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5.5 wu-Substitution (Solutions)

1. /x\/l —z2dx
Substitution: TLetu=1—22. Then du= —2xdr — —%du =zxdz.

VI—22 (wdz) = [ a2 (~Lau
/ [ (=3)

1
= —2/u1/2du

_ 12 5,
= 2(3u )+C

1
— _g(l_z2)3/2+0

2. /xsec2(m2)dx
2

Substitution: Let v =2z°. Then du=2zdrx = %du =z dx.

x
3./ ¢ dx
1+ e*

Substitution: Letu=1+¢*. Then du=e*dx.

1 1
/ ~(emdx):/du
1+e* U

=Inju|+C
:‘ln(l—i—e‘r)—l—C‘

i
4. [ 2 4
/(m2+1)3 v

Substitution: TLetu=22+1. Then du=2xdr — %du =xdx.




X
. d
) /1+$4 T
2)2‘

Strategy: Rewrite z* as (z
2

Substitution: Let v =2z°. Then du=2zdrx — %du = zxdz.

[t eo= [ ()

1
=3 arctan(u) + C

1
=5 arctan(z?) + C

6./ L dx
xr+ 2

Substitution: Letu=xz+2. Then du=dzx.
Critical Step: Solve for x =— = =u — 2.

u— 2 U 2
[ =] (an-m) @
:/<u1/2—2u1/2) du
_ (2 32\ 1/2
= (3u ) 2 (2u ) +C

2
= g(gc+2)3/2—4\/ac+2+0

1
7. / (5z +1)% da
0

Substitution: Let u =5z +1 = %du = dx.
New Bounds: r=0—>u=1;, x=1-—>u=6.

- (6* 14
1295 259
20 4

/4
8. / sec?(z) tan(x) dz
0

Substitution: Let u = tan(z) = du = sec?(z) dx.
New Bounds: 1 =0—u=0; z=7/4—->u=1.



VT
9. / zV 22+ 1dx
0

Substitution: Let u=22+1 — %du = zdzx.
New Bounds: 2 =0—-u=1; z=+7—u=_8.

8 8
/ G2 (L an) = 1280
. 2 203" |,

1
— g(83/2 o 13/2)

1 16v2 -1
= Z(16v2—1) = 16v2 -1
3 3
In2
10. / e dr
0
Substitution: Let u = —x =— —du = dxz.
New Bounds: xr=0—-u=0; xz=In2—>u=—1n2.
—In2
/ eu(_du) — _ [eu]aln2
0
- _ 671n2 60)



7.1 Integration by Parts (Solutions)

1. / ze” dx
1

u=uz, dv=e"dr = du=dzr, v=_ec".

/jmemdx: [wem—/ezdm}j

— [ez(xfl)]j =|e‘(e—1)|
2. /xlnmdw

u=1Inzx, dv=xdxr = duzidx, v =

2 2
x T 1
/a:n:cd:v 2 nx /2 ﬂrd:c

2
%lnx—/gda’
2 2

= %lnm—%—l—c.

il
2

™
2 .
3. / z°sinx dx
0

2 .
u=2x", dv=sinzdr = du=2xdr, v=—cosx.

2 . 2
/x sinzdx = —x cos;c+/2xcosxd:v.

For [2zcoszdz, take u = 2z, dv = coszdz, so du

2dxr, v=-sinx:

/Qxcosxda::2xsinx—/2sinxd;t

= 2xsinx + 2cos x.

™

us
2 . 2 .
/ rsinxdr = [—:c cosx+2xsmx—|—2005x]
0 0

4. /xcoszdx

u=uz, dv =coszdr = du=dx, v=sinz.

/xcosxdx:xsinxf/sinxdm
4

z‘msinx—l—cosx—&—c‘.
2
5. / 2 Inzde
1
T

1
u=Inz, dv=a2de = du=—dz, v=—.
T 4

2 4 4 9
/xglnxdx:[—lnx— x—ldas]
1 4 4 x 1
4 CU4 2
5 e~ )
15
={4In2 — — |
T 6

6. /1:2 In(z?) dz

Use In(z?) = 21n |z|:
/x2 In(z”) de = 2/:52 In|z|dz.

.’Ed

1
w=1Inlz|, dv=2"de = du= —dz, v=".
T 3

3 3
/x2ln(x2)dm:2(%ln|x\_/%.%dx)

:2(%3ln|m\ —/?dm)

223 223
= %ln|m|—%+0.

7. /x2 cos(2zx) dz

1
u=21", dv=cos(2z)dr = du=2xdzr, v= = sin(2z).

2
/a:2 cos(2z) dx = % sin(2z) — /xsin(?:c) dx.

For [ zsin(2z)dz, take u = z, dv = sin(2z)dz, so du =
dz, v = —% cos(2z):

/xsin(Zx) dr = —g cos(2x) + %/COS(QZ‘) dz

1
= —g cos(2z) + 1 sin(2z).

2

/:c2 cos(2z) dx = % sin(2z) + gcos(Qcc) - isin(Zw) +C|

8. /1n(:c2 +1)dzx

2z
=1 2 1 = = = .
u=In(z"+1), dv=dxr = du m2+1dw,v T
222
In(z® + 1) dz = zIn(z* + 1) —
/n(w—i—)dm zln(z” 4+ 1) /m2+1

2

zIn(z® +1) — 2z + 2arctanz + C ‘




7.1 Boomerang Integrals (Solutions)

1. /egmcos(i’)m)dm 2. /efzsinxdx

Let I = [ €*” cos(3z) dx. Let I = [e "sinzdaz.

3x
e>® cos(3z) 3z .
I'= 3 +/e sin(3z) dz. I =—e “sinz + /67I cos x dx.

Let J = [ €**sin(3z) dz. Then
Let J = fefz cosx dr. Then

3z 1
J = e7sin(3z) /e338 cos(3z) dzx
] 3 J:—e_"”cosm—/e_"sinxda:
€>% sin(3x)
_ ¢ smbr) g
3

=—e “cosx —I.

3% cos(3)

I= +J
. 3 . I'=—¢"sinz+J
_ ereos(Br) | e sin(3r) I, =—¢ “sinz—e “cosz — I,
3 3
s0 .
632
2 = = (sin(3z) + cos(3z)) 2T = —e " (sinz + cos z)
- e (sin(31:)6+ cos(3z)) Lol . e ® (sinz—i- cos ) Lol




7.2 Trigonometric Integrals (Solutions)

1. /sin?’xdx

2. /sin6 rdx

3. /cos5xda¢

4. / cos* z dx

.2
5. /sm x cosxdx

/sin3xdx:/sinx(1fcos2x) dz

:—/(1—u2)du (w =cosz, du = —sinz dx)

3
/sinGxdx:/(%) dx

:é/(l730052x+3c0522x7c0532x) dzx

= %/(1—3c052x+%(1+cos4x)—i(3cos2m+cos6x)) dx
:/(%—%cos?m—i— %cosélx—gizcosfim) dx
:%mfgsin2x+6%sin4wfr;2$in6x+c.

/cos5xdx = /cosx (1 —sin® z)* dz
:/(1—2u2+u4)du (u =sinz, du = coszdx)

2 3 1 5
—u— 2 - C
[ 3u +5u +
. 2 .3
=sinx — - sin

3 erésinstrC.

2
/cos4xdx:/<w> dx

- /(1 + 2cos 2z + cos® 21:) dx

—

=

,/(1+2cos2:p+ %(1+cos4w)) dx

(g + % cos 2z + écos4x> dx

Il
—_ e

3 1 . 1 .
f§x+15m2x+§sm4x+0.

. 2 2 .
/sm xcosa:da::/u du (uw =sinz, du = coszdx)

3
u
=2 +C
3+
.3
sin- T
= C.
3 +




. 2
6. /smm cos” xdx

. 2 2 .
/smx cos a:da::—/u du (u = cosw, du = —sinz dx)

.4 -
7. /sm x cos® x dx
.4 3 .4 2
/sm T CoS a:dx:/sm x cos” x cosxdr
.4 .2
:/sm z (1 —sin” z) cosz dx

= /(u4 —u®) du (u =sinz, du = coszdx)

5 7
u u
=LY ¢
5 7 +
.5 7
_ sin- x . sin x C.
5 7

.3 4
8. /sm x cos” xdr

.3 4 .2 4 .
/sm T cos xd;c:/sm T cos” x sinxdx

/(1 — cos” z) cos” z sinx dx

— /(u4 —u®) du (u = cosz, du = —sinx dx)

5 7

u u
=——+—=+C

=+

COS5 x COS7 x

5+7

.2 2
9. /sm x cos” x dx

1
/sin2 x cos” xdx = / — sin’®(2z) dx

4
7/1.1—cos4x
] 4 2

1
:/7(1—cos4x)dac

8

1
:g—ﬁsinélm—i—c.

10. /tanzxdx

/taanda: = /(secQar —1)dz

=tanx —x + C.

11. /sec4 xdx

/sec4xd:r: /sec2x(1+tan2 z)dx

= /(1+u2)du (u = tanwz, du:sec2xda¢)
3

u
= —+C
u+3+

tan® x

=tanx + + C.



12. /tan4x sec? x dx

IS
U
<

/tan4 zsec’zdr = [ u (u =tanz, du= sec? :rdx)

=—+C

13. /tan3 x sec’ x dx
/tan3 x sec® zdx = /tan2 x sec” z (sec z tan z) dx
= /(sec2 x — 1) sec” x (sec z tan x) dx

= /(u2 — D’ du (u = secx, du = secz tanz dx)

= /(u4 7u2)du

5 3
u u
S e
5 3 +
5 3
_ sec” T . sec” x C
5 3

14. /tan2 z sec® z dx

/tan2 x sec® xdx = /(sec2 x—1)sec’ zdzx

5 3
:/Sec mdm—/sec rdz.

Compute [ sec® z dz by integration by parts with v = sec® z and dv = sec? & da:
/s.ec5 rdr = /sec3 z sec” zda
= sec’ ztanz — /tanx (3sec® x tan z) da
=sec® ztanz — 3 / sec® ztan® z do

=sec’ rtanz — 3/sec3 z(sec’ z — 1) dx

:sec3:ctan:c—3</sec5xdx—/sec3xdx>.

Solve for [ sec® x dx:

4/sec5xdx:sec3xtanx+3/sec3xd:c

1
/sec5xdw: 1 sechtanx—&—%/sec?’xdw.

Substitute back to finish:

1
/taan sec® v dx = <Z sec® rtanz + Z/SQCBLI}dl’) —/sec3;rd:r
1

1
=1 sec® ztanx — 1/sec3mdm+0.



7.3 Trigonometric Substitution (Solutions)

1. / — Lz

V9 + 3x2
(a) Choose a substitution. Let v = 9 + 3z2. Then du = 6z dz, so xdx = & du.
(b) Rewrite and integrate.

[ st G lan)

= 6/ —1/2 du

u1/2 + C

Vu+C.

Wl =

(¢) Substitute back.

T 1
———dr = =9+ 322+ C.
/\/9+3a¢2 3

T
2. /7(9_’_2%2)3/2 dx

(a) Choose a substitution. Let u = 9+ 22°. Then du = 4z dz, so zdx = § du.

(b) Rewrite and integrate.
i _ —3/2 1
[ @i te= | (4“)

(c) Substitute back.

[ G e = g+ C
(9+2x2)3/27"  2/9+ 222

3 /xidx
' V16 + z2

Quick note. This integral can also be done efficiently by u-sub with u = 16 4+ z® and by rewriting z*> as z°

(a) Identify the form.

\/16+x2 \/:c2+42 = x =4tanf.
(b) Draw the triangle (for tanf = § ).

Va2 +16

(c) Substitute. Let © = 4tanf. Then dx = 4sec® 0 df.
(d) Simplify the radical.

V16 + 22 = /16 + 16 tan? § = 4sec.
(e) Rewrite and integrate.
x> 4tan0 2
/ 16—|—m2 / Toocl (4sec” 0) do
= 64/tan3 0 secddf

= 64/(8602 0 — 1) secHtan 6 df.

- T.



Let u = secf. Then du = secftan 6 df, and

64/(sec29— 1) sec@tan9d9:64/(u2 —1)du

3
:64(%—u)+0

= 6—;56039—645%9—1—0.

vVaZ 416

1 . Thus

(f) Back-substitute. From the triangle, secd =

64 (\/m)i” e (W)

6—3456039—645609 = —

3 1 1
_ %(ﬁ +16)% — 161/22 1 16.

(g) Final answer.

z3 1, 5 3/2
= dr= (2> +16)*? — 1622 + 16 + C.
/\/164—1:2 3( )

4. /\/5—2x2dx

(a) Identify the form.

\/59:)2 . V2x .
V5—2z2 =15 1—( = Va?—u? withu= —=, so use u = sin#.
V5 V5

:r:\/gsine, dx:\/gcosﬁdﬁ.

(b) Trig substitution.

V2
c) Reference triangle (for sinf = .
(c) Ref gle (f 7 )
V5
V2
Vb — 2x2
(d) Rewrite the integral.
\/5*2.%‘2 = \/575sin29: \/5cost9,
SO
5
/\/5 o2 dr = /(\/S cos ) (\/;0080> do
5 2
= —— [ cos”0dF.
i/
(e) Integrate.
/cos%ﬁ’d@z/%d@z % <9+ %sinQ@) +C,

SO

5 1
_2 2 = = iy i 2 .
/ /5 x2 dx 2\/5(0+2sm 0>—|—C

(f) Back-substitute. From the reference triangle,

, V2z V5 — 222
sinf = ———, cos = ——,
V5 NG

SO

6 = arcsin ( ‘{3;) .

10



Also,

sin 260 = 2sin 6 cos 6
() ()

_ 2v/2 /5 — 222
- —

(g) Final answer.

x 5 V2z
V5 —2x2dr = =+/5— 222 + arcsin +C.
/ 2 2V2 ( )

5 / dx
' V5 — 2z2

(a) Identify the form.

ﬂx)Q . ﬂx .
V5—2z2 =15 1—( = +va?—u? withu=-——, so use u = sin#f.
\ V5 V5

x:\/gsinﬁ, dx:\/gcosﬁd&

(b) Trig substitution.

V2z
V5

).

(c) Reference triangle (for sin =

V5

Vb — 2z2

(d) Rewrite the integral.

V5 — 222 = /5 cos,
\/gcose

/\/fwz/\/gcosﬁdez%/d&
%/d@z%—ka

0= arcsin(‘{f;) .

SO

(e) Integrate.

(f) Back-substitute.

(g) Final answer.

[ Loin(22) s

6 / dx
' V16 + z2
(a) Identify the form.

\/16+m2:\/x2+42 = 22 4+ a? with a =4, so use z = 4tan#.

(b) Trig substitution.
r=4tané, dz = 4sec? 6 df.

(c) Reference triangle (for tanf = %)

Va2 +16

11



(d) Rewrite the integral.
V16 + x2 = 4sec,

SO )
4sec” 0

dx
/\/16+x27/4sec0

df = /secHd@.

(e) Integrate.
/sec@d@ =In|secf + tanf| + C.

(f) Back-substitute. From the triangle,

Va2 +16 z
sec) = ——— tanf = —,
4 4
)
Va2 +1
In|sec + tan | = ln‘%m .

(g) Final answer.

ln’w +Vx2+ 16‘ +C.

dx
/ V16 + 22

- / dx
) Ve 11
(a) Identify the form.

V8 ? . NEY
V8x2 — 11 =+v11 ( -1 = +/u?2-—a? withu=—, so use u = sec.
V \ Vi1 N

:EZ\/%SGC@ dx:M%secHtaanO.

V8z
V8r2 —11
V11

V8x2 — 11 = V11 tané,
\/%secetancS‘

dzx 1
/ V822 — 11 / V11tan6 V8 /Sec

(b) Trig substitution.

V8
V11

).

(c) Reference triangle (for sec =

(d) Rewrite the integral.

SO

(e) Integrate.

1 1
— [ secfdf = — In|secl + tanb| + C.
\/é/ v-h nf|

(f) Back-substitute. From the triangle,

V8 VEZ =11
sec = s tanf = Y—
V11 N
so
2 _
In | secd + tan 6| :hl’\/gaﬂrm‘.
VI

(g) Final answer.

dx 1
—— = ——_In|V8 V8x2 — 11| + C.
/\/83;2—11 2v/2 n‘\[m+ v ‘Jr

N —
‘ xzvx? — 16
(a) Identify the form.

\/x2—16:\/x2—42 = z2 — a? with a =4, so use x = 4secf.

12



(b) Trig substitution.
r = 4sech, dx = 4secftanf df.

(c) Reference triangle (for sec = %)

2 — 16

(d) Rewrite the integral.

V22 — 16 = /165ec2§ — 16 = 4tan 6,

SO

1 1
——de= | —— (4 0 tan6) do
/mm v /(4sec9)(4tan9)( sec tan 6)

1

1 0
Z/défz—ka

(f) Back-substitute (solve for 0 using tan@). From the triangle,

opposite  vz? — 16

(e) Integrate.

tanf = = ,
an adjacent 4
o)
V2 —16
0 = arctan )

(g) Final answer.

1 1
/m dr = Z arctan(

(h) Note. Our book defines sec™" to return 6 € (0,7/2) U (m,3m/2). With this convention, § = sec™' (%) automatically handles
both branches: for > 4 it returns an acute angle, and for x < —4 it returns a quadrant-1II angle. We can also solve using

2 _
\/a:4 16) )

tangent: the triangle gives the acute reference angle a = arctan(ivwifm) € (0,7/2); on the z < —4 branch the needed

angle is § = 7 + « (since tan(m + «) = tan ). But the antiderivative after substitution is 16 + C, so

1 1 1 T
10+C—Z(7r+o¢)+0—1a+(0+1>7

and C + 7 is just a new constant. Thus using arctan produces the same antiderivative (up to +C).

22
9. / ——dx
V10 — 322

(a) Identify the form.

/ \/395)2 V3zx
v/ 10 — 322 = V10 17< = Va?—u? withu=——, so use u =sinf.
V10 V10

(b) Trig substitution.

V3z
V10

(c) Reference triangle (for sinf =

).




(d) Rewrite the integral.

2? = W2 0, V10 — 322 = 1/10(1 — sin? 0) = V10 cos 0,

3
)
2 10
T sin” 6 10
" dr= 3 1/— 0| do
/\/10—33:2 v V1 Ocos@( o >
.2
= —— [ sin“ 6d6.
3\/3/

(e) Integrate.
. 9 [ 1—cos20 1 1
/sm 0 do —/72 df = 5 (0 2 sm20) + C,

—_de=—— (60— =sin20 ) +C.
/ V 1()—31‘2 v 3\/§< le >

SO

(f) Back-substitute.

0 = arcsin , sin26 = 2sinfcos = —————.
V10 5
(g) Final answer.
/ Y dr= 5 arcsin (L> z /10 — 322 + C.
V10 — 322 3V3 Vvio) 6

V92 — 16

(a) Identify the form.

V922 — 16 = \/(31’)2742 = u? — a? with u =3z, a =4, so use u = 4sech.

(b) Trig substitution.
3z =4secl = mz%sec@, dmz%sec@tan@d@.

3z
/A V922 — 16
4

(d) Rewrite the integral. From (3x)? — 4% = (4sec)? — 4% we get

4
V922 — 16 = 4 tan 0, = (%) sec* 9 = 256 sec’ 6.

81

(c) Reference triangle (for sec = ?ij)

Therefore,

o2 —
/ 9w 16 /4tan0 (ésecﬁtane)aﬁ

256

27 tan? 0 27

6 ey =1 sin” 0 cos 0 d.

(e) Integrate. Let u = sin6, du = cos 6 db.

. 2 [ 9
16 sin“fcosfdf = 16/ du = 16sm 30+ C.

(f) Back-substitute. From the triangle,

., /922 —16 C 3, (927 —16)%/2
Hence 2 3/2 2 3/2
-1 1 1
9 s, 9 (927167 1 (9% —16)"°

16 16 27x3 48 x3

14



(g) Final answer.

5 2 1p\3/2
VO =16, 1 (927 16 |
Tzt 48 3
11 ; dx
' 22?2 — 16

(a) Identify the form.

Va2 —16 =22 — 42 = x2 — a2 with a =4, so use x = 4secH.

(b) Trig substitution.
x = 4sech, dx = 4secftanfd.

X
//J Va2 =16
4

z? = 16sec” 6, Va2 —16 = 4tané,

(¢) Reference triangle (for sec = %)

(d) Rewrite the integral.

&)
;da:* / ! (4secftan @) do
2222 — 16  J (16sec26)(4tand)
1
=16 cos 0 df.

(e) Integrate.

1 1 .
6 cosfdb = I sinf + C.
(f) Back-substitute. From the triangle,
. x? — 16
sinf =
x
(g) Final answer.
1 Va2 —16

V/5/2
12. / V5 —2x2dw
0

(a) Identify the form.

2
2 2

m: V541 — (fx) = a? —u? with u = 7fx7 so use u = sin 0.
V5 V5

ac:\/gsinO7 dx:\/gcosﬁd&

5 ™
r=0=61=0, :E:\/;¢92:§_

(b) Trig substitution.

Change bounds:

V2x
V5

).

(¢) Reference triangle (for sinf =

V5 — 2x2

15



(d) Rewrite the integral.

SO

(e) Integrate.

5 [ 5 /”/21+cos29 5
- 20do = — TP = 2
ﬁ/ V2 Jo 2 22

(f) Back-substitute.
5

2v2

(g) Final answer.

V5 —2x2 = /5 cosb,

\/5/72 /2 /2
V5 —2x2dx = / (V5 cos 0) \/ECOSG do = S / cos® 0 df.
0 0 2 V2 Jo

{6’ + % sin 26‘}

1 /2
{9 + —sin 29}
2 0

/2 5

5 T
L Taala )"0

\/5/2
Vb —2x2dx =
0

5

42"

13 / P_dz
' 0o V 16 + .T2
(a) Identify the form.

V16 + 22 = \/2? + 42

(b) Trig substitution.
r =4tan0,

Change bounds:

=

dr = 4sec® 0d0,

22 + a? with a =4, so use x = 4tan6.

V16 + 22 = 4sech.

r=0= 60, =0, x:2:>92:arctan(%>.

(c) Reference triangle (for tanf = 2)

(d) Rewrite the integral.

[
0 16 + z2 0

(e) Integrate.

Va2 +16

6o 2 62
4 sec 0d9:/ sec 0 do.
4sech 0

02
/ sec 0 df = [In|sec + tan ]S .
0

(f) Back-substitute. At 0 = 02, we have tanf, =

1 SO
23

sec92:\/1+tan202:1/1+%:§, secO+tan0 = 1.

Therefore

[In | sec§ + tan 6]]¢2 :m(‘/g + %) ~In(1) :m(‘/g+ 1) .

(g) Final answer.

2 2

/2 dx *ln(
0 \/16+$2 2

\/5—1—1)’

72

14. ——d
/(9+2x2)3/2 ¢

(a) Identify the form.

(9—1—2302)3/2 _ (32 + (\/5:5)2)3/2

=

Va2 +u? withu=+v2z, a=3, souseu=atanf.

16



(b) Trig substitution.
V2z =3tanf = m:itane dm:ise029d0.

vz V2
(c) Reference triangle (for tan = \/31’)
V9 + 222
V2z
3

(d) Rewrite the integral.

2% = %tan2 0, 9+ 2z )3/2 (9sec 0)3/ = 27sec® 0,

22 9 tan?0 / 3
(9 + 222) 27 sec3 0 \ /2

tan? 9 1
— sec — cosf) df.
2[/ sec@ 2\/5/( )

SO

(e) Integrate.
(secd — cosf) df = ——= (In|secd + tan 6| —sin ) + C.

(f) Back-substitute. From the triangle,

tan @ = \/ix Secezﬂ sin@zﬂ
37 3 VO + 222
=)
92
In|secd + tanf| = In 9t 2
(g) Final answer.
22
- 1‘\/9 222 + /2 ‘ S,
/(9+2x2)3/2 nv9+ 222 + V22 97+2w2+

/; dz
' (25 + 3x2)3/2
(a) Identify the form.
(25 + 3z )3/2 (5 + (\/gx)2)3/2 = Va?+u? withu=+v3z, a=>5, so use u=atané.

(b) Trig substitution.
V3z =5tanf = x:itanﬁ da::isec29d0.

V3 ’ V3
(¢) Reference triangle (for tan = \/Ex).
V25 + 327
V3z
5

(d) Rewrite the integral.
(25 + 32%)%/% = (255ec? 0)%/% = 125sec’ 0,

1 1
/de—/m<f§ec 9>d9 f/COSQda

SO

(e) Integrate.

1 1
—— [ cosfdf = sinf + C.
25\/??/ 25v/3 o

17



(f) Back-substitute. From the triangle,

(g) Final answer.

[ arrama o= g 4 C
(25 +322)3/2 " 25\/25 + 3a2

18



7.4 Partial Fractions Solutions

1
Factor the denominator:
2 —4=(z-2)(z+2)
Partial fraction decomposition: Decompose the integrand into partial fractions:

1 A n B
(x—2)(z+2) =x—-2 z+2

Multiply both sides by (z — 2)(z + 2) to clear the denominator:
1=A(x+2)+ Bz —2)
Solve for coefficients A and B:

o Let x =2: 1
1=A4(2+2)+B(0) = 44A=1 = AZZ

o Let x = —2: 1
1=A0)+B(-2-2) = -4B=1 = B:—Z

Integrate: Rewrite the integral using the determined coefficients:

[

1 1
:Zln|m—2|—11n|x+2|+0

1
2‘/kx—1Xw+®dx

Partial fraction decomposition:

(z -1 (z+2) - $71+x+2

Multiply by (z — 1)(z + 2):
1=A(x+2)+ Bz —1)

Solve for coefficients:

o Letzx=1: 1
1=4A1+2) = 34=1 = A:g
o Let z=-2: )
1=B(-2-1) = -3B=1 = B:fg
Integrate:

/ <x1£31 - le/rsQ) de

:%mu—u—ému+m+c

1

3. ——d
/ 2 +3x+2 v
Factor the denominator:

2 +3zx+2=(z+1(z+2)

Partial fraction decomposition:
1 A B

(x+1)(x+2) a:—|—1+x+2

Multiply by (z + 1)(z + 2):
1=A(x+2)+B(x+1)

Solve for coefficients:

o Let z =—1:
1=A(-14+2) = A=1
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o Let x = —2:
1=B(-2+1) = —-B=1 = B=-1

/ 1 _ 1 da
r+1 T+ 2

=hnjz+1|—-Inlz+2|+C

Integrate:

2x+ 3
4. ——d
/x2—|—1’—2 v

Factor the denominator:
P 4r—2=(x—-1)(z+2)

Partial fraction decomposition:
2z + 3 A B

(z -1 (z+2) x71+:17+2

Multiply by (z — 1)(z + 2):
20 +3=A(x+2)+B(x—1)

Solve for coefficients:

o Letx=1: 5
2)+3=A1+2) = 5=34 = A:g
o Let x = —2: 1
2(-2)+3=B(-2-1) = -1=-3B = B:§
Integrate:

/(j?1+;£2>“

1
:gln|x—l|+§ln|x+2|+c

dx

1
5.
/w3—x

Factor the denominator:

2 —r=z@®—-1)=z(@—-1)(z+1)

Partial fraction decomposition:

1 AJr B n C
zz—1)(z+1) =z =xz—-1 z+1

Multiply by z(z — 1)(z + 1):
1=A(x—-1)(z+1)+Bz(z+ 1)+ Cx(zx—1)

Solve for coefficients:

o Let x =0:
1=A-1)(1) = 1=-A = A=-1
o Letx=1: 1
1=B(1)(2) = 1=2B = B:§
o Let x =—1: 1
1=C(-1)(-2) = 1=2C = C:5
Integrate:

112 1/2
/(_E+x71+x+1>m

1 1
:—ln\x|+§ln\x—1|+5ln|x+l|+0

2
x
6. / e dx
Method 1: Substitution
Let v = 2% — 1. Then, du = 3z dz, which implies z? dz = %du. Substituting into the integral:

1 1 1

20



Substituting back u = 2% — 1:
1
= gln|m3 —-1|+C

Method 2: Partial Fractions
Factor the denominator: z° — 1 = (z — 1)(2® + = + 1).

22 A Bx+ C

(z—D(@=2+z+1) z—-1 z22+4+zx2+1

Multiply by (z — 1)(z® + z + 1):
=A@ +x4+1)+ Bz +O)(z—1)

e Letz=1:1=34 = A=3.
° Equatecoefﬁcientsofm2: 1=A+B = 1:%+B = B:%.
e Equate constant terms: 0=A4A—-C = C=A= %

1 1 1 % + 1
S N PR R
3/33—1 x+3/x2+x+1 v

Noting that the numerator (2x + 1) is the exact derivative of the denominator (z® + z + 1) in the second term:

The integral becomes:

= %ln|x7 1]+ éln|:r2+:r+1|+0
Using log properties (Ina + Inb = In ab), this confirms the result from Method 1:

:%1n|(x71)(x2+x+1)|+0:%1n|x371|+0

1
. —d
/ x(z2+1) v
Partial fraction decomposition:
1 _A Bzx+C

z(xz2+1) =z x2+1

Multiply by z(2? + 1):
1=A@*+1)+z(Bz + O)

Expanding terms:
1=(A+B)z*+Cz+ A

Solve for coefficients: Equating coefficients of like powers:

e Constant term: A = 1.
o r term: C =0.

e z2term: A+ B=0 — 1+ B=0 — B=-1.

1 T
/<Eix2+1)dx

For the second term, let u = 22 + 1, so du = 2z dz, or %du = xdx.

Integrate:

:ln|x|—%ln(m2+1)+c

(Note: |z* + 1| can be written as (2 4 1) since it is always positive.)

x
- / Bt ®
Stmplify the integrand: Before applying partial fractions, reduce the fraction:

T T 1

23 +22  22(x+1)  x(z+1)

Partial fraction decomposition:

Multiply by z(z + 1):

Solve for coefficients:
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o Letz=0:1=A(1) = A=1.
o Letz=-1: 1=B(-1) = B=-L1

Integrate:

/(i%il)dw

=Injz|—Ilnjz+1|+C

1
[ e=rern®

Partial fraction decomposition: Include a term for each power of the repeated factor (z — 1):

A n B n C
(x—12(x+2) z—-1 (z-1)2 zx+2

Multiply by (z — 1)2(z + 2):
1=A(x—1)(z+2)+ Bz +2)+ C(z —1)°

Solve for coefficients:

o Letz=1: 1
1=B(1+2) = 3B=1 — B:g
o Let z=-2: .
1=C(-2-17% = 1=0(-3° = 9C=1 = C=3
e Equate coefficients of z?: Expansion gives Az? + Cz? = (A 4 C)z2. Since there is no z> term on the left side:
1
A+C=0 —= A=-C = A:—§
Integrate:

/ (_ xligl * (a:l—/gl)2 + xl—/|—92> de

:—$1n|x—1|+%/(m—1)72dx+$ln|x+2|

1

1

+éln|x+2|+0

dx

zt + 223+ 322 + 42+ 5
10.
(z—1)(x2+z+1)
Step 1: Long Division
The denominator expands to 2 — 1. Since the degree of the numerator (4) is greater than the degree of the denominator (3),
perform polynomial long division.

Dividing z* + 223 4+ 322 + 4z + 5 by 2 — 1 yields:
Quotient = z + 2, Remainder = 32> + 5z + 7

322 +524+7
/(”2)61”/(%1)(#”“)

The first part integrates to %xQ + 2x. We focus now on the rational function.

Thus, the integral becomes:

Step 2: Partial Fraction Decomposition

322 +5x+7 A Bz +C

(z—1D(@2+z+1) x71+x2+x+1

Multiply by (z —1)(z* + 2 + 1):
32° + 52 +7=A@"+z+ 1)+ (Bz+C)(z —1)

Solve for coefficients:

o Letx=1:
3(1)+5()+7=A14+1+41) = 15=3A = A=5

e Equate coefficients of z2:
3=A4+B = 3=54+B = B=-2
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e Equate constant terms:
T=A-C = 7T=5-C = C=-2

5 —2x —2
/m—ldx—’—/:ﬁ—&—w—i—ldm

The first term is 5In|z — 1|. For the second term, factor out —1 and split the numerator to match the derivative of the

denominator (2x + 1):
2z + 2 2z +1 1
- ——do=—- | 5———do— | 5———d
/mQ—i—m—i—l v /x2+x+1 v /x2+x+1 v
2z+1

(a) [ g der=1In |z? 4 2 + 1| (using u-substitution).

Step 3: Integrate the Rational Part

(b) [ m dz: Complete the square in the denominator.

P rotl= (ot 2+§
B 2 4
du V3

Using the standard integral [ P Ltan~'(%), where a = 43:

e (S5 e (55

Final Answer: Combining all parts:

1 2 2 2 ,1(21‘+1)
—xz°+2x+5njz—1|—In(z"4+2x+1) — — tan +C
2 oot '~ V3
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7.8 Improper Integrals Solutions

>~ 1
L[ s
o 1+a?

This is an integral over an infinite interval. We evaluate the limit:

b

b
lim dr = lim {arctan :L’]
booo Jo 1+ a2 b—r 00 0
™ ™
=1 tan b — arct =——-0=|=
bg{)lo(arc anb — arctan0) 3 0 5

i
2. / —dz
0 VT
The integrand has an infinite discontinuity at « = 0.

1

1
lim x Y2dr = lim [2301/2}
a—0t J, a—0+ a
= lim (2(1) ~2Va) =2 -0 =
a—0

3./ e dr
0

Evaluate as a limit to infinity:

b b
lim e “dr = lim {—671}
b— oo 0 b—o0 0

b b
lim z7?dr = lim [—f}
b—oo Jq b—o0 rl1l
=lim (———(-1) ) =0+1=]1
jim (5~ () =0+
1
1
5. dz
/0 VvVi—z
The integrand is discontinuous at x = 1. Let u =1 — z, so du = —dx.

e Limits: Asz — 0,u =+ 1. Asxz — 17,u — 0t.

1 1
/ (1—m)_1/2dx:/ u % du
0 0

1

lim [2u1/2} —=2(1) 0=

a—0t a

The new integral is improper at v = 0:

[
——dx
—1 1—162

Discontinuous at x = —1 and x = 1. Technically, we split the integral at 0.

=

= arcsinx
Evaluating the limits at the endpoints:
lim arcsinx — lim arcsinz
r—1— r——1t



<1
7./ —2
1 T

Rewrite as an improper integral:

] b1
/ n—j dr = lim n—; dx.
1 X b—oo 1 x
Use integration by parts with
1 -2
u=Ilnzxr = du=—dx, dv=zx"*dx

Then

8

=

_ [ Inz] _/b<_1) <1dx
L oz |, 1 T T
mz]® [P 1
L 2 11 1 X
Inz]® [1T
= |-—| +|-=| -
L T 1 Tl

1
Now take the limit. Since n—b —0asb—ocand Inl =0,

and

Therefore,

8. /O () de

Discontinuous at z = 0. flnwdx =zlnz —x.

[az In

x— z] — lim (alna —a)
1 a—0t

We use L’Hopital’s Rule for the limit: lim, o+ 5% = 0.

e T
9. —d
/0 (1+a22 ™
Let u =1+ 22, du = 2z dz.

e Limits: x=0—u=1,2 — 00 = u— 0.

— lim

2 b—oo 1 2 b—oo

2 dr
10. —_—
0 /0 (2— )13

Discontinuous at £ = 2. Let u =2 — z.

(0-1)—(0-0)=[-1]

b
1 1
w2du= = lim {—f}

25
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11.

12.

13.

14.

e Limits: 2 =0—u=2,2—2" —u—0".
2
. 3 212
/ w3 du = lim Puwﬂ
0 a—0+ L2 a
3
= S 0=
| 7=
———dx
0o V1—zx2
Discontinuous at = 1. Trig substitution = = sin # removes the singularity.

o Limits: 1 =0—0=0,2=1—60=mn/2.

/2 2 /2
/ S0 s0dh = / sin? 0 df
0 0

cosf

1—cos26.

The new integral is proper. Using sin® 6 = o

w/2
/ tan x dx
0

Discontinuous at = w/2. Antiderivative is —In | cos z|.

b
lim [— In(cos x)}
b—m/2- 0

Asb— 7/27, cosb — 0T, so In(cos b) — —o0.

—(~00) — (=In1) = cc.

e 1
/1 z (Inz)? d

Let u =Inz, du = dz/x.
e Limits: z=1—-u=0,x — oo = u— oco.

This transforms into fooo u~2 du. This integral must be split because it is improper at both 0 and oco.

1 fe%s)
/ u du + / u2du
0 1

Looking at the first part: lim,_,o+[—1/u]l = —1 — (—00) = co. Since one part diverges, the whole integral diverges.

Diverges

/°° dx
0o Vz(l+a)
Improper at 0 and co. Let = = ¢2, dx = 2t dt.

e Limits: x=0—t=0,2z — 00 -t — o0.

ot dt |
/ 722/ I
o t1+12) o 1+t

The substitution removed the singularity at 0. We only evaluate the limit at co:

b
—»00 0

2 blim {arctant} =2 (% — 0) =
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9.1 Differential Equations (Solutions)

Multiple Choice Practice

1.

10.

Verify whether y = e2* is a solution to y' = 2y.
y =2, 4 = 2%
2y = 2% =/
(A) Yes
Is y = 22 + 1 a solution to y’ = 27
y=x*+1, 3y =2
(A) Yes

. Which of the following functions satisfy ' = 3y? (Select all that apply). (A) and (B)
. Which of the following satisfy y” +y = 07 (Select all that apply). (A), (B), and (D)

. Solve y' = 6z.

/dyz/ﬁxdm

y=3z2+C
(D) y=322+C

d
. Solve ﬁ = cos(x).

y= /cos(a:) dx =sin(z) + C
(B) y =sin(z) + C
Solve 3 = 2z, with y(1) = 6.

/dy:/2xd:z:

y=z>+C
y(1)=6=14+C=6=>C=5

y=ax>+4

(D)

d
. Find the particular solution to d—y =e", y(0) = 3.

x
y:/exdazzex—kc
y0)=3=14+C=3=C=2

(B)

True or False: If ¢/ = 2y, then any solution graph must be increasing wherever y > 0.
True: If y > 0, then ¢ = 2y > 0, so the graph increases.

True or False: If 3y = —y, then solution curves are always decreasing when y > 0.
True: If y > 0, then ¢y = —y < 0, so the graph decreases.
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Free Response Practice

1. Verify that y = €37 is a solution to 3 = 3y.

— 6396
y/ — 36350 — 3y
2. Verify that y = sin(2z) is a solution to y” + 4y = 0.
y = sin(2x)
y' = 2cos(2x)

y" = —4sin(27)
y" + 4y = —4sin(2z) + 4sin(2z) = 0
3. Verify that y = 2% + 1 satisfies ¢/ = 2z.

y::L“2+1

/

Yy =2z

4. Solve y' = 2z given y(1) = 5.
dy

/dy—/2xdx

=2+ C
Usey(l)=5: 5=12+C=C=4

y=21°+4

5. Find the particular solution to g—g = 3e” with y(0) = 2.

d
—y—3e
/dy—/Be dx
y=3e"+C
Usey(0)=2: 2=3"4+C=3+C=C=-1
6. Solve % = sin(z), with y (§) = 0.
@—sm (x)

/dy—/sm ) dx

y = —cos(z)+C
Usey(z)zoz Oz—cos<2)+C’:>C—0

y = —cos(x)
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9.3 Separable Differential Equations (Solutions)
Multiple Choice Practice
dy
1. (C = =
€) =y
Separable: %dy =xdx

d
2. (C) d—y::r—l—y

Not separable — cannot write as a product g(z)h(y)

3. (C) y=Ce’/3
From % =2’y = %dy =z2dr = Inly| = %x?’ +C
4. (A) y=Ca3
From%:%jidy:%dlen|y|:3ln|x\+0
1
(A =
5. (A) y=5—

From%:yQ:—%:x+C,usey(O):2:>C':—

N[

. (B) y=3e"/3
Separable: %dy =(1—-2%dz=Inly| =2 — %$3 + C, then apply initial condition

(@)

7. (B) y=Ca?
From %:%iidy— 2der = In|y| =2In|z| +C

Tz

3
8. (A) y2=2%+c

From%z%iydyzﬂdmi%yzzgx?’%-c

Free Response Practice

1. Solve v/ = zy
Note: y = 0 is a contant solution. If y £ 0, then

dy _
dr Y
1
—dy = xdx
Yy

1
/dy—/:l:dac
(Y

1
In|y| = 59:2 +C

Le2ec O a?)2

yl = 340 = €
y::I:eC-e”"’Q/2
y:Aex2/2

where A is any constant, including 0.

2y
T

2. Solve y =
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Note: y = 0 is a contant solution. If y # 0, then

dy _ 2y
dr
1 2
—dy =—dzx
Y T

1 2
/dy:/dl‘

y x

Inly|=2Inz|+C

[yl =€ - |af?

y=+e’ - 2?
y = Az’
where A is any constant, including 0.
3. Solve i = z(1 + 3?)
dy 2
27 (1
7 = r1+y)
dy =z dx

1+ 92

1
/1+y2dy:/mdx

1
arctany = 53:2 +C

1
y = tan <2x2 + C')

4. Solve y = y?, with y(0) =1

dy _ o
dx
1
dey:d:c
/y_Qdy—/dx
1 -1
Yy v Y x+C
-1
0)=1= =1=C=-1
y(0) e
-1
y_:pfl
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5. Solve 3/ = (1 — z?)y, with y(0) = 2

y:2exf:r3/3
6. Solve 3y = 2%(1 +y), with (1) =0
dy 2
a——g
o = (1+y)
1
——dy=2%d
1+y /70"
1

——dy= [ 2°d
[rgin= [

In |1+ y| :%xi’wfc
14y] =€
1+y:j:ec-em3/3 = Ae®/3
y:Ae$3/3—1
y(1) =0= AP =1=A=c1/3

y = e@?=1/3 _ 4

7. Solve y/ = £

dy _y

dr =z

1

—dy = —dzx
Yy x

1 1

/dy: —dz

Yy x
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8. Solve y = .

dy
dr  y
ydy = zdr
/ydy—/xdm
L 2
T2 — C
2V =am
y2:x2+c
9. Solve y = ﬁf:l
dy 2y
dr  x+1
1 2
—dy = dx
Y z+1

/1dy:/ 2 dx
Y r+1
Inly|=2Inlz+1|+C
ly| = e + 1)
y=+e(x+1)% = A(z + 1)
y = Az +1)?
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6.1 Areas Between Curves (Solutions)

1. Find the area enclosed by the curves y = 22 and y = 4.

\_

Solve 22 = 4 to get © = +£2. On [—2,2], the top curve is y = 4 and the bottom curve is y = z2, so

a:?’r 32

A:/2(4—x2)dx:2/02(4—3:2)d:v:2[495—3

—2 o 3
2
A=22
3
2. Find the area between the curves y = 2% and y = z.
Y
Yy =
1 +
1’3
,'1 1 xr
~14
Solve 2% = x: (22 — 1) =0, 80 x = —1,0,1. On [0,1], z > 23, and symmetry gives
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3. Compute the area enclosed by y =sinz

13

The curves meet when sinz = cosx, which occurs at z = 7. On [0, ﬂ, cosx > sinx, and the two pieces

have equal area, so

/4
A:2/ (cosx—sinx)d:z::2[sinx+cosx}g/4:2(\/5—1).
0

A=2(V2-1)

4. Determine the area of the region bounded by y = 2>+ 1 and y = 3.

Intersect where 22 + 1 = 3, so = ++/2. The top curve is y = 3 and the bottom curve is y = 22 + 1, hence

V2 V2 V2
A:/ (3—(w2+1))da::/ (2—x2)dx:2/ (2 — 2?) dz.
V2 V2 0
A=2 2x—$—3\/§—%
B 3] 3

0
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5. Find the area enclosed by y =¢* and y =4 for 0 <z <In4.

R N
0 In4 T

On [0,1n 4], the top curve is y = 4 and the bottom curve is y = e*, so

In4
Az/ (4—¢") dr = [4z — e*|** = 41n4 — 3.
0

[A=4In4 - 3]
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6.2 Volume by Known Cross-Sections (Solutions)

1. Circular Base, Square Cross-Sections.

e Base: The base is the circle
z? + y2 <A4.

Slicing: A slice perpendicular to the z-axis at a given x meets the circle at
y=+vV4— 22

so the width is

2/ 4 — x2.

Cross-Section: Each slice is a square with side length

s(z) =2V4 — a2,

hence its area is

Az) = (24 — 22)® =16 — 422,

Volume: The solid extends from z = —2 to z = 2, so

2
V:/ (16 — 42?) da.
—2

Computation:

64

=64 — —

3
19264 128
3 3

e Answer: V = % cubic units.
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2. Triangular Base, Semicircular Cross-Sections.
e Base: The triangular base is bounded by
r=0, y=0, and y=4-—r=.

e Slicing: For a fixed = (with 0 < z < 4), the vertical slice extends from y = 0 to y = 4 — z. Thus, the
diameter of the semicircular cross-section is

D(z) =4 —x.
e Cross-Section:
— The radius is
(2) = 4—x
r =—5
— The area of a semicircle is half that of a full circle:
1 (4 —x)?
Aw) = grlr(@) = 8)

e Volume: The volume is A A
V:/A(Jf)d$:7r/(4$)2d$.
0 8 Jo

e Substitution: Let u = 4 — x so that du = —dz. When z =0, u = 4; when x = 4, uw = 0. Then,

0 4
V:ﬂ/ u2(du):ﬂ-/ u? du.
8 Ja 8 Jo

e Compute the Integral:

e Result:

e Answer: V = %“ cubic units.
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3. Square Base, Equilateral Triangular Cross-Sections.

e Slicing: Slicing perpendicular to the x-axis, each slice has a base (in the y-direction) from y = 0 to
y = 3 (length 3).
e Cross-Section: For an equilateral triangle of side s, the area is
V3

A = 782.

With s = 3, the area becomes

e Volume: 5
2
V:/ Alwyde = 23 3 _2TV3
0 4 4

27V3

e Answer: V = 1 3 cubic units.
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4. Rectangular Base, Right Triangular Cross-Sections.

e Slicing: We slice perpendicular to the y-axis. At a fixed y, the slice has a length of 5 in the x-direction.
e Cross-Section: Each slice is a right triangle with base 5 and height y. Thus, the area is

1 oY
Aly) ==-5-y=—.
) =55y=7
¢ Volume: )
oY
= —d
v /0 2 ¥
e Compute:
5 2
V= d
), v
5[y2]2
202,
5 4

e Answer: V = 5 cubic units.
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5. Circular Base, Equilateral Triangles.

e Base: The base is the circle
z? +y? < 1.

Slicing: At a fixed y, the chord in the z-direction runs from

r=—y1—-9y%2 to z=+/1-—192%

with length

21 — 12,

Cross-Section: This chord forms the base of an equilateral triangle, so its area is

V3

Aly) = a1

( 1 —y2)2 = V3(1—9?).

Volume:

1
V:/_1\/§(1—y2)dy.

Compute the inner integral:

e Result:

e Answer: V = % cubic units.
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6. Triangular Base, Rectangular Cross-Sections.
e Base: The triangular base is bounded by
r=0, y=0, z+y=
For a fixed x € [0, 6], y runs from 0 to 6 — z. Define
L(z) =6—x.

e Cross-Section: The rectangle at x has:
— Base (in the zy-plane): L(z) =6 — z,
— Height (in the z-direction): 2(6 — ).

Thus, its area is

e Volume:

6
V :/ 2(6 — z)% d.
0

e Substitution: Let u = 6 — x so that du = —dx. Then,

0
V= / 2u? (—du)
u=6
6

:/ 2u? du.
0

6 3716
/2u2du:2[u}
0 3 1o

e Compute:

e Answer: V = 144 cubic units.
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7. Elliptical Base, Square Cross-Sections.

e Base: The ellipse is given by

e Slicing: For a fixed ¥, solve for z:

Hence,
9y2 3
=4 /9— - =S4 2
v 4 2 Y

2-2\/4—3/2 =34 —y2.

e Cross-Section: Since the cross-sections are squares,

Aly) = [3\/4 — y2]2 —9(4 — 1) = 36 — 9y

The total width is

e Volume: Integrate with respect to y (from —2 to 2):

2
V= / (36 — 9y°) dy.
-2

e Computation:

2
/ 36 dy = 36 [y]%, = 36(4) = 144,

Therefore,

V:144—9<1;> = 144 — 48 = 96.

e Answer: V = 96 cubic units.
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8. Isosceles Trapezoidal Cross-Sections over a Square Base.

e Slicing: For a fixed «, the cross-section extends in y from 0 to 4. Thus, the longer base is 4 and the
shorter base is 2; the trapezoid’s height (perpendicular to the zy-plane) is 1.

e Cross-Section: Its area is
442

2

4
Vz/ 3dx = 12.
0

A x 1=23.

e Volume: Since the area is constant,

e Answer: V = 12 cubic units.
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9. Parabolic Region, Rectangular Cross-Sections (Height Proportional to y).
e Base: For a given z, the region in y goes from 0 to 4 — x2; thus the width is
4 — 22
e Cross-Section: The rectangle has width 4 — 22 and (constant for the slice) height
2(4 — 2?).

Its area is
Alz) = (4 —2?) - 2(4 — 2%) = 2(4 — )%

e Volume: The region in z is from 0 to 2, so

2
V:/ 2(4 — x*)? dx.
0

e Expand and Compute: Note that
(4 — %)% =16 — 822 + z.

Then,

V:2/02<16—8:r2+:c4)da:

2 2 2
:2[/ 16dm—8/ xzdac—i—/ x4dx}
0 0 0
2 2 2
8 32
/16d1::32, /:32(1,9::, /x4d1::.
0 0 3 0 5

e Individual Integrals:

e Thus,
8 32
V=2(32-8-+—
(s2-0:5+5)
64 32
=2(32— —+ —
(25 %)
2_32-15—64'54-32-3
| 15
2_480—320+96
T 15
_,[206] _ 512
STl 157
e Answer: V = 22 cubic units.

15
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