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11.7 Maximum and Minimum Values

Question. What is a local maximum? Local minimum? Absolute maximum? Absolute
minimum?

“ absolute Local moax a4 (a,b): £04,4) € £(o,0)

local

for all (9D nenr (s,0)

I
P 41]
/f \‘i";"."""'..'.&s \
SN Local min ot (a,6d: £x 2 flau)

Por all () acar (a0

absolute
minimum

minimum

ADsolate Mmax: ‘c(xo‘i) € 8a,0) bhor all (x,9) in Hu hmain f £

Aosalove  min® BIx9) Z L(o,5) for all (x He domain £ £

Theorem (Fermat’s Theorem). If f has a local maximum or minimum at (a, b), what can we say
about the partial derivatives there?

I¥ £,(6,0) and £,(a9) beth exst, 44:3 st both O

)

Definition. What is a critical point?

- The poind (n,9) is & Crivical point i £ (0,0) =0 ond -(13(%'.-:)=°
oc & one of Hhese e«r‘\-rkl decivakives does not exist.

- Tdee A1\3 locol mox or min oceurs o & cribical point.

. A Not all crikesl poinks gqwe fise 4o msx.'m\[min'.mo.. Gou1d e neither.



Example. Find the extreme values of f(z,y) = 22 + y? — 22 — 6y + 14.

ZA

@ Find the crikical points:
‘rx-‘ ax-2 ‘Fj: 23-6

- These ore aever ONE

(1, 3,4)

.‘n\esc are O when x=|) 3:3
0

x/\; =D (1,3 15 +he orly critical point

@ classiby L2
. Completing #he Spure, £0opd = 4+ Gt e (y-3)*
- Sinte (X-N"20 ond (3—3)120J we have £ix)2Y

 Hence  FOLD =4 is o lecal (and abselobe) minimum

Example. Find the extreme values of f(z,y) = y?> — 2.

@ FiﬁA +he Cl‘i‘h'ca.\ fainv}sl
‘rx s -ax ‘FJ = 23

2 The only crikical point i (0,5)

@ C\ussiFﬁ (d,9):

. §(0,)= 0O

* For poiaks on the X-uws’ Lfbuyd = £(xa) = -x* < O (if x#0)
- For  goinks on e yoxs . Blop = £00, 4D = 4* >0 (i y#9)
Conclude” every disk with ceater (3,3) contminy pointy where P s
Pomidve  and neqekive. So -F(o,o; 5 feither & Mox Aor o min.

L'(-\' S a Saddle go'm#)-



Theorem (Second Derivatives Test). Define the Hessian matrix of f(x,y) to be

fya: fyy
How can we use the Hessian matrix to determine if f has a local maximum or local minimum at a

point (a,b)?
Clairaut’s Thm

4
Defne D = Dla,) = F1x(0,5) fygla,) = [y 3]

y local minimem
2° Fax (0,2 o .
<o local maximumn

Q)
Saddle point

=0

D(a,»)

No information




Example. Find the local maximum and minimum values and saddle points of the function

flzy) =o' +y* —day +1

@ Find +the Crivel ‘»\’n’rs :

o
‘\

\

‘sz |.|x3_|_’3 'F:: Llj3— Yy

Huu.e, we need o Selve !

X3—\3:O ‘53"(:0

Subshituke \3= x3 Loom EQ) into EQ2:
O=x%x-x = X (x%-1D) = x (x1-D 4D

= %X (xX™0)0xTR) (xY4)
W
never O

The three solukions are %= O, x=)1, %X=-1. Then +he
(,r'.\"(“\ Poil\’é are LO)D‘)J L‘)'), ond (’|)~f). (“5.‘,‘] 33)‘3)

@ ClASSPIQ‘:S ‘“\L Cf'v\'ica»\ Quil\'\$i

‘rx,‘ = |2x* -rx\' = -y 4333 = ’231'

=) D= D(x)-’\ = ‘cxx £33- (‘cxs')l = "‘.1)\131-'@

Do, = =l <O D Saddle point
DL,N = 28 50 &and £, 0N = 12 >0 D Lol minimum

0LV = )28 29 and Ffx (b)Y =12 >0 D Llowd Minimum
4



Example. Find and classify the critical points of the function

f(z,y) = 102%y — b — 49? — 2% — 2%
@ ?if\é +he cridica Ps)i(\"s
- 3 _ 2 _ 9.3
P = 20%y-10x - Ux 4‘3- 1052 - 8y - 8y
We need 4+ solve +he Sas’rcm?

[B)) 3%(103_5_3*1,320
(2> Sx? -4y - wf =0
From EQR\, x=0O or x1:53'2.5
It x=0, EQ2 bewmes -Hy-44* =0 2 -4y Ury?) =0 3 3= 0
Tf x*= 53-2.5, Q2 becomes 153-.2_5-.13_.133:0
Colcola¥or: y = -2.95, 4= 0.65, y=1.90

2

use x = Sy-29 T get the x-coords (3.-.—2.55 > 0o suohion)
Ceikical Points = (9,0), (2264,1.90), (*0%6,0.65)
@ C\asﬁcj the coritreel ?oin‘\'SZ

C(\‘\"‘G\ fm‘"\'s D ‘?xx COnC‘U)fOf\

LO, O) ®¥60.00 -10.00 L°L‘\I MaxXimum

(£264,1.90) |24%3.72 | -55.93 | Locwl maximom

(t0%b,0.65) | '837.64 | -53% Seddle Poink



Example. Find the shortest distance from the point (1,0, —2) to the plane = + 2y 4+ z = 4.

~

Alernative Compote the  absibe valve n=</,2’,>
T <

o Hu scalar fro)uhon o€ d onto A
d-n

P

<o, -1,-37 <\, 2,17

Vo

/

S

o< .
C),a)-z)‘*’

@ Find o Fachon £(x4) Ao minimize:

The distance between (%,9,2) and C1,0,.2)

d = j (%-D? 4 31 + (24Dt

I¥ (09D s v the plane,  thea 2=Y-%x-2y. Se

Jz j (7“01 + jz‘l' (G—X-?-J)L

Trickl Mmin imize d? inskead

o\z = ‘9"‘:13 = (%-D" 4 \31 “+ (e—x—23)1'



@ Find 4he cribe) roM'\'S

Solve +he 33 Shem

D £y = “\3(-»"'\3—,"\ =0

() lk) 4w +163 -24 = 0

win

= The MLA cribieel ok s (%/

)

@ Llass&s (2,%)

-FX\( = L‘ ‘Fx\' = "‘ ‘Pj] =10
Potn ¥ | D | Fxx | Conclusion
L‘—c‘ ) %} ‘ 24 ‘ | ‘ Local Minimum

(Kmk ., +h\5 '\5 a\So oN a\0$oluu Mmin imom . whj 9 )

&l

d = j(%’\\z“' (—g)z*' (6-'—;-E £ =

3



Example. A rectangular box without a lid is to be made from 12 m? of cardboard. Find the
maximum volume of such a box.

(D Find o HRackion £lxpd o maximize.

Need o Rncbon

1 V=xyz  oF e s

y
kﬂav"' XB + lxz + 23} = 2

> Vx,y) = xj [m] _ lixn—x‘i"
2(x+~3) 2(x+33
\2-
@ Find the ceikical poinks -
P : 3‘(\1—33‘34‘) N _ x‘(«2—2x3-3‘3
A ’l(x—up"‘- 93 7'("“'3)"

Note: X>0 ond 3)0, So these are O when

\2‘2x3-x‘=o and \2~2x3—3‘ -0

H’QMG xt: 31 = x=3 .

Subsﬁ}uhnl ba(.k, \2-2x*-x* =0

Condlde '  X=2, 3:2) 2= 12-22 _
2(2+D)

@ b:) e Second Dorivakives Tesk, V(2,2d = 4m® iS o
locel maximum. T¥ 1S also an  absolule MmaxMmum (w\\j?)

8



Definition. What is a closed set? What is a bounded set?

Bmm&u: Poink of a ser D in RZ:

& poink (a,0) soch thed every

(a) Closed sets Jdisk wihh center cl_,b‘) contains
N :_____: QoW\\'S in O qpd alde ‘nm'\'s
\
{\ / : : N in D
N L
(b) Sets that are not closed Cloyed Sed ia [212 A Set that

Contain all of s bo-mdw\a f.mfs

B&Méta set in RY: A seb that 5 contaned in s disk .

Theorem (Extreme Value Theorem). For a function f of one variable, the Extreme Value
Theorem says that if f is continuous on a closed interval [a, b], then f has an absolute minimum
value and an absolute maximum value. What is the Extreme Value Theorem in two dimensions?

15 -CC‘A.{) 'S Continuovd on a cloded, bownded selk

D in Rq) Harn -Q(x,-ﬂ a¥taing an absslste

MaXimum and  an q\aSJd\( mintmum ©On B .

To ‘Qit\é the abs~luve m&mmvwmlmfnim\m\ B
@ Find 4he values ot £ ad H\e gr.]-,-“) [,wﬂs of £ i~ O

@ Find ¥ extrome values of € on the \awn&n & D

@ The lar:)os\' of use wlues 19 the absoldle moxmom
‘ﬂ\., omullesy o Uuse values is +he absolue minimum

9



Example. Find the absolute maximum and minimum values of the function
f(z,y) = 22 — 22y + 2y on the rectangle D = {(x,) |0 <z < 3,0 <y < 2}.

V4
L 2,2
0,2) 3 @2 (3,2)
L, L,
0,0) L, (3,0) ;

. -F 19 & 'aljﬂamiu\, 9 it i3 ahruwews oo +he

Cloved, bosnded rec-\-w\a\e 3' and 4he E.N.T afrh'CS-

D Sike 5= 2%-29=0  wd £ =-2x4220
= 0n13 eriXiced poiak s a,n
= S0, = |

@D The \aounawl Consishs of tha  Ines L, ba,ts, Ly

z

On by, Y=o B fxed = X 0 x<3

'mu‘enm:) fonchion ..C ®
© Minimom 1S g‘,g,.‘) = 0
©Meximem 1D &(%o) = ‘1

“On by, X223 D $(3,9) = -4y, o0sys2

- JCGM\SMJ %ﬁcww\ of 3
“minimom iy §(3,2)=)

“maximum S $(3,0)= 9

10



“On L3, W= S F(%,2) = x*-4x+4, oFx<3

- W9e methads Lrom cale 2
(w]

I1

n

“ migimem s £(2,2)

CMmaximonm iy G(o)z)

"On by, X=0 > {l(o,)\ = ‘Zj 0syg2

4

- minimum i3 £(0,0) =D

- maximum 15 $(2,2) =Y

'Hence, on Ahe ba.mAMA:
“minimom 9 O

“Mmoximum S 9

@ Abslte minimom 19 £(5,0d = £(2,2D = O

Avsolule Maximemm 15 £(3,0> = 9

11



