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11.2 Limits and Continuity

Question. How is evaluating limits of functions in three dimensions di↵erent from evaluating

limits in two dimensions?

Definition. What does it mean for the limit of f(x, y) as (x, y) approaches (a, b) to be L?
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⑧
->-- -1

· In ID
,
for lim f(x)=L

, we need to check
X+a

lim f(x) = 2 and lim f(x) = L
X-> 4

-

X->u
+

· In 3D
,
forlim f(x,y) = 2 , we need to check

(x,y) + (a,b)

every possible path approaching (a
,b)

lim f(x ,y) = L if we can make the values of
(x,y)+ (a,b)

f(x,y) as close to L as we like by taking

(x
,y) Sufficiently close to Lass)

,

but not

equal to (a
, b).



Question. How can we easily show that lim(x,y)!(a,b) f(x, y) does not exist?

Example. Show that lim
(x,y)!(0,0)

x2 � y2

x2 + y2
does not exist.
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· showing a limit exists is hard
,
because we

must cheek infinitely many paths.

· To show a limit does not exist
,

can find

two paths along which f(x,y) approaches

different values·

① Approach 10
,
0 along

- the X-axis :

In this case
, y= 0

,

so f(x
,
d = X- 0

= 1
x2+ 02

-& Hence f(x,y)-> 1 as

(X,y) + 10
,0) along the

X-axis.

② Approach 10 ,%) along the y-axis . In this case
,

X = o,

2
so f(0

, y) =
0 -

y
= - 1 .

Hence f(x,y) - -1
0+ yz

as (x,7) + 10
,
07 along the y-axis.

Conclude : The limit does not exist.



Example. Does lim
(x,y)!(0,0)

xy

x2 + y2
exist?
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Example. Does lim
(x,y)!(0,0)

xy2

x2 + y4
exist?

4



Example. Find lim
(x,y)!(0,0)

3x2y

x2 + y2
if it exists.
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Definition. What does it mean for a function f(x, y) to be continuous at (a, b). How to evaluate

limits of continuous functions?

Example. What are some examples of continuous functions?

Example. Evaluate lim
(x,y)!(1,2)

x2y2 � x3y2 + 3x+ 2y.

6



Example. Where is the function f(x, y) =
x2 � y2

x2 + y2
continuous?

Example. How can we extend things to functions of three or more variables?

Example. Where is the function f(x, y, z) =

p
y

x2 � y2 + z2
continuous?
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Example. Using the squeeze theorem, we showed that lim
(x,y)!(0,0)

3x2y

x2 + y2
= 0. Use polar

coordinates to again show that this limit is 0. What does the squeeze theorem look like in this

case?

Example. We showed that lim
(x,y)!(0,0)

xy

x2 + y2
does not exist by showing that f(x, y) ! 0 along

the x-axis, but f(x, y) ! 1
2 along the line y = x. What does this look like using polar coordinates?

0

15

30

45

60

75
90105

120

135

150

165

180

195

210

225

240

255 270 285

300

315

330

345

8

· If we convert (x,y) to (r, e) , then (X
,y) -> 10

,%)

becomes->

· lim 3 xy lim 3.racos"O · Using

(x ,y)+10,0) X2+y2

=

r->0 r2 =lim 3rcoosina

· Now, - 3rErcossing 3r

· Since lim-3r =limbr = O,lim Brcosino
= O by the squeeze thee

r->0

y=X
C In polar coordinates,

=
f(r

,
o = rcoso-using

L r2
8 X-axis
0 = 0

· the limit becomes

lim cost sing
r-0

Along the line 8 = 0
,
f(r

,
0) = cos(o) sinco) =

· Along the
line 0=, f(r, ) = cos()sin()===



Example. Find lim
(x,y,z)!(0,0,0)

xyz

x2 + y2 + z2
if it exists.
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Example. Find lim
(x,y,z)!(0,0,0)

xy + yz2 + xz2

x2 + y2 + z4
if it exists.
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