
Lecture Notes Name:

Math 2400 - Calculus III

Spring 2024

11.1 Functions of Several Variables

Question. What are some ways to represent a function of two or more variables?

Example. The wind-chill index is often used to describe the apparent severity of the cold. This

index W is a subjective temperature that depends on the actual temperature T and the wind

speed v. So W is a function of T and v, and we can write W = f(T, v). The table below records

values of W compiled by the National Weather Service of the US and the Meteorological Service

of Canada.
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· So far
, we have studied functions f(x

,7) from their graphs

· Can also study them numerically (using tables),

algebraically (using formulas), Visually (using level curves/graphs)
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For example, f(-5,
50) = -15



Example. Find the domain and range of g(x, y) =
p
9� x2 � y2

Example. Sketch the graph of g(x, y) =
p
9� x2 � y2.

Remark. Can an entire sphere be represented by a single function of x and y?
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Definition. What are the level curves of a function f of two variables?

Example. What is a common example of level curves?
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Example. A contour map for a function f is shown below. Use it to estimate the values of

f(1, 3) and f(4, 5).

Example. Sketch the level curves of the function f(x, y) = 6� 3x� 2y for the values

k = �6, 0, 6, 12.
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(1 ,
3) lies between

① the level curves

with z-values10

and 80

⑧ f((
, 3) = 73

(4 ,5) lies between

the level curves with

z-values So and 60

f(4,5) = 56

M The level curves are
M M M M

6 - 3x - 2y = k

=>
zy = - 3x + 6 - k

2 S

=
y = Ex+
↑

~v V V V

k= 12 k= 6 k= 0 K= - 6
A family of lines with
Slope - 3/2



Example. Sketch the level curves of the function g(x, y) =
p
9� x2 � y2 for k = 0, 1, 2, 3.

Example. Sketch some level curves of the function h(x, y) = 4x2 + y2 + 1.
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Example. Examine the level curves of the function f(x, y) = �xye�x2�y2
.

Example. Examine the level curves of the function f(x, y) =
�3y

x2 + y2 + 1
.
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Definition. What is a function of three variables? Give an example.

Example. Find the domain of f(x, y, z) = ln(z � y) + xy sin z.

Definition. What are the level surfaces of a function f of three variables?
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A rule f(x, y ,
z) that assigns a triple

(X1Y ,7) in a domain in R3 to a unique real
number.

e.g. the temperature T(X ,y ,
t) of a point on the earth

↑ + ↑
timelong tide latitude

We need zy > o

D = G(x , y , z) =R3/z < y}

· The graph of f(x,y ,
z) is a four-dimensional object

·The level surfaces are surfaces in 13 with

f(x
, y , z) = k

· If a point moves along a level surface
,
f(x

,T,
)

is constant.



Example. Find the level surfaces of the function f(x, y, z) = x2 + y2 + z2.

Definition. What is a function of n variables? Give an example.

Remark. How can we use vector notation to write a function of n variables more compactly?
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