ +

= G'x - 2x+1dx

= [ *
3

- x + x] =



Example. Evaluate the iterated integral
R 1
0

R 1
x sin(y2) dydx.
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* Good example to study

(Type I (Type #

· Hard to compute /sinlyz) dy (actually impossible)

View D as a type # region
instead.

· So S , sinlyz)dydx = 5. S sin(yr) dxdy
= S' [x sin(yy]* y

= Sysin(y2) dy
=

[ --coslyn))It
= E(l - COS(i)



Question. Suppose D = D1 [D2, where D1 and D2 don’t overlap except perhaps on their

boundaries. How can we evaluate
s

D f(x, y) dA?

Question. How can we use the above to evaluate double integrals over regions D that are neither

type I nor type II?

Question. How can we use a double integral to compute the area of a region D?
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$ f(x,z)dA = 2) f(x,7)dA + S) f(x

· Write D as a union of
regions of type I or type#I

· Use the above

Area of D = S 1 d

& "Cylinder" with base & and height I


