Math 2300: Calculus 2 Factorial Practice

Given a positive integer n, n factorial (written n!) is a shorthand for the product of all positive integers less
than or equal to the given integer n.

nl=n-(n—1)-(n—-2)-...-3-2-1

For example, 4! =4-3-2-1 = 24. (By convention, we say that 0! = 1.)

1. Evaluate the following.

(a) 5! §-4.3.2:) = 120
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2. Simplify each of the following. Assume n is a positive integer.
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2. Series Classification

Determine whether each series converges absolutely, converges conditionally, or diverges. Justify
your answer.

Intro: We will first test for absolute convergence. Consider the series of absolute values:
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Let a, = %7 and b, = % Both are positive, so the Limit Comparison Test applies.
Apply L.C.T:

e

lim “=— = lim =1.
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Conclusion: Since y 7, & diverges, > " | -5

The series ) a, does not converge absolutely.

also diverges by the Limit Comparison Test.
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Intro: The series z:(—l)’“rl
n=1

Apply the A.S.T.: First,

pUR is alternating, so the Alternating Series Test applies.
n
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lim b, = th— th—
n—00 n—oo M2 +1 n—oo 1 + 1/712
Next, b, is eventually decreasing. To see this, consider
x
fle) = 2 +1

Then

f'(x) = L <0 forx>1

- (3;2 i 1)2 )
Therefore b, is decreasing for n > 2.
Conclusion: The series Z(—l)"“% converges by the Alternating Series Test. Because
n

n=1
it converges but does not converge absolutely, it is conditionally convergent.



.1+ 2sinn
2. 5
n=1

Intro: We will test for absolute convergence. Consider the series of absolute values:

i Z|1—|—2smn|
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Let a,, = 3
n

3
and b, = —. Both are positive, so the D.C.T. applies.
n

Apply the D.C.T.: Since —1 <sinn < 1, we have

|1+ 2sinn| < 3.
Therefore,
. |1+ 2sinn| |
- n3 —nd
= 3 . o
Also, Z — is a convergent p-series with p =3 > 1.
n=1 n

. 14+ 2sinn ) . . .
Conclusion: E |—3| converges by the Direct Comparison Test. Since the series of
n
n=1
absolute values converges, the original series converges absolutely.
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Intro: We will first test for absolute convergence. Consider the series of absolute values:

= nHlnn Ilnn
n= n=2
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Let f(z) = 2% For x > 2, f(z) > 0. Also,
x

1—Inz

() =
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Since 1 —Inx < 0 when x > e, we have f'(x) < 0 for x > 3. Thus f is decreasing on [3, 00),
so the Integral Test applies.

Apply the Integral Test: Now,

/°° Inx "Ing (Inb)?  (In2)?
2

——dx = lim ——dx = lim — = 0.
X b—oo 9 x b—o00 2 2
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Conclusion: Therefore, Z —— diverges. and the series does not converge absolutely.
n
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= wprlnn . . . .
Intro: The series Z(—l) —— is alternating, so the Alternating Series Test applies.
n
n=2
Apply the A.S.T.:
. . . . Inx l1—Inx
1. b, is eventually decreasing. To see this, consider f(x) = ——. Then f'(x) = TR
x x
Since f'(z) < 0 for z > e, the sequence b, is decreasing for all sufficiently large n.
2. b, — 0.
1 1 1
lim by — lim B gy M L,
n—o0 n—oo N n—oo | n—oo N,

Conclusion: Since b, — 0 and b, is eventually decreasing, the series

[e. 9]
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converges by the Alternating Series Test. Because it converges but does not converge abso-
lutely, it is conditionally convergent.
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Intro: We will apply the Test for Divergence.

Apply the Test: Let

n+lvn2+1

n:_l

an, = (—1) e

Then
Y
lim |a,| = lim ——— = lim ~———+— = lim ~—— =1.

Thus the magnitude of a,, approaches 1, while the factor (—1)"*! causes the terms to alternate
in sign. Therefore the terms do not approach 0. In fact, they oscillate between values close
to 1 and —1.

Conclusion: Since lim a, # 0, the series diverges by the Test for Divergence.
n—oo



3. Ratio Test Practice
> n
1. Z(—1)"-2—n
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Intro: Test for absolute convergence using the Ratio Test.

Apply the Test: Let

n
n=(—1)"—.
an = (1) o
Then
n . 1 2m
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Conclusion: Since L = % < 1, the series converges absolutely by the Ratio Test.



o 3”
2. Zlﬁ

Intro: Test for convergence using the Ratio Test.
Apply the Test: Let

37l
y = —.
n!
Then -_— |
L= lim |22 — 2 im -
n—oo | ay, n—00 (n + 1)! 3" n—oon + 1

Conclusion: Since L = 0 < 1, the series converges by the Ratio Test.
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Intro: Test for convergence using the Ratio Test.

Apply the Test: Let

1\2
L
(2n)!
Then
nnH2  (2n)!
L= lim |2 = g | D7 (20)

. (n+1)n))”  (2n)
Cnseo | (20 +2)(2n 4+ 1)(2n)! (n!)?
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_ im (n+1)2
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im ——
n—oo 4n2 4+ 6n + 2

Conclusion: Since L = %1 < 1, the series converges by the Ratio Test.
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Intro: Test for convergence using the Ratio Test.

Apply the Test: Let

n!
Up = —.
nn
Then
n 1)! n " "
I — lim |%ntl] — Mn_:hmn—:hm n
n—oo | n—00 (n + 1)"+1 n! n—00 (n + 1)” n—oo \ 1+ 1
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So it remains to evaluate

Take the natural logarithm:

[(12) ] =i+ 1) =202

As n — o0, this is an indeterminate form of type 0/0, so by L’Hopital’s Rule,

—1/n?
In(1+ % 1
lim (—n) = lim M = lim —

Thus
1 n
ln[(l + —) } — 1.
n
Exponentiating, we obtain

Hence

Conclusion: Since L = % < 1, the series converges by the Ratio Test.



