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Test for Divergence

= n
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n=1

Let a, =

n . Then

n+1 )
lim a, = lim L lim =1
n—00 n—oon + 1 n—>001-|-ﬁ

Since limy, o ay, # 0, the series diverges by the Test for Divergence.
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Let a, = i Then
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Since limy,— o ay, # 0, the series diverges by the Test for Divergence.
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n=1

sinn

Let a,, = . Since —1 < sinn < 1, we have

n

sinn

< <
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Because both bounds approach 0 as n — co, the Squeeze Theorem gives

sinn

=0.

lim
n—oo N

Since limy, o a, = 0, the Test for Divergence is inconclusive.
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cos (n)
n=1
1
Let a,, = cos(). Then
n
. .1
lim a, = cos( lim ) = cos(0) = 1.

n—o00 <n—>oo n

Since lim,,_, o an, # 0, the series diverges by the Test for Divergence.
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5n —4
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Let a,, = on . First simplify:
n
4
ap =5— —.
n
Thus,

lim a, = lim <5— 4) = 5.
n—00 n—o00 n

Since limy,_, a, # 0, the series diverges by the Test for Divergence.
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. Then
n? 41

Let a, =
3

lim a, = lim =3
n—00 n—oo | + ==
n

Since limy, o ap, # 0, the series diverges by the Test for Divergence.
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n=1

1
Let a, = tan(). Then
n

1
lim a, = tan< lim ) = tan(0) = 0.
n—o00 n—oo n

Since lim, .5 a, = 0, the Test for Divergence is inconclusive.
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n=1 \/ﬁ
Let ! Th
et a, = —. en
n \/ﬁ

lim a, = 0.
n—oo

Since lim, s a, = 0, the Test for Divergence is inconclusive.
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1
Let an — m Then

lim a, = 0.
n—oo

Since lim,,_ o a, = 0, the Test for Divergence is inconclusive.
i 1
' n
n=1
1
Let a,, = —. Then
n

lim a, = 0.
n—oo

Since limy,_, a, = 0, the Test for Divergence is inconclusive.



Geometric Series

L2 6)

This is a geometric series with

Since |r| < 1, the series converges, and

+ 200

This is a geometric series with
Since |r| < 1, the series converges, and

>

n=1

Rewrlte the series as

So

Since |r| < 1, the series converges, and

1
4. jizgﬁ
n=1

Rewrite the series as

Thus,

Since |r| < 1, the series converges, and

1
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a s T 2
1 "_ a 1
2 _1fr_1—%
L3 3
I 4
3
§n: a = Z
4 l—r 1-3
5().
=" \10
. 1
a = r=—.
’ 10
5 _ 550
o 1-L 9
o
>(5)
n:13
1 1
a=z, r= .
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This is a geometric series with

2 2
a= -, r=—
3 3
Since |r| < 1, the series converges, and
n=1 3
o0 n
2
6. 7=
>7(3)
n=0
This is a geometric series with
2
a="1, r= .
3

Since |r| < 1, the series converges, and
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n=1

Rewrite the series as

So

Since |r| < 1, the series converges, and

<1
8.257
n=2

Rewrite the series as

n=2 n=2
The first term is
1\? 1
a = —_ = — T =
5 25’
Since |r| < 1, the series converges, and
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1
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9. Z Jn+2
n=0

Rewrite the series as

So

Since |r| < 1, the series converges, and

o 4n

10. ) T

n=2
First rewrite the general term:

Thus the series becomes

which is geometric with

Since |r| < 1, the series converges, and

4 1
:7’ r = —
9 3
4
4 _ 3
2 1
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_77.72:49
oo n
4
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p-Series

=1
1. —
>
n=1
This is a p-series with p = 1. Since p < 1, the series diverges.
o0
1
2. —
> e
n=1

This is a p-series with p = 2. Since p > 1, the series converges.
[e.e]
1
1y L
n=1 \/ﬁ
Rewrite ﬁ = # This is a p-series with p = % Since p < 1, the series diverges.
oo
1
4. —
>
n=1

This is a p-series with p = 3. Since p > 1, the series converges.

= 1
5 2 s
n=1
This is a p-series with p = 0.9. Since p < 1, the series diverges.
o0
1
6. >
n=1

. Since p > 1, the series converges.

ot

This is a p-series with p =

[e.9]

1
7> oot

n=1
This is a p-series with p = 1.0001. Since p > 1, the series converges.

[e.9]

1
S.ZW

n=1
This is a p-series with p = 0.99. Since p < 1, the series diverges.
o
1
9D i
n=1

This is a p-series with p = %. Since p > 1, the series converges.

10. E —
Vnd
n=1
. 2 2 1 .. . . 5 . .
Rewrite \7? = n’;—Q = This is a p-series with p = 3. Since p > 1, the series converges.



Integral Test

[e.o]

1
1.

Z nlnn

n=2

Let

fla)=—
zlnz’
For x > 2, f is continuous and positive. Also,
Inz+1
/ .
Ja) = 22(Inx)?’

Since x > 2 implies Inx > 0, we have Inz 4+ 1 > 0, so
f(z) <0 for x > 2.

Thus f is decreasing on [2,00), so the Integral Test applies.

Now compute:

00 t
/ dr = lim dx.
5 xlnx t—oo Jo xlnzx

Let u =Inz, so du = %daz. Then

t 1 Int 1 Int
/ dmz/ fdu:1n|u|‘l ) =In(Int) — In(In 2).
2 1 n

rzlnzx no U

As t — oo, we have Int — 00, so
In(lnt) — In(In2) — oo.

>~ 1
/ dx
o zlnzx
o0

1
Z nlnn

Therefore,

diverges, so

diverges by the Integral Test.

o0

1
2. —

Z n(lnn)?
n=2
Let

fla) =

~ z(lnz)?
For x > 2, f is continuous and positive. Also,
Inz + 2
! —
Ja) = 22(Inx)3’

Since x > 2 implies Inx > 0, we have Inz 4+ 2 > 0, so
f(z) <0 for z > 2.

Thus f is decreasing on [2,00), so the Integral Test applies.

Now compute:

00 t
. dr=1lm [ ————d
/2 z(Inx)? T A% 5 xz(Inz)? v



Let u =Inz, so du:%d:c. Then
t Int Int
1 1 1 1
——  _dr= 2du=|-—= - 4
/295(11095)2 ! /ln2 oo [ U]lm 1nt+1n2
Ast—)oo,wehaveﬁ%(),so
/°° (P
o x(Inz)? T e

o0

1
nZ::Q n(lnn)?

Therefore,

converges by the Integral Test.

- 1
’ 7;’ n(Inn)(Inlnn)

Let .
1@ = ) )
For x > 3, f is continuous and positive. To verify that f is decreasing, write
1
g(z)=z(nz)(Inlnx), S0 flx)=—
(@) = a(inz)(n ) @)=
Then

¢ (z) = (Inz)(Inlnz) + (Inlnzx) + 1.
For x > 3, we have Inx > 0 and Inlnz > 0, so every term on the right is positive. Hence
g (x)>0 for z > 3.

Thus g is increasing, which means f(x) = 1/g(z) is decreasing on [3,00). So the Integral Test applies.

Now compute:

o0 1 t 1
—_—— dx =1 _ dx.
/3 z(Inz)(Inlnz) R 3 z(lnz)(Inlnx) v
Let
u=Inlnz.
Then ]
du = dz.
zlnzx
So

t 1 Inlnt Inln ¢
Ay 4 = —du =1 —In(Inlnt) — In(In1n 3).
/3 z(Inz)(Inlnz) o /mm3 i n [ul nln3 n(lnlnt) —In(Inln 3)

As t — oo, we have Inlnt — 00, so
In(Inlnt) — In(Inln 3) — oo.

Therefore,

& 1
/3 z(lnz)(lnlnx) de

diverges, so

- 1
7;3 n(lnn)(Inlnn)

diverges by the Integral Test.
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& nZ::Q nvinn

Let 1
T) = .
/(@) zvInzx
For x > 2, f is continuous and positive. Also,
2Inx+1
! e
Jlw) = 222(Inx)3/2"

Since z > 2 implies Inx > 0, we have 2Inz + 1 > 0, so
f(z) <0 for z > 2.

Thus f is decreasing on [2,00), so the Integral Test applies.

Now compute:

00 t
/ ———dz = lim ——dx.
2 zvVinzx t—oo Jo zv/Inx

Let
u=+Vinz.
Then
du—;da: SO 1 dr = 2du
2zvInx ' xvVInx '
Therefore,

t 1 Vint Vint
/ do = / 2 du = 2u‘ — 2vInt — 2vIm2.
2 zvinx VIn2 VIn2

As t — oo, we have vInt — 00, so

2vVInt — 2vVIn2 — oo.

>~ 1
/ dzx
2 zvinz

[e.e]

1
T; nvinn

Therefore,

diverges, so

diverges by the Integral Test.

— 1
D. — 1
; np (general case)

Let 1
f@)=—=a".

P
Assume p > 0. Then for x > 1, f is continuous and positive. Also,

f'(x) = —pa~P~ L.

Since p > 0 and =z > 1, we have
f'(z) <0  forz>1.

Thus f is decreasing on [1,00), so the Integral Test applies.



We now compute

') 1 t
/ —dz = lim x Pdzx.
1

P t—oo Jq1

Case 1: p # 1.
|

t 1-p
/m_pdm:[x } = .
1 1-p],y 1-p

If p>1,then 1 —p < 0, so t'P? — 0. Hence

CotttP—1 0-1 1
lim = = .
twoo 1 —p 1-p p-1

So the integral converges.

If0<p<1,then 1—p>0,sot'™P — co. Hence

tt-r —1

so the integral diverges.

Case 2: p=1.

Since Int — oo, the integral diverges.

Therefore,
o0
1
n=1 nP
converges if and only if
p>1.
i Vinn
n=2 n
Let
Vinz
flz) = :
x
For x > 2, f is continuous and positive. Also,
~1-2Inz

Jlw) = 222vInx

Since z > 2 implies In2 > %, we have
1
Inz>1In2 > >

SO
1—2lnx <O0.

Therefore,
f(z) <0 for z > 2.

Thus f is decreasing on [2,00), so the Integral Test applies.
Now compute:

dr = lim dx.

X t—o0 2 X

/°° Inzx tInx
2
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Let

1
u=Inz, du = —dzx.

x

Then tInz Int Int
1 n n 2 Int
/ nxdx: \/ﬂdu:/ u?du = Zu?) .
2 X In2 In2 3 In2

So

tV1 2 2
/ BT ge = Z(nt)®? — Z(in2)3/2.
2 X 3 3

oo
1
/ nxdx
2 X

oo\/m
>

n

As t — oo, this tends to co. Therefore,

diverges, so

n=2

diverges by the Integral Test.

[e.9]

> i
: 2
=n +1
Let
f@)=
2241
For x > 1, f is continuous and positive. Also,
2x
/ .
f(I)— (1’2—|—1)2'

Since x > 1, we have f/(z) < 0. Thus f is decreasing on [1,00), so the Integral Test applies.

Now compute:

o t 1 t
/ ———dr = lim ———dr = lim tan~!(z)] .
1 Tt +1 t—oo J1 x4 41 t 1

—00

Thus .
S P 1 71 p— 7) [ —
/1 71 dr = thm (tan (t) i)=3 171

Therefore,

converges by the Integral Test.

[e.9]

>
) n* + 925
n=1
Let )
X
@)= oy es

For x > 1, f is continuous and positive. Also,

2(x* +25) — 82z 50 — 62?

f@) = —Gmy  ~ wirsp

If £ > 2, then 2* > 16, so
50 — 62* < 50 — 96 < 0.

11



Thus
f(z) <0 for z > 2.

So f is eventually decreasing, and the Integral Test applies.

<2 t 9
/ de: 1im/ idz
5 x4 +25 t—oo Jo xt+25

Now compute:

Let
u =22, du =2z dzx.
Then ,
toog ¢ 1 1 u\ |
2 = ———du=t *1(7) .
/2x4—|—25 v A w225 T 5 5/
So . )
2x t
dr=—tan ' — ) — —tan"!( =
/2x4+25 Te (5) 5 ot <5>
Ast — oo,
1 t2 s
tan - = =
5 2
Hence
/°° 2z 1 (m tan—1
€Tr = — — — ta —
9 T*+25 5\ 2 5
Therefore,
[o.¢]
> itm
nt + 25
n=1
converges by the Integral Test.
S
’ nb + 36
n=1
Let )
3x
/(@) 26+ 36

For x > 1, f is continuous and positive. Also,

6z (2% + 36) — 1827  12z(18 — f)
(26 4 36)2 (25 +36)2

fl(a) =

If £ > 2, then 2% > 64, so
18— 2% <o.

Thus
f(z) <0 for x > 2.

So f is eventually decreasing, and the Integral Test applies.

[e%s) 3(L‘2 t 3.’1)2
O =1 g
/2 26 136" tino“o/g 26+ 367"

u=2>, du = 32% dx.

L #oq 1 u
- dxr = = du=Zt —-1(>
/2x6+36 v /8 wr+36"" "6 (6>

12

Now compute:

Let

Then




10.

So

Ast — oo,
tan ! ﬁ — T
6 2
Hence
/°° 322 1
s 20436 6
Therefore,

converges by the Integral Test.

nd + 64
n=1
Let 5
4z
fx) = 28 + 64

For x > 1, f is continuous and positive. Also,

_ 122%(a® +64) — 32210 427(192 — 529)

f@) (a® + 64)2

If z > 2, then 28 > 256, so

(28 4 64)2

192 — 528 < 192 — 1280 < 0.

Thus
f(z) <0 for x > 2

So f is eventually decreasing, and the Integral Test applies.

Now compute:

© Y 3 t 4 3
/ % dxr = lim / A
2 A + 64 t—o00 ) $8 + 64

Let
u =z du = 423 dx.
Then .
bo4a | 1 u
o= [ du= Stan ! (5)
/2x8+64 * /16 w264 T8\
So ¢ 3 4
4z 1 t 1
dr = -tan ' — ) — = tan"1(2
/2x8+64 To g (8) g tan ™ (2)
Ast — oo,
tan™? ﬁ —>E
8 2
Hence - 5
4z 1 /7 1
— (T _tan~ 2).
/2 25 + 64 8(2 an~(2)
Therefore,
= 4nd
Z118—1-64

converges by the Integral Test.
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Direct Comparison Test

=1
1.
Z n?+1
n=1
Let
1
Ay = .
" n241
For all n > 1,
1 1
0< Ay = 2 T 1 S ?
The series
o
>
2
n=1 n

is a p-series with p = 2 > 1, so it converges. Therefore, by the Direct Comparison Test,

o

>
2
n +1
converges.
Conclusion: The series converges.
oo 277,
2.
3"+ 5
n=1
Let
271
BT
For all n > 1,
n omn 2 n
0<ap= — =z
T35 = 3 (3)
The series

is geometric with common ratio r = %, and since |r| < 1, it converges. Therefore, by the Direct Comparison

Test,
[e.e] 277/
2 5t
n=1
converges.
Conclusion: The series converges.
o
1
3.
Z Vn+n
n=1
Let
1
a,, =
tn+n
For n > 1, we have /n < n, so
Vn+n < 2n.

14



Taking reciprocals gives

1 1
.= > .
“ vVn+n T 2n
The series
— 1 1 i 1
on 2 n
n=1 n=1

diverges because the harmonic series diverges. Therefore, by the Direct Comparison Test,

=1
;\/ﬁ—kn

diverges.
Conclusion: The series diverges.

o0

>
: 3
=n +1
Let
n
a pr
"ol
For all n > 1,
n 1
O<an: 3+1 ﬁzﬁ
The series
o0
1
>3
n=1

is a p-series with p =2 > 1, so it converges. Therefore, by the Direct Comparison Test,

oo
>
3
= ntt 1
converges.
Conclusion: The series converges.
i 3n? +2
' nt+n?+1
n=1
Let
3n2 +2
Op = —F——5——.
"ntgn2 41

For n > 1, we have 2 < 2n?, so 3n? + 2 < 5n?. Also,
nt+n?+1 > nt.
Hence, for n > 1,

3n2 +2 5n2 5

0< = < —— = —
n nt4+n2+1 - nt n2
The series
=5 =1
di=0D s
n=1 n=1

15



converges because Y n% is a p-series with p = 2 > 1. Therefore, by the Direct Comparison Test,

3n? +2
nt4+n2+1
n=1

converges.

Conclusion: The series converges.

>
n:14”—|—n
Let
27’L
an—4n+n.
For all n > 1,
2m 2m 1\"
0< =— < —=(=] .
=i = <2>
The series

> ()

is geometric with common ratio r = %, and since |r| < 1, it converges. Therefore, by the Direct Comparison
Test,

o0

277,
— an +n
converges.
Conclusion: The series converges.
o0
> s
: 2
— nc+ 2
Let
on
" on242
For n > 2, we have 2 < n?, so
n?+2 < 2n?
Therefore, for n > 2,
n_,n 1
a = _——
" nZ42 7 22 2n
The series
1 1s1
= 2n 24n

diverges because the harmonic series diverges. Therefore, by the Direct Comparison Test,
= n
2 s

diverges.

Conclusion: The series diverges.
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10.

571
n=1
Let
571
an = T
Since 2" < 3" for all n > 1, we have
342" < 2.3

Thus, for all n > 1,

" 5" 1 /5\"
Ay = > =—|= .
3n42n 7 2.3 2\ 3
>3(5)
n:12 3

is geometric with common ratio r = %, and since r > 1, it diverges. Therefore, by the Direct Comparison
Test,

The series

7’l

o'}
Z 3n + omn
n=1

diverges.

Conclusion: The series diverges.

i 1+ sin2(%)

n=1 n
Let 91
1+ sin®(=
L Lst()
n
Since sin ( ) >0 for all n > 1, we have
1+sin?(1) 1
an = > —.
n n
The series
o
1
n=1 n

is the harmonic series, which diverges. Therefore, by the Direct Comparison Test,

Zl—l—sm )

n=1
diverges.

Conclusion: The series diverges.

> nl

nn
n=1

Let

For n > 2,

Sl
Slew
N
|
—_
S



Each factor is at most 1, so

IN

an

Thus, for n > 2,
2
n

The series
SEEE IR
2 2
n=2 n n=2 n
converges because »_ # is a p-series with p = 2 > 1. Therefore, by the Direct Comparison Test,

= nl

nn
n=1
converges.

Conclusion: The series converges.
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Limit Comparison Test

1 i n? +3n
' n3 —4
n=1
Let )
n“ + 3n
an = B4 and b, =

For n > 2, both a,, and b,, are positive. Compute

n?+3n
. Qnp, . n3—4
lim — = lim il
n—oo n n—oo =
n
. n3+3n?
= lim —————

nsco nd—4

Divide numerator and denominator by n>:

. n®+ 3n? . 143
lim ———— = lim 0
n—oo M3 —4 naool_%
n

=1.

Since 0 < 1 < oo, the Limit Comparison Test applies. Because
> !
n=1 n

is the harmonic series and diverges, it follows that

i n? + 3n
n3 —4
n=1
also diverges.
Conclusion: The series diverges.
00 2
n
2.
Z nt_—1
n=2
Let )
n
Op = ———— and b, = —.
For n > 2, both a,, and b,, are positive. Compute
n2
. (7% . ni—1
lim -—— = lim —
n—o0 by, n—00 P
4
= lim —
n—oo n% — 1
Divide numerator and denominator by n?:
. n' , 1
lim — = lim T
n—oo n% — 1 n—oo | — P

=1.

Since 0 < 1 < oo, the Limit Comparison Test applies. Because

=1
2 5e

n=2

19




is a p-series with p =2 > 1, it converges. Therefore,

o0 2

n
Zn4_1

n=2

also converges.

Conclusion: The series converges.

.i\/ﬁ—f—l

n?+5
n=1
Let
1 1
an = \/ﬁi_‘_ and b, =
n?+5 n3/2
Both a,, and b,, are positive for all n > 1. Compute
a Vn+l
lim -% = lim 22t
n—oo b, n—oo —73

(v +1)

= lim 5
n—00 n+5

n2 + n3/2
n—oo N+ 5

Divide numerator and denominator by n?:

2 . ,3/2 1+ L

lim %:lim \éﬁ

n—oo n*+45H n—oo 14 2
=1.

Since 0 < 1 < oo, the Limit Comparison Test applies. Because

1
>
n=1

is a p-series with p = % > 1, it converges. Therefore,

i\/ﬁJrl
n?+5
n=1

also converges.

Conclusion: The series converges.

WE
+Ho
B

1 1
n++n on

Both a, and b,, are positive for all n > 1. Compute

Ay =

20



Divide numerator and denominator by n:

li n
11m =
n—oo n + \/ﬁ

n—oo | 4+ —=

= 1.

Since 0 < 1 < oo, the Limit Comparison Test applies. Because

1
2.,
n=1

is the harmonic series and diverges, it follows that

also diverges.

Conclusion: The series diverges.

'Zf+m
Let

ap —

>

n=1

1

NEES!

Both a,, and b,, are positive for all n > 1. Compute

(279}
lim — =
n—oo n

lim

n—o0

lim

n—00 \f_|_ vn4+1

lim —m——————

1

n+/n

=

A

1
vn

1
Vn+vn+l
1

n—)ool+ /

2.

Since 0 < % < 00, the Limit Comparison Test applies. Because

o0

nz:l

is a p-series with p = % < 1, it diverges. Therefore,

also diverges.

Conclusion: The series diverges.

1
' ; vnt + 3n

Let

1
vn

Y
mVn+vn+l

Vnt +3n

21



Both a, and b,, are positive for all n > 1. Compute

lim & — 7\/"41‘?3"
n—oo by, n—00 P
. n?
= lim ——.
n—oo \/p4 + 3n
Factor n* from inside the square root:
n? B n?
Vnt+3n \/n4(1+ 3)
n2,/1+ %
B 1
1+5
Therefore,
1
lim — = lim =1

Since 0 < 1 < oo, the Limit Comparison Test applies. Because
1

2

is a p-series with p = 2 > 1, it converges. Therefore,

- 1
nzz:l vnt+3n
also converges.

Conclusion: The series converges.

' 4n 41

Let

3" 42" 3
an = ol and b, = <4

Both a,, and b,, are positive for all n > 1. Compute

lim — = lim 74(12";,11
n—o0 by, n—oo (g
3™ 4 2™ 4"
1m " —
n—oo 4% +1 3"

)



Since 0 < 1 < oo, the Limit Comparison Test applies. Because
oo 3 n
> (5)
n=1

is geometric with common ratio r = %, and since |r| < 1, it converges. Therefore,

oo

PRE T
ot 4 +1
also converges.
Conclusion: The series converges.
>
. T
n=1 n +( 1)”
Let 5 1
Ay = m and bn = ﬁ
For n > 2, both a, and b, are positive. Compute
a e
lim — = lim =~ +(171)
n—oo n n—oo p
. 5n2
= lim —
n—oo N + (—1)"
Divide numerator and denominator by n?:
. 5n? , 5
lim S 7 _1\n = lim w
n—oo N -+ (—1) n—o0 | L —
=5.
Since 0 < 5 < oo, the Limit Comparison Test applies. Because
>k
2
n=1 n
is a p-series with p =2 > 1, it converges. Therefore,
e
21 (_
e n 4 (=)
also converges.
Conclusion: The series converges.
>
' =n?+ tan—!(n)
Let 4 1
= d b, = —.
In = 2y tan~!(n) o "2

Both a,, and b,, are positive for all n > 1. Compute

. (07 . n2+tan—1(n)
lim — = lim 1
n—oo b, n—ooo o
4n?

= lim —————.
n—oo n? + tan~!(n)
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Divide numerator and denominator by n?:

. 4n? . 4
hm S 3, N — hm T
n—oo N2 + tan 1(77,) n—0oo | 4 tan—1(n)

is a p-series with p =2 > 1, it converges. Therefore,

> e

= n? +tan"!(n)
also converges.

Conclusion: The series converges.
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Alternating Series Test
)n

—

NE

n

S
I
—

=
[}

[
S

n = % Then:

e b, > 0, decreasing

e lim b, =0
n—00

The series converges by the Alternating Series Test.

o0
(-
2
n=1

Let b, = n—12 Then:

e b, > 0, decreasing

e lim b, =0
n—oo

The series converges by the Alternating Series Test.

n=1

Let b, = ﬁ Then:

e b, > 0, decreasing

e lim b, =0
n—oo

The series converges by the Alternating Series Test.

L
’ “—In(n+1)
1 .
Let b’l’l - m Then

e b, > 0, decreasing

e lim b, =0
n—oo

The series converges by the Alternating Series Test.
o0
(=1
5.
712—:1 n+1

Let b, = HLH Then:

e limb,=1+#0
n—oo

The Alternating Series Test does not apply. The series diverges by the Test for Divergence.
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10.

e b, is not decreasing, because the even and odd terms alternate:

1 1

b -
2k + 1’ kLT o

boy, =

so, for example, bor > bog1.
The Alternating Series Test does not apply.
S
— nl/3

Let b, = ﬁ Then:

e b, > 0, decreasing

e lim b, =0
n—oo

The series converges by the Alternating Series Test.

' n?+1lnn
n=1
Let b, = ——+—. Then:

n?+lnn"
e b, > 0, decreasing for n > 2

e lim b, =0
n—oo

The series converges by the Alternating Series Test.

. (=1)"-sin(1/n
Z( ) (1/n)

n=1 n
Let b, = % Then:
e b, >0
e lim b, =0
n—oo

e To show b, is decreasing for n > 1, define f(x) = % Then
cos(1/z) sin(1/x)
— -

fi(z) =

3 <0 for x > 1,
x

s0 b, = f(n) is decreasing.

The series converges by the Alternating Series Test.

n=1

Let b, = ﬁ. Then:

e b, > 0, decreasing

e lim b, =0
n—oo

The series converges by the Alternating Series Test.
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Absolute Convergence

n=1
Let ]
b, = —.
n
Then
n—oo

and b, is decreasing since %H < % for all n > 1. Therefore,

00 _1)
Z(n)

n=1
converges by the Alternating Series Test.
To test for absolute convergence, consider
S[ED | oL
n n’
n=1 n=1

This is the harmonic series, which diverges.
Conclusion: The series converges conditionally.
o0
(="
By
n=1

Consider the series of absolute values:

(:212)”’ _ i %

n=1

)
n=1

This is a p-series with p = 2, and since p > 1, it converges.

Therefore,

oo _1n
Z1<n2>

converges absolutely.

Conclusion: The series converges absolutely.

n=1
Let .
b, = —.
n \/ﬁ
Then
b, >0, lim b, =0,

n—oo

and b, is decreasing since \/ﬁ < ﬁ for all n > 1. Therefore,

o (=D
2

n=1

converges by the Alternating Series Test.
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To test for absolute convergence, consider

(="
Jn

o0 o0 1

This is a p-series with p = %, and since p < 1, it diverges.

Conclusion: The series converges conditionally.

o0

' n
n=1
Let )
p, - o
n
For n > 2, we have b, > 0, and
1
lim by, = lim —2 = 0.
n— 00 n—oo N

Also,

_lnx _171n1:

== = ! =
fa) = ="
Thus f'(x) < 0 when x > e, so b, is decreasing for n > 3. Therefore,

e}

—1)"Inn
Z( )n

n=3

converges by the Alternating Series Test, and hence

. (=1)"Inn
Z( )n

n=1
also converges.
To test for absolute convergence, consider
i (=1)"Inn| > Inn
n=1 n n=1 n
Inz

Using the Integral Test with f(x) = —,
x

29b
— lim [(lnm) ]
b—00 2 1
= 0.
So
Inn
n
n=1
diverges.

Conclusion: The series converges conditionally.
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oo . 2
sin(n® + 1)
5.
n=1
Consider the series of absolute values: -

3
n
n=1

sin(n? + 1) ‘

Since
|sin(n® 4+ 1)] < 1

for all n, we have
sin(n? + 1) ’ o1

Because
>
3
n=1 n
is a p-series with p = 3 > 1, it converges. Therefore, by the Comparison Test,
o

n
n=1

sin(n? + 1)|
3

converges.

Conclusion: The series converges absolutely.

S (="
6. ; (n+1)In(n+1)

Let
1

(n+1)In(n+1)"
Then b, > 0, b, — 0, and b, is decreasing for n > 1. Therefore, by the Alternating Series Test,

n =

S (="
nz::l (n+1)In(n+1)

converges.

To test for absolute convergence, consider

N (=1) e 1
; (”+1)ln(n+1)‘ _;(n—l-l)ln(n—i—l)'

1
(x+1)In(z+1)’

Using the Integral Test with f(z) =

o0 1 o0
/ dr = ldu
1 (z+1)In(z+1) In2 U

= 0.
So
i 1
~(n+1)n(n+1)
diverges.

Conclusion: The series converges conditionally.
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[e%¢} _1)n
7‘2_:1(71!)

Consider the series of absolute values:

>|SF-y
| nl’
—| n = n!
Apply the Ratio Test:
1
|
L= lim Y
n—oo =
n:
n!
= lim
n—oo (n 4 1)!
) 1
= lim
n—oon + 1
=0.
Since L < 1, the series
o0
1
>
n=1
converges. Therefore,
o
> oF
nl
n=1
converges absolutely.
Conclusion: The series converges absolutely.
i cos(n)
‘ 3/2
n=1 n /
Consider the series of absolute values: -
Z cos(n)
3/2
n=1 n /
Since
|cos(n)| <1
for all n, we have
cos(n) 1
< —.
n3/2 | = p3/2
Because
[o.¢]
>
3/2
n=1 n /

converges.

Conclusion: The series converges absolutely.
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o~ (-1)"
5 TLZ::QTL(lnn)2

10.

Consider the series of absolute values:

IR
2| — 2"
—~ n(lnn) —~ n(lnn)
Use the Integral Test with
1
J) = z(lnx)?

For z > 2, f(z) is positive and continuous. Also,

(Inz)? +2Inx
22(Inz)*

. Inz+2

T 22(lnx)3

/@) = -

Since z > 2 implies Inxz > 0, we have f'(x) <0, so f(z) is decreasing on [2,00).

& 1 >* 1
[ [ L
o z(lnw) In2 U
[
u In2

Now compute:

Since this improper integral converges, the series

o)

1
; n(lnn)?

converges by the Integral Test. Therefore,

2
o n(lnn)
converges absolutely.

Conclusion: The series converges absolutely.

[e.9]

Z SH;(Qn)

n=1

Consider the series of absolute values:

i sin(n)
2
n=1 n
Since
|sin(n)] <1
for all n, we have
sin(n) 1
n2 = n2’
Because
o
>
2
n=1 n



is a p-series with p =2 > 1, it converges. Therefore, by the Comparison Test,

>

n=1

sin(n)
2

n

converges.

Conclusion: The series converges absolutely.
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Ratio Test
o0 571
1. Zl —

Let a, = 7572 Then

n—o0 an

an+1‘

Since the limit is greater than 1, the series diverges.

>© 9
2. 3 L
2’!’L
n=1
Let a,, = g—j Then
1)2 2
lim |4otL| gy (RFDT 27
n—oo | ay n—oo n+l n2
1 <n +1 ) 2
=—- lim ==
2 n—oo n
The series converges absolutely.
(o]
2'I'L
3. —
n:ln
Let a, = TQL—Z Then
2n+1 n
lim |22 = fim ———_. n
n—o0o | Ay, n—00 (n -+ 1)n+1 AL
. n \" 1
=2. lim . = 0.
n—oo \ n 4+ 1 n+1
The series converges absolutely.
o
2n
4. —~
= n!
Let a, = %,l Then
2n+1 |
lim Gntl) _ lim — - n
n—oo | G n—00 (n + 1)' 2n
2
= lim =0
n—oon + 1
The series converges absolutely.
5. 37
n=1
Let a,, = gl—,l Then
. |ant+ . (n+1) 3"
lim = lim —
n—oo | ap n—oo 3Jn+l n!
.o on+1
= lim = o0.
n—oo 3

The series diverges.
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S L

The series converges absolutely.

.
= - lim
n—oo

34

(1)

nn
n=1
Let a,, = 323!. Then
li An+1 — 3”*1(71 + 1)' ]
n—oo | ap n—00 (n —+ 1)n+1 3nn!
n \" 1
- lim ( > =3 -.
n—oo \ 1 + 1 e
Since 3/e > 1, the series diverges.
> o
. n=1 (2’/1)'
Let a,, = (27;!)!. Then
nt (2n)!
lim Gl _ lim (n+1) (n)
. (n+1)
= lim =
n—oo (2n+2)(2n + 1)
The series converges absolutely.
= (2n)!
n=1
Let a,, = % Then
. any1| . (2n + 2)! n!l-n"
lim = lim .
n—oo | ap n—oo (n+ 1)+ (n+ 1)»tL  (2n)!
B 2n+2)(2n+1) o
noo (R4 1) - (n 4 1)t
=0.
The series converges absolutely.
o
DB
n=1
Let ap = [(—=1)" - 3%| = 7. Then
lim Antl] _ im L+1 2
n—oo | ap n—oo 2+l p



The series converges absolutely.

An+41
Gnp

35
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Mixed Series Practice

/2
1. Evaluate lim m.

n—o00 n
Since n > 0,

Vn? + cosn R cosn

Because —1 < cosn < 1, we have

1 < cosn < 1
n2 = p2 T op?’
so <% — 0. Therefore,
\/m2

1 3n
2. Evaluate lim (1 — ) .

n—00 2n

We use the fact that
€T n

lim (1 + —) = e”.
n

n—oo

(=)= |0-2)]

The expression inside the brackets is in the correct form:

1 2n 1 2n
1—— =1+ — .
< 2n> ( + 2n)

So if we let m = 2n, then as n — oo, we also have m — oo, and

2n m
(1—1) = (1—1> —e L.
2n m

Now observe that
3/2

Therefore,

Thus,

n? 00

———————— Determine whether > *° | a, converges and, if so, to what value.
In(n+ 1)+ 3n

n=1

n
3. Suppose S, = Zak =
k=1
A series converges if and only if its sequence of partial sums converges to a finite limit. Here,

n2 n

S Y g W(ntl) | 3’

Since Bl 0, it follows that

" n

Thus the sequence of partial sums does not approach a finite limit, so

o
g an diverges.

n=1
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4n? + 1
4. Suppose S, = ajp = L Determine whether »_°°

an converges and, if so, to what value.
2n2 +5n + 1

n=1

Since the sum of an infinite series is the limit of its partial sums, we compute

an? +1 4
Sy = lim, mZintl 2 %

Therefore, the series converges, and

i an = 2.
n=1
5.1f Y an=>5and Y b, =4, find Y (2a, — 3by)

By linearity of convergent series,

> (2an = 3by) =2 an —3) by =2(5) - 3(4) =10 - 12 = 2.

o0
6
6. Find the sum of the geometric series: Z ol
n=2
Rewrite the series as

This is geometric with first term

and common ratio

Since |r| < 1, the series converges, and its sum is

SCIRCEE B
—an 1-r 1-17 372
n'+3 . .
7. Determine whether the series Z ——— converges. If it converges, find its sum.
n(n+1)2
Let
nt+3  nt+3 1+ 5

= =n-
n(n+1)2 n3+2n2+n 1+2+.L
As n — o0, the fraction approaches 1, so a,, ~ n, and in particular

ay — 00.

Since the terms of the series do not approach 0, the series diverges by the Test for Divergence.

oo

4n
8. Determine whether the series Z 7 converges.
n= l
Let
4n 4\"
Then
an 4n 5" 5" 1

b, 5 —1 4 5H5r—-1 1-5"
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10.

Since

> ()

is a convergent geometric series, the Limit Comparison Test implies that

o 4TL
25

n=1

also converges.

2

n . .
. Let a,, = on Use the Ratio Test to determine whether » a,, converges.

We compute

any1|  (n+1)? 2”_1<n+1>2

a, | 20t T p2 T 2 n
Therefore,
An41 1 2
lim |—*1 = = lim <1+> =
n—oo | QAp n—o00 n
Since this limit is less than 1, the series
> 5
n=1
converges by the Ratio Test.
o0

n

c
Use the Ratio Test to determine for which values of ¢ > 0 the series Z — converges.
n

n=1
Let n
c
p = —.
n
Then
An+1 At n
= e — = C -
an n+1 c* n—+1
Thus,
a
lim || = .
n—o0 an
By the Ratio Test:
e if 0 < ¢ < 1, then the series converges;
e if ¢ > 1, then the series diverges;
e if ¢ =1, the Ratio Test is inconclusive.
When ¢ = 1, the series becomes
o0
>,
n )
n=1
the harmonic series, which diverges. Therefore,
o0 cn
Z — converges precisely for 0 < ¢ < 1.
n
n=1
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2n
11. Determine whether the series Z

———— converges.
n3 4 cosn nvers
Let
2n
ap = —4—.
" n3+cosn
Since —1 < cosn < 1, we have
n —i—coann?’—l.
Hence, for n > 2,
0< < .
n =03
Also, for n > 2,
1
3 3
n®—12> -n7,
-2
SO
2n 2n 4
nd—17 In3 n?
Therefore, for n > 2
4
Since
>

n=1 n?
is a convergent p-series, the given series converges by the Direct Comparison Test
, >, sin(n?
12. Determine whether NZ:I B
Consider the absolute value

converges absolutely, conditionally, or diverges

sin(n?3) 1 1
< i
nd+1| " n3+1 3
Since
>
n3
n=1 n
converges, the Direct Comparison Test shows that
i sin(n?)
n=1

n3 +1
converges. Therefore, the original series converges absolutely

[e.e]

_1)n
13. Determine whether Z (1)

5 converges absolutely, conditionally, or diverges
n2 —
n=3

To test for absolute convergence, consider

> |G-
2_ 4|~ 2_ 4
=in 4 =n 4
Compare this with ) 5. We have
1 2
lim 2% = lim — "
n—oo

n—ooon2 — 4 =1
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14.

15.

Since
o0

1
2
n=3

converges, the Limit Comparison Test implies that

also converges. Thus the original series converges absolutely.

[e.e]
1
Use the Alternating Series Remainder Theorem to estimate the error when approximating E (—1)"— using
n
n=1

the first 4 terms.

Let

1

Then b, > 0, b,+1 < by, and b, — 0, so the Alternating Series Remainder Theorem applies. If R4 denotes
the error after using the first four terms, then

1 1

Ryl <bs = — = —_.
[ Rl < b5 5 125

Therefore, the error is at most

1
125 |

o0
1
Use the Integral Test to show that E a2 converges. Estimate the error when approximating the series
n
=2

n(n)?

with the first 5 terms.

Let 1
= — > 2.
For = > 2, the function f is positive and continuous. Also,
Inxz + 2
() = ——5—35 <0 1
() x?(lnx)3 < (z>1),

so f is decreasing. Therefore, the Integral Test applies.

& 1
——dx.
/2 z(Inx)? v
Let u=Inz, so du = %d:v. Then

& 1 *1 17 1
[ [ Lac [ 2L
5 z(lnx) o U Ul In2

Since the improper integral converges, the series

Z
2

Now compute

converges by the Integral Test.

The first five terms are the terms with n = 2,3,4,5,6, so the corresponding partial sum is Sg. Let

Re =5 — Sk.
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By the Integral Test remainder estimate,

—d R dx.
/7 z(Inz)? T Ae s /6 z(Inz)? v

Using the antiderivative found above,

1
m<R6<R

Thus the error satisfies

m7 <<

so in particular,

1
Re < —— ~ 0.558.
6 <16
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Remainder Estimates

(o ¢]
-1 n+1
1. Approximate Z L

5 using the first 4 terms.
n

n=1

1 1 1
S
51 1797 16
115
144
~ 0.7986

By the Alternating Series Estimation Theorem,

11
Ryl <bs= - = — = 0.04,
Rl < b5 = 55 = 55

(="

o0
2. Approximate Z using the first 3 terms.
n=1

n3 +1
1 1 1
B="5 1y s
o
- 252
~ —0.4246
Thus,
1
R3| <by = +——=—=0.0154.
Rsl <b1= 577 = 55
= (-1t
3. How many terms are needed to approximate Z 5 to within 0.00017
n
n=1
We want )
Ry <0 = — = < 0.0001.
[ Bn| < bpya (n—|—1)5<
So

(g < 0.0001 < (n+ 1)®> > 10000

< n+1> 10000 ~ 6.31.

Therefore, the smallest such n is n = 6, so are needed.

00 1 1
4. Use the first 5 terms of Z(_l)nL;H
n

n=1

to approximate the sum.

In2 In3 In4d Inb5 In6
SEp Ty e te w

~ —0.6931 + 0.2747 — 0.1540 + 0.1006 — 0.0717
~ —0.5436.

Thus,

In7
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(=D"

nlnn

oo
5. Determine the minimum number of terms needed to estimate Z with error less than 0.01.

n=2

‘We need )
nl <bpi1 = .01.
Bl < bt = S <00

Checking nearby values,
1

291n29

> 0.01, < 0.01.

30In 30

So the smallest n is n = 29.

Since the series starts at n = 2, this means using terms n = 2 through n = 29, i.e. .

o0
1
6. Approximate Z using the first 5 terms.
n=1

— n?+1

_1+1+1+1+1
25 10 17 26

~ 0.8973.

Using the Integral Test Remainder Estimate,

<1
Rs; < —d
5_/5 221

So the error is less than 0.1974.

7. Estimate the remainder when approximating

by its partial sum through n = 10.

Let f(x) = !

= ———. Th
z(lnx)? o

/1mf($)d$§R10§/oof($)d$-

1 10

1
Using v = Inz, du = — dx,
x

1 -2
[ e = [
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Thus,

/OO 1 1
10 z(mz)2™"  In10’
/OO 1 1
11 z(lnz)2"  Inll’
Therefore,
1
< Ri<——
1l ~ = 10

o
: 1 :
8. Estimate ng_l 3 using the first 8 terms.

51
Ss = Z n3/2
n=1
~ 14 0.3536 + 0.1925 4+ 0.1250 + 0.0894 + 0.0680 + 0.0540 + 0.0442
~ 1.9267.

Also,

<1

_ _2x—1/2‘°°
8
2
V8
=~ 0.7071.
S|
9. Find the smallest n such that Z m approximates the full sum within 0.05.
n
k=2

We want
/oo ! d 0.05
R, < _ .05.
"= Jo w(nz)? vs

1
Using v = Inz, du = — dx,
x

o0 1 1
/n () d“"‘/mu?d“

- 1
Inn’
So
1
— < 0.05 <= Inn > 20
Inn
— n> %,

Therefore, the smallest integer n is

n = 485,165,196 |.
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o0
1
10. Approximate g n—;& using the first 6 terms.
n

n=2

7

sﬁzz%

n=2
~ 0.0866 + 0.0407 + 0.0217 4+ 0.0129 + 0.0083 + 0.0057
~ 0.1758.

For the error,

oo
1
Rs S/ 7n3x dx.
7 X

Using integration by parts with

1 1
w=Inz dv=z3dz, du=—dxr, v=-——5,
x 222
we get
Inz Inz 1 _3
~ Inz 1
202 4x?’
Therefore,
Inz 1|~
< T
R < 222 422,
_In7 n 1
98 196
~ 0.0250.

So the error is less than 0.0250.
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Taylor Polynomials

For each function,

["(a)

Tu(z) = f(a) + f(a)(z — a) + —;

f///(a)
(z —a)® + =

fla) =a’et f(0)=0
f(x) = (2w + 7)€" #(0)=0
f(x)=2+4z +x ) f(0)=2
(@) = (6460 +a%)e”  [T0)=6
FO@) = (12482 + 22 fP(0) =12
Ty(x )—O+0:1:—|—%x —i—%x + 121’ =22 +2° + 24
2. J(@) 1 —1—13:2’ =1
fla)=(1+2*)7" .
oy 2 f(1) ==
f (33‘) - (1 +x2)2 2 )
oo 6a? =2 F)=-3
f (l’) - (1+$2)3 - 1
" B 24x(1 — xz) = 2
f (37) - W fm(l) -0
24(1 — 1022 + 5a* W) =—
o= B0 50 00 =
Tya) = 5 - gle D+ Loa -1+ D1+ a1t
T4(x):% %(x—l)—i— (x—1) —f(m—l)A‘
3. f(x) =cos(x?), a=0
f(@) = cos(z?) f(0) =
f'(x) = —2xsin(z?) £1(0) =
f"(x) = —2sin(2?) — 42 cos(z?) f(0) =
" (x) = —12x cos(x?) 4 823 sin(x?) f(0) =
FB(x) = —12cos(2?) + 4822 sin(z?) + 162 cos(2?) F®(0) =
0 0 12 z*
Ty(z )—1+Ox+§x +§x3+T 4:1—?.
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—4
Ty(x) = 0+ 2z + —-a* +

f”’(l‘) _
f(4) (z) =

2!

16
(1+2z)3
96
(1+ 2z)4

16 ,
3!

J@) =
F'@) =~
-
o = e

47

-96
4]

() =1

ST

r(3)=o

(T

1(3) =
(5o
fO(5) =16

TG 3*%(“5‘2

f(0)=0

f(0) =2
f1(0) = —4

f(0) =16
FD(0) = —96

8
—x° + 7{13‘4 = 2r — 2.’132 + 7:1;.3 _ 4:1;4'

f(0)=0
f(0)=1
f'(0)=0
"(0) = =2
f@0)y=0



7 f(x)zl—g;’ a=0
8 f(fE)Ier’ a=10
9. f(x) = 11—m7 a=0

X
fla) = ——
' 1 _
fl(z) = (e Ji(O)_O
1 2 ) =1
f (l‘)_ (1_93)3 f”(O)ZQ
" 6 f///(o):6
(4) . 24
W () = oo
T()_O+x+%x +gs+%$ =z+ 22+ 2%+t
f(fE):e f(O):l
(@) = (2 + 4a?)e” £7(0) =2
F"(x) = (122 + 82%)e” f;”(O):()
FO(2) = (12 4 4822 + 1621 T (0) =12
Ti(w) = 1405 + oa? +%$3+fx s +24

fla)=(1—a) 1 F0)=1
f/(x) = %(1 x)—3/2 f/(o) _ %
Pay=a-0r o=
Ty(z) =1+ %x + 32/‘4 2+ 12{8353 1054{16 A
Ty(x) =1+ l‘—i—zm +%$3+%4
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Power Series

(22 —5)"
1. \er )
Z T
Let
(22 —5)"
n-3"

To find the radius and interval of convergence, we apply the Ratio Test:

Ap =

. |ans (22 — 5)n*t n3"
lim |——| = .
n—oo | ap n—oo | (n 4+ 1)37+l (22 — 5)»
. 2¢ — 5 n ‘
= lim :
n—00 n+1
|2z -5
= 3 )
The series converges when
2¢z — 5 <1
3 .
This inequality is equivalent to
|2z — 5] < 3,
SO
—-3<2x—-5<3.
Adding 5 throughout gives
2 < 2x <8,
and dividing by 2 gives
1<z <4

Thus the open interval of convergence is (1,4).
Now we test the endpoints.

At z =1:

oo n o0 3n © (_1)n

n=1 n=1 n=1

This is an alternating harmonic series. It converges by the Alternating Series Test since

1
b, = — >0, bnt1 < by, lim b, = 0.
mn n—o00
At z = 4:
S (2(4) —5)" o= 3" =1

which is the harmonic series, so it diverges.

Therefore,

R=2, I=[14).
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> n?(z 4+ 4)"
2.}34—7F—7
n=1

Let
_ nP(z+4)"
ap = 77”
Apply the Ratio Test:
1 2 4 n+1 n
lim [ = fim (n+ 1)z +4) : !
n—oo | ap n—00 7n+1 n2 (iL' =+ 4)"
~ lim (n+1)2 |z +4
n—co n? 7
|z t+4
==
The series converges when
x+4 <1
- .
This gives
|z +4] <7,
SO
—T<z4+4<7.
Subtracting 4 yields
-1l <z <3
Thus the open interval of convergence is (—11,3).
Now test the endpoints.
At x = —11:
x© 2 n © 2 n >
n°(—11+4) n*(—7) 9
I P DR S
n=1 n=1 n=1

Here the terms are

Since

lim a,
n—o0

does not exist, and in particular the terms do not approach 0, the series diverges by the Test for Divergence.

At z =3: o )
344" KTt &
S =y

n=1 n=1 n=1

Again, the terms do not approach 0, so the series diverges by the Test for Divergence.

Therefore,

R=7, I=(-11,3)
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Apply the Ratio Test:

. |Gny1 .| (@ =1t n!
lim = lim
n—oo | ap n—00 (n + 1)' (:U — 1)”
) x—1 ‘
= lim
n—oo [n 4+ 1
=0.

Since 0 < 1 for every real number z, the series converges for all x.

Therefore, the radius of convergence is infinite, and the interval of convergence is all real numbers:

R = oo, I:(—oo,oo).‘

[e.9]

x + 2)%"
Pz

n=1

Rewrite the series as
i ((x +2)?2 ) "
n=1 5

This is a geometric series with common ratio

(z +2)?
—.

rT =

A geometric series converges exactly when |r| < 1. Therefore, we require

(z +2)*
—_— 1.
)
Since (x + 2)2 > 0, this becomes
(z +2)*
WAy,
)
S0
(z+2)* < 5.

Taking square roots gives

V5 <xz+2<5,

and subtracting 2 gives
—2-Vh<az<-2+5.

Now test the endpoints.
At z=—-2—/5:

So the series becomes

which diverges.
At = -2+ /5: )
2 5
T4+ 2= \/5, M -2 1.
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Again the series becomes
oo
2L
n=1
which diverges.

Therefore,

R=+5, I=(—2—+5 -2+5).

L (—1)"(3z)™
-Zl( r(se)

We may rewrite the series as

n=1
Let (32"
-3z
an = 2
Apply the Ratio Test:
_ n+1 2
lim || = iy |30 °
n—oo | ap n—00 (n+1>2 (—31’)”

= 3|z
The series converges when
3lz| < 1,
that is,
ol < 5
x| < =.
3

So the open interval of convergence is

Now test the endpoints.

At x = %:
$ G S
n=1 n2 n=1 TL2 '
Since
Dol =2 s
n=1 n=1

is a p-series with p = 2 > 1, the series converges absolutely.

— _1,
At z = -3

S (=D"B (5" =1
Zl( )(n2( 3)) :Zm?’

which is also a p-series with p = 2 > 1. Hence it converges.

Therefore,
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‘,L,’VL

T )

To determine the radius and interval of convergence, we apply the Ratio Test:

n+1 21
lim Antl) _ lim v _(n—i— )
. X
= lim ‘
n—oo [N + 3

Since 0 < 1 for every real number «x, the series converges for all real x.
Therefore,

R = oo, I:(foo,oo).‘

oo
' Z:: nlnn
Let 7y
an = L —7) .
nlnn
Apply the Ratio Test:
_ 7\n+1
I U (x—17) - nlnn
n—oo | ay, n—oo | (n+1)In(n+1) (z—T7)"
n Inn
=lzx—-7]1
[ |nl—>nolon+l In(n+1)
=lz—17|.
Thus the series converges when
|z — 7| <1,
which gives
6<x<8.

So the open interval of convergence is (6, 8), and the center is 7. Hence

R=1.

Now test the endpoints.
At x = 6:

(6T o (=)

Z nlnn z:2nlnn'

This is an alternating series of the form

[e.o]

1
(=D, with b, =

nlnn’
n=2

To apply the Alternating Series Test, we verify the required conditions:
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b, >0 for n > 2,
since n > 0 and Inn > 0 for n > 2.
Also, b, — 0 as n — oo because nlnn — oo.

Finally, b,, is decreasing for = > 2. Indeed, let

1
fl@) = rlnx’
Then / a1
f(:v):—m<0 for z > 2.
So f is decreasing, which means b, = ﬁ is decreasing.
Therefore,

— (=1)"
nz; nlnn

converges by the Alternating Series Test.
At z =8:

oo

—(8—17)" 1
nzz nlnn Z nlnn’

This is a positive-term series. Using the Integral Test with

1
zlnz’

fz) =

we know f is continuous, positive, and decreasing for x > 2, and

o] t
/ dr = lim dx.
9 xlnx t—oo Jo xlnz

Let u=Inz, so du = idw. Then

t 1 Int 1
/ dx = / —du =1In(Int) — In(In2).
2 1

xlnx no U

As t — oo, this tends to co. Hence

diverges.
Therefore,
\R:L I:mﬂw
> nl(z+1)"
n=0
Let
nl(z+1)"
ap = T

o4



Apply the Ratio Test:

ant1| | (n+ 1)z + 1) n'"
an | (n+ 1)+l n!(z+ 1)"
(n+ 1)n"
— 1
& +1] (n+ 1)n+1

n n
= 1 .
=+ |<n+1>

Now
n \" 1N\ 1
=({1+-= - —.
n+1 n e
Therefore,
lim || |z + 1]
n—oo | QAp e .
The series converges when
|z + 1
<1,
e
that is,
lx 4+ 1] < e.

So the open interval of convergence is
—-l—e<z<-1+e.

Hence the center is —1 and the radius is

R=c¢
Now test the endpoints.
At z=—-1+e:
r+1=e,
so the series becomes
nle™
n=0 nt
Let n
nle
b, = o
Then
bn+1 n "
=e
bn, n+1
Since

taking reciprocals gives

Therefore,

bn—l—l n "
= 1.
bn, ¢ (n+1> =

So {b,} is increasing. Since b; = e > 0, it follows that b, > e for all n > 1. In particular,
Jm 0
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Therefore, the series diverges by the Test for Divergence.

At z=—-1—e:
r+1=—e,
so the series becomes -
nl(—e)"
Z nn :
n=0
Its terms have absolute value
nle™
oo

From the work above, b, is increasing and does not approach 0. Hence the terms of the series do not approach
0, so the series diverges by the Test for Divergence.

Therefore,
R =e, I:(—l—e,—l—i—e).‘
i (2 — 3)*"
‘ n=1 n-4"
Let
(22 — 3)*"
p = ——F—.
n - 4"

Apply the Ratio Test:

ang1| | (2x — 3)2+2 n4"
an, (n+41)47tl (22 — 3)2n
(22-3) n
4 n+1
Taking the limit gives
i | @] (22 — 3)?
n—oo | ap 4 )
The series converges when
(2 — 3)?
— <1
1 <
This is equivalent to
(22 — 3)2 < 4,
SO
|2z — 3| < 2.
Therefore,
—2<2r—-3<2.
Adding 3 gives
1< 2x <5,
and dividing by 2 gives
1 5
Thus the open interval of convergence is
15
(3)
The center is x = %, so the radius is
R=1



Now test the endpoints.

At x = %:
20 —3 =2,
so the series becomes
o 22n oo n i 1
n=1 nd" n=1 nd" n=1 n
which diverges.
At z = %:
20 — 3 = -2,
SO

Thus the series again becomes

which diverges.

Therefore,
15
=1 I=(=-,=-).
R=1, (53)
in(m—S)”
' — 2"(n+1)
Let
n(x —5)"
ap = ————.
2"(n+1)

Apply the Ratio Test:

(n+1)(z—5)" 27(n+1)
+l(n4+2) p(z—5)"

x—5‘ (n+1)2

Gn41
an

2 n(n+2)
Taking the limit gives
i |G| _[F = )
n—oo | ap 2 |
The series converges when
x—5 ‘
L,
2
which is equivalent to
|z — 5] < 2.
So
3<r <.

Thus the open interval of convergence is (3,7), centered at z = 5, with radius

R=2.
Now test the endpoints.
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Atz =T:

— 2"(n+1) B — 2"(n+1) 7n:1n+1'
But n
Bhnr1 7
so the series diverges by the Test for Divergence.
At x = 3: - - -
S S h) = 2 s =
2n(n+1) 2n(n+1) n+1
n=1 n=1 n=
Its terms are
(~1)"—
n+1
Since n
lim =1,
n—oon + 1

the terms do not approach 0. Therefore, the series diverges by the Test for Divergence.

Hence,

R=2, 12(3,7).\
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Representing Functions as Power Series

Free Response Practice

L fla) =

1—3x

This series converges when

so the interval of convergence is

This series converges when

so the interval of convergence is

3. f(x) =

9 — g2

1
x.
1—3x

=z Z(3:c)n
n=0

= Z 3t

n=0

1
13z| <1 <= |z|< 3,

3
11
3’3/ (
4 1
f(x)_?.l—i—%’:
4 1
= _. 5
T 1-(-%)
4 & 22\ "
-2 (5
n=0
o0
4.2m
:Z:(_1)"7n+1 "
n=0
20 <l = ||<7
_&t < L
7 2’

o=t

9=\9

n=



This series converges when

so the interval of convergence is

This series converges when

so the interval of convergence is

This series converges when

so the interval of convergence is

2
o< 1 <= |z| <3,
(_373)
1
.2
fla) == 1+
1—(—z)
Yy
n=0
_x2 Z(_l)nwn
n=0
_ Z(_l)nxn-‘ﬂ'
n=0
|-z <1 <= |z|]<]1,
(_Ll)
1 1
1 o= /z\"
=52 ()
> =
- n+1
n=0 b
‘§‘<1 — |z| <5,
(_575)
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Multiple Choice Practice

1 o0
1. (A) oo > (=1)"a" for |z] < 1.
n=0

e 2n+1
2. (C t = -1" fi 1.
(C) arctanz Z( ) o1 o lz| <
n=0
o0 "
3. (A) In(1+x) Z — has radius 1.
oo oo
4. = (22)" =) 2"a" for |2z] < 1.
n=0 n=0
5. (A) Use the geometric series for H%:
1 oo
n 42n
;=) (1" It < 1.
1+¢ e
Multiply by t and integrate term-by-term:
t oo
— _1 nt2n+1
1+ 2 Z( ) ’
n=0
x ¢ 0 x _— oo p2n+2
——dt = —1”/75” dt = -1 .
/0 1+12 7;( ) 0 T;)( ) 2n + 2

6. (B) If = has R =1, then ;= has R =
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