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12.2 Iterated Integrals

Question. How can we evaluate a double integral of a function f(x, y) over a rectangle

R = [a, b]⇥ [c, d] by using iterated integrals?

1

Champ

· We will see that

6) f(x ,y)dA = jb)), 2(x,) dy]dx
R

To evaluate )! f(x ,7) dy ,
we integrate f(x,7)

from
y:c to y = d while regarding X as a constant -

(this is called "partial integration with respect to y "

This produces a function A(x) = ) f(x,y) dy that
is a function of x only. We then evaluate 9 A(x) dx .



Example. Evaluate the iterated integrals.

(a)

Z 3

0

Z 2

1
x2y dy dx (b)

Z 2

1

Z 3

0
x2y dx dy

2

Cal Regarding x as a constant,

1. x 2
y dy = [ x2.23

3= 2

= x2 . (2) - x2 . (t) = 2x2by=
We now integrate this function from x=0 to x= 3

= x dx = [ **
=

2

3

1
=O

I

27

(b) In this case
,
we first regard y as a constant

3 x=3

63 x 2ydx = [53 37x
=0

= 92

We now integrate this function from y = 1 to y = 2

I
36
-

9
I
275"9ydy = (9 : 32]e 2 2 2



Theorem (Fubini’s Theorem). If f is continuous on the rectangle R = [a, b]⇥ [c, d], what does
Fubini’s Theorem say about

s
R f(x, y) dA?

Proof.

3

S)f(x ,y)da = (b) f(x,y)dydx = ) f(x ,2) dxy

· Proved in graduate real analysis using measure theory
· Idea : If we fix some X

,
we can compute

A(x = f ! f(x ,y)dy
=
area of the cross-section at X

Now integrate these cross-sections A(X) from x=a

to x= b to get the total volume .

Fubini says this is the same as looking at
cross-sections parallel to the X-ax13 and integrating
those from y = c

to
y
= d.



Example. Use Fubini’s theorem to evaluate
s

R(x� 3y2) dA, where R = [0, 2]⇥ [1, 2].

4

0 (x - 3y2 da = %[S, x - 3y2dy)dx = %"[xy - y3)3 dx

= 62x - 7dx = [ - Ex]* = - 12

② (x - 3y2dA = %26 x- 3yrdx]dy = ) ,/ - 3y2x)* dy

= 632 - by dy = (2y - 2yb)3 = -1

(We estimated this to be -11
.875 in $12 .1)



Example. Use Fubini’s theorem to evaluate
s

R y sin(xy) dA where R = [1, 2]⇥ [0,⇡].

5

① If we first integrate with

respect to X
,

1
*

/ ysin(xy) diy

= Sπ[- cos(xy)] dy = %" - cos(zy) + cos(y) dy
= ( -Esin (zy) + sin(y)]Yet o

② If we first integrate with respect to y , we get

?
*

ysin(xy) dy bx

We can evaluate S
*

ysin(xy) by using integration by parts.

u=y dv = sin(xy) dy
du = dy V = - cos(xy)

*

Eventually you get -TCosTX
↑
Sinπ+

X
X2

To integrate this from x= 1 to X=2
, need integration by parts ...

Paint : Sometimes one order of integration is much easier

than the other



Example. Find the volume of the solid S that is bounded by the elliptic paraboloid

x2 + 2y2 + z = 16, the planes x = 2 and y = 2, and the three coordinate planes.

6

S lies under z = 16-X2-2y2 and above the

rectangle R = [0, 2] x [0 , 2]

V = (16 - x2 - 2y2dA = %2 16 - x2- 2y2dxdy

= % [16x - 5 x - 2yx]Fr dy

= %2 28 - 4y2y
=

[88y - 5 g73 =

(Compare this to our estimate in $12 .1)



Theorem. If f(x, y) can be factored as the product of a function of x only and a function of y
only, how can we rewrite the double integral of f over a rectangle R = [a, b]⇥ [c, d]?

Proof.

Example. Evaluate the integral
s

R sinx cos y dA if R = [0,⇡/2]⇥ [0,⇡/2].

7

If f(x,1) = g(x) . h(y) , then

SS f(x,7) da = (g(x) . h(y) dA = 9
,

g(x) <x . ) h(y)dy
R

hly) is a
Constant in

( f(x,) <A = 6, [f: g(x)h(y) dx] dy
K

the inner

integral
= S! h(y) [fa g(x)dx]dy

b (x)d+

is
a

constant
-

>

SaG = (g(x)dx . J, h(y) dy

6) sinx cosy dA = &
**
sinxdx. S

**

cosy by
R

= S-cosx]FT . [sing]Bit
= 1 . 1 = 1


