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1. Evaluate the integral: /

Solution:

Use u-substitution:

o Let u=2%+5, so du=2xdx

2x 1
L ge= |4
/x2+5 o /u b
=In|ul+C
=1In|2z? +5/+C

2
/x2j_5dx:1n(x2+5)+0

2. Evaluate the integral: /1n(m) dx

Solution:

Use integration by parts:

1

e Let u =In(z), so du = —dx
x

e Letdv=dx,sov==x

Apply the formula [udv =uv — [vdu:

/m@mx:mm@—/Q.im

:mm@—/1m

=zln(z) —x+C

/ln(a:) dr =zxzln(z) —z+C
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3. Evaluate the integral: /

r+1

(x —1)(z+2)
partial fraction decomposition.

dzx using

Solution:
Step 1: Decompose the rational function.
We write:

x+1 A B

@-D@+2) 2-1 z+2

Multiply both sides by (z — 1)(z + 2):

r+1=A(x+2)+ Bz —1)
=Ax+2A+ Bz - B
=(A+B)z+ (2A—-B)

Match coefficients:

A+B=1
2A-B=1

Solving:

e Add equations: (A+B)+(2A-B)=1+1=
34=2=A=2

e ThenB=1-A=1-2=

Wl

Step 2: Rewrite and integrate.

/<:c—$1>+<:c1+2>df”:/<3<x2—1>+3<x1+2>>d$
_g/xi1m+;/xi2w

2 1
:§ln\x—l\+§ln\x+2\+0

z+1 2 1
T dr = |z -1+ 21 2+ C
/kx—D@+% v =ghfe =1+ ginfe+2]+




2
4. Evaluate the integral: / 5. Evaluate the integral: / xe®” dx using an appro-
T
Solution: priate method.

Solution:

e Recognize the form vz? — a2, so let: Use u-substitution:

x =3sech, dx = 3secHtantdd o Let u=a2, sodu:2xdx2>%du:xdx

e Substitute into the integral:

! d 1 0tan 6 do /aceIQ dz /e“ L du
N — —.3, t —_ PR
22?2 -9 v /9se020-3tan0 secvtan 2

:/ 3secfHtanf 40 zl/e“du
27 sec? 0 tan 6 %
3 _ u
= df =—e*+C
/275609 %
1 =" +C
= do
/986(:0 2

1
e dy = 565"2 +C

cos
= do
/ 9 /w
1
:/C089d9
9

1
:§Sln9—|—0

6. Find the slope % of the parametric curve at t =
7/6, where z(t) = sin(2t) and y(t) = cos(t)

e Convert back to x: Solution:

We use the chain rule for parametric equations:

x 3 , 2 -9
5609:§:>(3080:E, sm«9—T dﬁzdy/dt
_ dx  dx/dt

e Final answer:
e Compute derivatives:
/ 1 i 72 -9 Lo
2 g = d d d d
z?Vr® —9 9z * — [sin(2t)] = 2 cos(2t), Y —[cos(t)]

dt  di dt — dt
v
Plugin t = —:
e Plug n 6

cos(2t) = cos (g) = %, sin(t) = sin (%) =

e Compute:

dy  —sin(?) —3 -2 1
dz — 2cos(2t) 2~% 12
dy _ 1
de 2

22



7. Find the average value of the function f(x) = \/x 8. Find the volume of the solid with base bounded by
on the interval [1,4]. y = z2 and y = 4, where cross-sections perpendic-
ular to the z-axis are semicircles.

Solution:
The average value of a function on [a,b] is given Solution:
by:
Y 1 b e The region is bounded between z = —2 and
favg:b_a/f(x)dx r = 2 because 2% = 4 = r = £2.
¢ e At each x, the vertical distance between the
e In this case, a =1, b =4, and f(x) = /& curves is the diameter of the semicircle:
4 — 2
diameter =4 — 22> = radius = 2x
1 4
Javg = 1-1 /1 Vadr e Area of a semicircle:
1 1/2 1 [4—22\?
== d _ 1+ € _ T 232
3/135 x A(:B)—27r< 5 >—8(4 z%)
4
_L]2 8 L
~ 3|37 e Volume is given by:
1
12750 30 2 2
=55 (@ -17) vz/ A(m)dm:/ T4 -a2*?de
2 -2 -2 8
=—-(8-1)
g 14 Now expand and integrate:
—Z2.7_-=
9 9 T [? !
V:/ (16 — 8z + z%) dz
8./ 2
14 2 2 2
Average value = — _ [ / 16 dx — / 8z? dx + / xt dw]
9 8 [J 2 -2 -2
us 2 x3)2 x0 2
S
8[ Tl 32+52]
™ 128 64
— 2 (ea— 22 4 =
8 ( 3 + 5>
_ 64w
~ 15
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9. Set up an integral representing the volume of the
solid formed by rotating the region bounded by
y=+/z,y =0, and z = 4 about the z-axis.

Solution:

e This is a rotation about the z-axis, so we use
the disk method.

e The radius of a representative disk is y = \/,
so the area of a cross-sectional disk is:

Az) = n(V/x)? = 71z

e The volume is:

4
V:/ mxdr
0

10. Set up, but do not evaluate, an integral represent-
ing the area enclosed by one loop of the curve:

r(6) = 3sin(20)
Solution:

Yy
r(0) = 3sin(26)

N

N
C/

e The general formula for area in polar coordi-
nates is:

e Since r(f) = 3sin(26), one loop occurs as 6§
goes from 0 to 7.

e Thus, the area of one loop is:

IR 2
A= / [3sin(20)]" df
2 Jo
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11.

12.

Find the exact sum of the series:

1

nZ=:1 n(n + 1)

by recognizing it as a telescoping series.
Solution:

Step 1: Use partial fraction decomposition.

1 1 1

n(n+1) Tn on+l

Step 2: Write the partial sum 5,:

(-8 G5) ()

Step 3: Simplify the telescoping sum.
All interior terms cancel:

1
n+1

1—

Sp =

Step 4: Take the limit as n — oo:
(-ske)
n+1

1
B
n(n+1)

lim S, = lim
n—oo n—oo

[eS)
n=1

Determine whether the following series converges

= (!
or diverges: -
g 7; n+ 2

Solution:

This is an alternating series of the form:

> 1
> (=1)" by,  where by, =
o n 42

To apply the Alternating Series Test, check:

obn:n%ﬂ>0

e b, is decreasing: 7#2 > %4’3 foralln>1
. . 1
= e =0

Conclusion: All conditions of the Alternating Se-
ries Test are satisfied, so the series converges by the
Alternating Series Test.



13. Find the radius of convergence and interval of con-

vergence for the series:
i (x+2)"
n2m
n=1

Solution:

We apply the Ratio Test:

n
)
n - 2"

Step 1: Compute the limit:

.| @nt1 : (z +2)"*! n-2"
lim = 1i .
n—oo | ap n—00 (n + 1) . on+1 (gj + 2)”
2) .
_ i |ET2)on
n—00 2(n + 1)
T+ 2 . n T+ 2
= lim =

The series converges when this limit is less than 1:

T+ 2
2

’<1 = |lz+2/<2

Radius of convergence:

Step 2: Find the interval of convergence. We test
the endpoints £ = —4 and z = 0.

At x = —4:
o o0
(=2)" Z (="
Z = = converges
n=1 n-2n n=1 n
At 2 =0:
o n o0
Z ogn = = diverges

Final Answer:

’ Radius of convergence: R = 2 ‘

‘Interval of convergence: [—4,0) ‘

14. Find the first four nonzero terms of the Taylor se-
ries for f(z) = e~*" centered at a = 0.

Solution:

Recall the Taylor series for e centered at O:

> n
-3z
n!

n=0
To find the Taylor series for e_xQ, substitute —a?
in place of x:
n B et (_1)711‘271,
- Z n!
n=0

Now write out the first four nonzero terms:

24 6
x
—:p
e =1-— 22 +§—§+
4 6
x T
— 1%L _
$+2 6—1—
4 6
_12 2 X X
:1— _—— —
e m+2 6+

15. Find the third-degree Taylor polynomial centered
at a =0 for f(x) = sin(2z).
Solution:
We need the terms up to degree 3 in the Taylor

series for sin(2z) about z = 0.

e Recall the Taylor series for sin(x) centered at

0:
i x>
sin(z) =z — y—i—g—
e Substitute 2z in place of z:
2 3
sin(2x):2x—(;)+-~
8 3
= 20—+
4 3
=2z — % +
4 3
Py(z) = 22 — %
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16. Find the third degree Taylor polynomial for f(z) =
cos z centered at a = 7/6. Use Taylor’s Inequality
to give an upper bound on the error if this approx-
imation is used on the interval 0 < z < 7/3.

Solution:

Step 1: Compute derivatives of f(z) = cosx:

)

() = —sinx

f"(z) = —cosx
f(3) (x) =sinz
F@(z) = cosz (and so on)

Step 2: Evaluate derivatives at a = &:
V3

(§)=e(§) =%

/ : 1
7(5)=—m(5)=—3
E)--en(E) -5

o (2) = (3) -

Step 3: Write the 3rd-degree Taylor poly-
nomial centered at a = %:

G*

Also, the maximum value of |z — §| on the interval

(0, %) is: ’

3
(5

‘ s
max |z — -
6

)

o3

[

==

| R3(x)] <

17. Solve the differential equation:

dy _
de

2

ry”, y(0) =1

Solution:

Step 1: Separate the variables.

2

dy

dx
1
= ?dy:xdx

Step 2: Integrate both sides.
1
A=

[ v [ado
/y_Qdy /xdm

1" (3) ?
P3(;U) _ f(a) +f’(a)(x—a) + fz('a) (x—a)2+ f 3[(@) (x_a)?) _yfl — % +C
2
31 3 1
P =L Lo -Bagps La-zp T
z+C

Step 4: Use Taylor’s Inequality to bound
the error on 0 <z < 3.

We need an upper bound for:
M
<

B < 7

| —af*
where M is a bound on |f*(z)| = |cosz| on the

interval 0 < = < %. Since |cosz| < 1, we take

3
M =1.
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