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Overview of Topics

§5.5 u-Substitution

e When to use: For integrals of composite functions where one part is the derivative of another.

e Steps:
1. Choose u = g(x) where g(z) is inside another function.
2. Compute du = ¢'(x) dx.
3. Rewrite the integral in terms of v and du.
4. For definite integrals, update the limits: if x = a, then v = g(a); if z = b, then u = g(b).
5. Integrate with respect to u and substitute back (if needed).

§7.1 Integration by Parts and Boomerang Integrals

/udvzuv—/vdu.

e Choosing u and dv: Use the LIATE rule (Logarithmic, Inverse trig, Algebraic, Trigonometric, Exponential).

e Formula:

e Boomerang Integrals: In some cases (e.g., [ €*® cos(bz)dz or [ e sin(bz)dx), applying integration by parts
twice brings you back to a multiple of the original integral. Solve for the original integral algebraically.

§7.2 Trigonometric Integrals Using Identities and u-Substitution
e Key Identities:

Pythagorean: sin®x 4 cos?z = 1.

— Tangent: tan?z + 1 = sec® x

2

~ Power-Reducing: sin?z = (1 — cos2z), cos’> z = $(1 + cos 2z).

Product-to-Sum: sinz cosz = % sin 2x.

e When to use u-substitution: If the integral involves sine and cosine, reserve one factor for du if one power
of sine or cosine is odd. If the integral involves secant and tangent, reserve either sec x tan z or sec? x for du.

e Strategy: Simplify the integrand with identities, then apply u-substitution as appropriate.

§7.3 Trigonometric Substitution

e When to use: For integrals containing radicals such as va2? — 22, Va2 + 22, or va2 — a2.

e Substitutions:

— For Va2 — z2: let x = asinf, dv = acosf df, and va? — 22 = acosf.
— For Va2 + z2: let x = atanf, de = asec’®df, and Va2 + 22 = asech.
— For V22 — a?: let x = asecf, dov = asecOtandf, and Va2 — a? = atanb.

e After Substitution: Use trigonometric identities to simplify the integrand before integrating.



§7.4 Partial Fractions

e When to use: For rational functions gg; where the degree of P(z) is less than the degree of Q(x).

e Steps:

1. Factor the denominator Q(z) into linear and/or irreducible quadratic factors.
2. Express % as a sum of simpler fractions.

3. Solve for the unknown coefficients.
4

. Integrate each term separately.

§7.7 Approximating Definite Integrals

Midpoint Rule

e Method: Divide the interval [a,b] into n subintervals of equal width Az = =4,

n

e Midpoints: m; = a + (z’— %) Ax fori=1,2,...,n.

e Approximation:

Trapezoidal Rule
e Method: Divide [a,b] into n subintervals, with Az = 22,

n

e Approximation:

Ax
=5

n—1
fla)+2> " fla+iAz) + f(b)
=1

§7.8 Improper Integrals and the Comparison Theorem

e Improper Integrals:

— Infinite Limits: Replace co with a limit:

/aoo f(a)de = lim /abf(x) da.

— Discontinuous Integrands: Break the integral at the point of discontinuity and take limits.
e Comparison Theorem:

~If0< f(z) < g(x) for z > a and [ g(z) do converges, then [*° f(x)dx also converges.
— Conversely, if [ f(z) dx diverges, so does [ g(z) da.



Formulas to Know

Integrals
Integral Antiderivative
Integral Antiderivative
o+l /secxdm In|secx + tanz| + C
/:):”dx +C, (n#-1)
1 n+1 cscx dx —In|escz 4+ cotz| + C
/ —dx In|z|+C
x /sechdx tanx + C
/ e’ dx e’ +C
/CSCQdeZ —cotx +C
/sinxdac —cosz +C
/secx tanxdx secx + C
/cosxd:v sinx 4+ C
/cscx cotxdr —cscx+C
tanxdr —In|cosz|+C 1 1
/ / T 5 dx ftan71(£>+0
/cotxdw In|sinz| 4+ C v 1a “ 2 “
o1
/dx sin (—) +C
a2 — 2 a
Trigonometric Identities
Identity Formula
Pythagorean sin? x 4 cos?xz = 1
Tangent Identity tan?z + 1 =sec’z

2 2

1 1
xzi(l—cos%:), cos x:§(1+0082x)
1
2
Double-Angle Formulas sin2z = 2sinzcosx, cos2x =2cos’x —1=1—2sin’z

Power-Reducing Formulas sin

Product-to-Sum sinxz cosx = 5 sin 2x

Trigonometric Substitutions

The table below summarizes the three standard trigonometric substitutions:

Expression | Substitution Interval Identity
va? — x? T =asinf —-5<0< 7% 1 —sin?6 = cos? 6
Va2 + z? xr =atanb -7<0<% 1+ tan? 6 = sec? 0
Va2 —a? x =asech 0§9<g01r7r§¢9<377r sec?f — 1 = tan246

Each substitution corresponds to the sides of a right triangle:

a T
x 22
0 0
VaZ — 72 a
Substitution: x = asin 6 Substitution: £ = atan Substitution: x = asec



Approximate Integration

We approximate the integral I = f: f(x) dx using four common methods:

e Left-hand sum (L)

e Right-hand sum (R,,)

e Midpoint rule (M,), (here, the tops of the rectangles have been “rotated”)

1\

e Trapezoidal rule (7,)




Relation of Each Method to the Integral

The behavior of each method depends on two key features of f:

1. Increasing/Decreasing: For an increasing function, the left-hand sum underestimates and the right-hand
sum overestimates I. For a decreasing function, the roles are reversed.

2. Concavity:

o If f is concave up, then the graph of f lies below the chord joining any two points on it. Consequently,
the trapezoidal rule overestimates the true area for an increasing function. In contrast, the midpoint
rule uses the value at the center of the interval; for a concave up function this value is lower than the
average of the endpoints, so the midpoint rule underestimates the area.

o If f is concave down, the graph lies above the chord. Thus, for an increasing function the trapezoidal
rule underestimates I while the midpoint rule overestimates it.

Function Type Concave Up Concave Down
L,, : Underestimate L, : Underestimate
. R,, : Overestimate R,, : Overestimate
Increasing . .
M, : Underestimate M, : Overestimate
T, : Overestimate T, : Underestimate
L, : Overestimate L, : Overestimate
. R,, : Underestimate R, : Underestimate
Decreasing . .
M,, : Underestimate M, : Overestimate
T, : Overestimate T, : Underestimate

Comparison of Integral Approximations

1. Increasing, Concave Up: Since the function is increasing, the left Riemann sum L,, underestimates the
integral, while the right Riemann sum R,, overestimates it. Therefore:

L,<I<R,

Now, imagine constructing a rectangle whose height is determined using midpoints. The function is increasing,
so the function value at the left endpoint is lower than at the midpoint. Since the function is also concave up,
the secant line between the endpoints of the subinterval lies above the function’s graph. This means that if we
visualize “rotating” the top of the midpoint rectangle so that it is parallel to the secant line, we would need to
raise its top. In other words, the midpoint rectangle determines a trapezoid that lies below the curve, and the
secant line determines a trapezoid that lies above the curve. Therefore:

M, <I<T,
Comparing L, and M,, the left endpoints are lower than the midpoints, so:
Ly, < M,.
Each trapezoid lies within the rectangle obtained from using right endpoints, so:
T, < Ry.

Thus, the overall ordering is:

b
L,<M,< / f(x)dx < T, < R,.
a



2. Increasing, Concave Down: Since the function is increasing, L, underestimates the integral, while R,
overestimates it. Therefore:

L,<I<R,

Now, consider the midpoint rule. Since the function is concave down, the secant line between the endpoints
lies below the function’s graph. This means that if we visualize “rotating” the top of the midpoint rectangle so
that it is parallel to the secant line, we would then need to lower its top. In other words, the midpoint rectangle
determines a trapezoid that lies above the curve, while the secant line determines a trapezoid that lies below the
curve. Therefore:

T, <I<M,

Comparing L, and T}, each rectangle determined by the left endpoint lies within a trapezoid determined by
the secant line, so:
L, <T,.

Since the midpoints are lower than the right endpoints:
M, < R,.

Thus, the overall ordering is:

b
Ln<Tn</ f(z)dxr < M, < R,.

3. Decreasing, Concave Up: Since the function is decreasing, L, overestimates the integral, while R,, under-
estimates it. Therefore:

R,<I< L,

For the midpoint rule, since the function is concave up, the secant line between the endpoints lies above the
function’s graph. If we visualize “rotating” the top of the midpoint rectangle so that it is parallel to the secant
line, we would then need to raise its top. This means the midpoint rectangle determines a trapezoid that lies
below the curve, while the secant line determines a trapezoid that lies above the curve. Therefore:

M, <I<T,
Comparing R, and M,, the right endpoints are lower than the midpoints, so:
R, < M,.
Fach trapezoid lies within the rectangle obtained from using left endpoints, so:
T, < L.

Thus, the overall ordering is:

b
R, < M, < / f(x)dx < T, < Ly.



4. Decreasing, Concave Down: Since the function is decreasing, L, overestimates the integral, while R,
underestimates it. Therefore:

R,<I<L,

For the midpoint rule, since the function is concave down, the secant line between the endpoints lies below the
function’s graph. If we visualize “rotating” the top of the midpoint rectangle so that it is parallel to the secant
line, we would then need to lower its top. This means the midpoint rectangle determines a trapezoid that lies
above the curve, while the secant line determines a trapezoid that lies below the curve. Therefore:

T, <I<M,

Comparing R, and T, each rectangle determined by the right endpoint lies within a trapezoid determined by
the secant line, so R, < T,. Since the midpoints are lower than the left endpoints, we have M, < L,. Thus, the
overall ordering is:

b
R, <T,< / f(z)dzr < M, < L.

Summary of Orderings:

Case Graph Order
ncreasing, L, <M, < [ f(z)dz < T, < R,
Concave Up 1

Increasing, / L, <T, < ff(fﬁ)dx <M, <R,

Concave Down

Decreasing, \ R, < M, < ff(:c)dx <T, <Ly

Concave Up

Decreasing, ’\ R, <T, < [ f(x)dz < M, < L,

Concave Down




Integral Practice

5.5 wu-Substitution

Notes Practice
1. /ms cos(z* +2) dx 1. /acex2 dx
2. /\/Qm—i—ldnc 2. /cos(3x) dx
x
3. | ——=d N
/m T 3 /x z? + 1dx
4. /651 dx 4. /sin(Zx) cos(2z) dx
5. /tan(m)dm 5. /ln(:r) dx
x
4
6. / V2z + ldx 6. / z e
0 2 +1
? dz 3 at
8./m—$daj 8. /ac x? —ldx
1@
. 9 / x
WebAssign : 21
z3 . 2
1. mdm 10. /sm (z) cos(x) dx
Mdt 11. /sin2(3m)cos(3z) dz
Vit
3. /(S—Bx)m dz 12. /tan(?x) sec’(2x) dx
30
L /Mdm 13. /\/;r+1dx
x
2/3 23
5. /y2 5—1g° dy 14./7d
G-y") e 0o
1
. 1
6. / V14 Txdx 15. /7(1
0 zvz +1 ‘
6 1/x 2
7./ 5 da 16./ = ds
1 z3 41
/6 sin(t)
1= 52
8. /o cos2 () dt 17. /Qx 1—a22dx



7.1 Integration by Parts

Notes

1. /xsinwdw.
2. /lnmdac.
3. /thtdt.
4. /e“sinxdm.

1
5. / tan™ ' (z) dz.
0

WebAssign

1. /xe7zd:r.

2 arctan(5t) dt.

-/

3. /6 arcsin x dzx.
e
-/

IS

+ 4x) cos(z) dx.

260
e’ sin(30) d

Practice

1. /LL‘@Z dx



7.1 Boomerang Integrals

Notes
1. /ezsin(w)dw.
2. /sec3(:c)d:c.
WebAssign
1. /629 sin(30) d6

10

Practice

1. /egz cos(3z) dx
2. /eﬂc sin(z) dzx



7.2 Trigonometric Integrals

Notes

WebAssign
1. / 2sin’ () cos®(z) da

/4

2. sin®(z) dx

/2
3 cos®(0) do

/2
5sin’(z) cos® () dz

4tan®(z) sec(x) da

13tan*(z) sec’ (z) dx

=~
—_— T 5 T

11

Practice

1. /sing(x)dx

2.

3.

10.

11.

12.

13.

14.

15.

— e S S S S S S S S e S~

sin®(z) cos(z) dx

sin®(z) cos(z) dx



7.3 Trigonometric Substitution

Notes

/ V9 — 22
1. 72(11’-
x

1

2. ——dux.
222+ 4

x
3. —dx.
/ va? +4

4 dx, where a > 0.

1
‘ / V2 —a?
3v/3/2 23
5. ———dx.
L e

6. /xdx.
V3 —2x — 2
WebAssign
2
T
1. ——dx
/\/1‘2—3
3
2. /xdac
V25 + z2
7
3 / _dat
0 V49 +t2

x
4. —dx
/\/:1:2 -7

/\/x2—81
Y
x

Practice

L[

—4
dx
z

/ T

") Va2 —16
16

3 / T
8v2 Va2 — 64

VaZ 44

ot

1
. —dx
/x\/x2—25
3V3 1
6./ —dx
3 zvVzr?+9
2
x
7. —dx
/\/4—1‘2
8 /Ng A
) —dzx
2/v3 Va? +4
/\/36—362

10
1
10. —_—
/10/\/5 22?2 — 25

12

dzx



7.4 Partial Fractions

Notes
/ 22422 -1
23 + 3x2 — 2%
2. /xz
4_
3 T 23: +4x+1dw.
23 —ax2—xz+1
/2x2—x—|—4
4.
3 + 4z
42% — 3z +2
5. d
/42:2 4z + 3 v

PR — ?

1_ 2 _ .3
7,/Mdm

x(x? +1)2
WebAssign
T — T2
* —
24+ x— T2
_ 1
x2 + 2t
37
————dux.
* /(xfl)(x2+36) v
. 4% — 6y — 12
y(y+2)(y —3)
9r2
. /T+2dr.

13

Practice

1. /ﬁdm
e
3. /@dm
4. /%d;p

5. /:c?’l—:cdx

6. /xfiildx
el

8. /ﬁdw

o [ hera

o [




7.8 Improper Integrals

ot
—
3
&)~
U
)

Nej

. /0 (o) de.

(oo}
10. Show that / e da is convergent.
0

1+e "
x

11. Show that/
1

WebAssign

°° sin(z)

3. /700 14 222 dz.
3

4. / In(z — 1) dx
1

dzx is divergent.

14

N

w

=~

o

10.

11.

12.

13.

14.



Integral Practice Solutions

5.5 u-Substitution Solutions

2
1. /xez dx

o Let u = z2, then du = 2z dx.

e Rewritten integral: 1 [ e“ du.

e Solution: %e“ +C = %ez2 +C.

2. /cos(i?m) dx

e Let u = 3z, then du = 3dx.
e Rewritten integral: % [ cos(u) du.

e Solution: £ sin(u)+ C = 1sin(3z) + C.
. /:c\/ z2+ ldx

o Let u=x?+1, then du = 2z dz.
e Rewritten integral: 1 [ \/udu.

w

e Solution: %u3/2 +C = %(QU? + 1)3/2 +C.

4. /sin(Qaz) cos(2x) dzx

e Let u = sin(2x), then du = 2 cos(2x) dz.
e Rewritten integral: 3 [ udu.

e Solution: fu®+ C = 1sin®(2z) + C.

5. / In(z) dz
z
e Let u = In(z), then du = 1 dx.
e Rewritten integral: [ udu.
e Solution: $u®+C = 1(In(z))* + C.
z
6. / Zi1 dx

o Let u =z + 1, then du = 2z dx.

e Rewritten integral: 3 [ L du.

e Solution: $Infu|+C = 1In(z*+1)+C.

7. /:c3ez4 dx

o Let u=z*, then du = 42> dz.

e Rewritten integral: 1 [ €“ du.

e Solution: ie“ +C = ieﬁ +C.
. /x\/xQ —1dx

o Let u= 22— 1, then du = 2z dx.
e Rewritten integral: % [ \/udu.
e Solution: %uS/Q +C = %(502 — 1)3/2 +C.

9./*@
2+ 1

o Let u=x?+1, then du = 2z dx.

[oe]

15

10.

11.

12.

13

14.

15.

16.

17.

e Rewritten integral: %fufl/Q du.

e Solution: vu+C =+vz2+1+C.

/sinZ(x) cos(z) dzx

e Let u = sin(z), then du = cos(z) dz.

e Rewritten integral: fu2 du.

e Solution: v’ + C = Lsin®(z) + C.

/sin2(3x) cos(3z) dx

e Let u = sin(3z), then du = 3 cos(3z) dx.

e Rewritten integral: %fuz du.

e Solution: $u® + C = sin®(3x)

/tan(Qm) sec’(2x) dx

+C.

e Let u = tan(2z), then du = 2sec?(2z) dz.

e Rewritten integral: 3 [ udu.

e Solution: v+ C = 1 tan®*(2z) + C.

./mdx

e Let u=2a+1, then du = dx.

e Rewritten integral: [ u'/? du.

e Solution: %uS/Q +C = %(m + 1)3/2 +C.

[ =
——dx
1+ 24

e Let v =1+ z*, then du = 42° dx.

e Rewritten integral: ifu71/2 du.

e Solution: %uln +C = %\/1 + x4+ C.

1
—d
/:E\/erl o

o Let u=+z+1, then v?> =z +1, du = —=*

e Rewritten integral: [ 2 du.

e Solution: —%—Q—C’:— L_ 4 C.

2
X
/\/£B3+1

dx

Vr+1

e Let u= x>+ 1, then du = 322 dx.

e Rewritten integral: %fu71/2 du.

e Solution: %ul/z +C = %\/ﬁ +1+4+C.

/Zx\/l —x2dx

e Let u=1— 22, then du = —2z dz.
e Rewritten integral: — [ \/udu.

e Solutio

. _2,3/2
n: —su

+C=-2(1-

)% 4 C.



7.1 Integration by Parts Solutions

1. / ze® dx e Evaluate from 0 to m:
1

[~ cos(z) + 2z sin(z) + 2 cos()] 0

e Identify parts:

— Let u = z, so that du = dz. e Compute:

— Let dv = e*dx, so that v = e*. 9
(=7 cos(m) 4 27 sin(7) + 2 cos(m))

— (—0% cos(0) 4 2(0) sin(0) + 2 cos(0)).
/udvzuv—/vdu Since cos(m) = —1, sin(r) = 0, cos(0) = 1, and

e /ede sin(0) = 0:
(—7?(=1) + 04 2(—1)) — (0+ 0+ 2(1))

e Apply integration by parts:

= e’ =", = (- 2) - (2
e Evaluate from 1 to e: =7’ —4.
[we” —€”]; = (e-e®—e) — (1-€' —e')
—et et (e—e) 4. /xcos(:r) dx
et _ e

e Identify the parts:
— Let u =z, so that du = dx.

— Let dv = cos(z)dz, so that v = sin(x).

9. / 21n(z) d

e Identify parts: e Apply integration by parts:
— Let u = In(z), so that du = Ldx
dv = uv — d
fLetdv:xdz,sothatvzé. /uv w /vu
e Apply integration by parts: = zsin(z) — /sin(a:)dm.
udv=uv— [ vdu T
e Compute the remaining integral:
2 2
T z© 1
=3 In(z) — 5 ;dw /sin(m)dw = — cos(z).
z? x
=9 In(z) — §d$ e Final result:
22 22
=3 In(z) — T +C. /accos(m)dac = zsin(z) + cos(z) + C.

3. / 2% sin(z) dx
0

e Identify parts:
— Let u = z?, so that du = 2zdz.

— Let dv = sin(z)dz, so that v = — cos(x).

Apply integration by parts:

/udv:uv—/vdu

= —z? cos(z) +/2mcos(x)d:v.

Use integration by parts again on [ 2z cos(z)dz.
— Let u = 2x, so du = 2dx.

— Let dv = cos(z)dz, so v = sin(x).

Apply:

/230 cos(x)dx = 2z sin(z) — /2sin(1:)d:v
= 2z sin(z) + 2 cos(z).

e Combine results:

/m2 sin(z)dz = —a® cos(z) + 2z sin(z) + 2 cos(x).

16



2
5. / 25 In(z) do e Compute the remaining integral:
1

a:2d 1 z3 B z3
e Identify the parts: 3 v 3 3 9
_ = =1
Let u ln(’az), so that du I4da:. e TFinal result:
— Let dv = 2%dx, so that v = T 3 3
2 2 2 2x
e Apply integration by parts: 2" In(z")dz = 3 In(z) — 9 +C
/udv =uv— /vdu 7. /ZE2 cos(2z) dzx
4 4
1
= % In(z) — / % . Edw e Identify parts:
ot 3 — Let u = 22, so that du = 2zdz.
= —lIn(z) — [ —du. L
4 / 4 — Let dv = cos(2x)dx, so that v = 3 sin(2x).

e Apply integration by parts:

/:ﬁd 1 3074_1774 /udvzuv—/vdu
T4 T 16 42 -
=35 sin(2z) — / ) sin(2z)dx.

e Final result before evaluation:

4 4 . . . .
/x3 In(2)dz — z* In(z) — z e Use integration by parts again for [ zsin(2z)dz.
4 16 — Let u =z, so du = dx.
o Evaluate from 1 to 2: — Let dv = sin(2x)dx, so v = f% cos(2x).
$4 72 e Compute:
S - 3] - : |
1 /msin(2x)dm =-3 cos(2x) + 3 /cos(Zm)dx
Substituting values: T 1
= —=cos(2z) + - sin(2z).
16 16 1 1 2 4
—mn@)-—=)-(-In(1)— = ).
4 16 4 16 e Final result:
Since In(1) = 0: 2

z° . x 1 .
1 5 sin(2z) + 5 cos(2x) — 1 sin(2z) + C.
(4In(2) = 1) — <O_E) :4111(2)—1—1—%. N /1n(x2+1)dm

e Final evaluated result: .
o Identify parts:

41n(2) - % ~ Let u = In(2® + 1), so that du = -2 da.
— Let dv = dz, so that v = .
6. /x2 ln(x2) dx e Apply integration by parts:
e Identify parts: /udv = uv — /vdu
— Rewrite In(z?) as 21n(z). 922
— Let u = In(z), so that du = Zdx. =zn(z” +1) - / 2 + 1da:.
IS

— Let dv = z2dz, so that v = 5 .
e Compute the remaining integral:

e Apply integration by parts:

22° 2
dr=[(2- -2 )a
/udv:uvf/vdu /962+1 v /( x2+1) v

=2z — 2tan” ' (z).

3 3
= JLln(ac)f/m—‘ldav
3 3 =z e Final result:
3

2
x x
=3 In(z) — / ?dw. :cln(gg2 +1)—2z+ 2tan_1(x) +C.

17



7.1 Boomerang Integrals Solutions

1. /e?’m cos(3z) dzx 2. /eiz sin(z) dzx
e Define e Define
I= /e?’z cos(3z) dx. I= /ef‘"” sinz dx.

e First Integration by Parts: . .
e First Integration by Parts:

— Let
uw=cos(3z) and dv=e*" dx. — Let '
— Then, u=sinz and dv=e “dx.
3z - Then,
du = —3sin(3z)dr and v= e
3 du=coszdr and v=—e "
— Hence,

— Thus,

I:uv—/vdu
I:uvf/vdu
e3® cos(3zx) 3o

=—5 - / % [—3sin(3z)] dx

= —¢ “sinx — /[—e_":] cos z dx

3z

5(3

= e cos(3) + /GSI sin(3z) dz.
3 =—e " siner/e*I cosx dx.

e Second Integration by Parts: Denote

e Second Integration by Parts: Denote

J = /631 sin(3z) dz.
J:/efz cosx dx.

— Let
u=sin(3z) and dv=e>"da. C Let
— Then, u=cosz and dv=e "dx.
3x
du =3cos(3z)dx and v = %. — Then,
— Thus, du= —sinxdr and v=—e ".
J=uv— /Udu — Therefore,
3T o 3z J:uv—/vdu
_sinBe) [ os(30) do
3 3
3z =—e “cosx — /[—e_z} [— sinx] dx
= %n(?;x) - /e?”” cos(3z) dzx
B €3 sin(3x) . =—e “cosT — /eiw sin z dx
- 3 . =—e “cosx —1I
e Combine and Solve for I: .
37 cos(3z) e Combine and Solve for I:
I=—"7"—+J
3 I=—e"sinz+J
_ €*cos(3z) | € sin(3z) I
3 3 -4 =—¢ “sinz—e “cosz —I.
631‘ )
2l = 3 (cos(?)x) + sm(Sz)) 2l = —e™ " (sinx + cos x)
e (cos(3x) + sin(3;c)) e ® (sinx + cos x)
I = 5 + C. I=— + C.
2
e Answer: o Answer:
o3 (cOS(3£r2;+ sin(3x)) L B e"f(sinz—&— cos x) LC

18



7.2 Trigonometric Integrals Solutions

1. /sin?’(x)dx

o Write
.. 3 . 2
sin® x = sinz (1 — cos” ),

so that

/sin?’xdx:/sinx(lfcost) dzx.

e Let u = cosz (thus du = —sinx dx).

e Change variables and integrate:

/Sin3:cda:: —/(1—u2)du

2. /sin2 (z) cos(z) dz

e Let u = sinx so that du = cosx dz.

.2 2
/sm mcos;cdx:/u du

3

u
=% ic
5+

-3
sin” x
= C.
3 +

e Then,

3. /sin4(x) cos(z) dzx

e Let u =sinz (so that du = cosz dx).

.4 4
/sm xcosxdm:/u du

e Then,

=< +cC
_ sin;x e
4. /0084(30) sin(z) dz
o Let u = cosx so that du = —sinz dx.
e Then,
/005436 sinzxdr = f/u4du
_ _002555 LC

5. /secQ(az)daz

e Since

d 2
— tanz = sec” z,

dz
it follows immediately that

/sechdx:tanx—&—C.

6. /sec4(m) dx
e Write
sect z = sec? m(tan2 x + 1).

e Let u = tanx so that du = sec® z dx.

e Then,
/sec4xdaz = /(u2 + 1) du

3

%-&-u—&-C

3
= tar; i +tanz + C.

7. /secz(x) tan®(z) dx
e Again, use tan? z = sec> z — 1 so that

/sec2 x tan’ z dx = /sec2 x(se02 T — 1) dr.

e This splits into:

4 2
/sec xdw—/sec rdr.

e From previous results,

3
/sec4xda¢: tar; x +tanx + C,
/seczxdm:tanz—FC.

e Therefore,

tan3
/sechtan2xdx: ( aI; m +tanx) —tanz 4+ C

tan® z
= C.
3 +

8. / tan® (z) sec(z) dz

e Let u = tanz so that du = sec? x dz.

e Then,
/tan3 x sec’ v dz = /u3 du

4

u
=5 +C

tan? 2
= C.
1 +

19



9. /secQ(x) tan(x) dz

o Let u = tanx (so that du = sec? x dz).
e Then,

2
/sec r tanx dr =

10. /tan2 (z) dz
e Write tan? z = sec? z — 1 so that:

/tanzmdm = /(seczm— 1) dzx

:/seczmdm—/ldm

=tanz —z + C.
11. /tan4(x) sec?(z) da

e Let u = tanz so that du = sec? z dz.

e Then,
/tan4x sec’ zdx = /u4 du

u5

=% 4c
=+

tan® x
= C.
5 +

12. /tan3(:v) sec®(z) da
e Rewrite the integrand as
tan® & sec® ¢ = (tan2 z sec’ x) (tanw sec x)
e Use tan’z = sec?xz — 1 to get:
2 2 4 2
tan” « sec” x = sec” x — sec” x.

e Let u =secx so that du = secx tanx dzx.
e Then,

/tan3 x sec® v dx = /(sec4 x — sec? x) du
= / (u4 — u2) du

5 3
u u
=L _"4c
5 3
5 3
sec” x sec” T
= - C.
5 3 "

13. /sian cos® z dx

e Rewrite cos® z as:
3 2 .2
cos” x = cos” x cosx = (1 — sin x) cos .
e Substitute into the integral:

.2 3 i 2 2
/sm T CoS xdm:/sm a:(l—sm a:) cosx dx.

e Let u = sinz, so that du = cos x dx.

20

e Then the integral becomes:

/sian(l — sin? z) cosw dw = /u2(1 —u2) du

:t/(u2—1f)du

w oot

- _T.c
=+

e Substitute back u = sin x:
sin®xz  sin®x

3 5 +C.

14. /sin3 x cos® zdx

e Express sin® z as:
.. 3 . .2
sin” x = sinx sin” x,
and use the identity:

.2 2
sin“z =1 — cos” x.

Thus, the integral becomes:

.3 2 . 2 2
/sm T COs xdx:/smx(l—cos x) cos” xdx.

Rewrite the integrand:

. 2 4
:/smx<cos T — COS ZC) dx.

e Let u = cosxz, so that du = —sinxz dx.

e Then, rewriting the integral:

/sinx(0052 z — cos® :v) dr = — /(u2 - u4) du

3 5
U U
=—|—=-— C
3 5
U U
——+ —+C
3+5+
e Substitute back u = cos x:
3 5
cos®x  cos’xT
- C.
3 + 5 +

.4 3
15. /sm x cos” xdx
e Rewrite cos® z as:
3 2 .2
cos” r = cos” x cosx = (1 — sin :c) CcoST.
e Substitute into the integral:

.4 3 . 4 .2
/sm T Ccos xdx:/sm x(l—sm x) cosx dx.

e Let u =sinz, so that du = cos x dx.

e Then the integral becomes:

/sin4z(1 — sin? :c) cosxdr = /u4(1 —u2) du

:l/(u4—1ﬁ)du

u® o ou’

=T - +C

e Substitute back u = sin x:

sin®z  sin” =z

C.
5 7+




7.3 Trigonometric Substitution Solutions
4
L[
2 xT

a entify the form: /z? — a? suggests © = asec6.
(a) Identify the f V2 — a? sugg 0
(b) Draw the triangle:

2

(c) Substitute: Let z = 2sec6, so dx = 2sec 0 tan 0d0.
(d) Simplify:

\/x2 —4= \/4se029 — 4 =2tané.
() Recompute bounds:
r=2=0 =sec (1) =0, z=4=0=sec '(2) =

(f) Rewrite the integral:

/§ 2tan6 - 2secf tan 6d6.
o 2secf

(g) Simplify: The expression reduces to:

5 2
2tan” 6 df.
0

Using tan® § = sec? § — 1, we rewrite the integral:

™

32
2/ (sec” 6 — 1) d6.
0

(h) Evaluate:
z

2(tan6 — 0)

.
Compute:

2((@%—%) ~ (tan0-0)) :z(xf—g) —o.

(i) Final Answer: 2v/3 — 2.

2. / R
Va2 —16
(a) Identify the form: This is a u-substitution problem.
(b) Substitute: Let u = 2* — 16, so that du = 2z dz.
(¢) Rewrite the integral:

/ T gL [de
vaZz —16 2 N

(d) Simplify and integrate:

%/uilﬂdu:%-%fﬂ:\/ﬂ.

(e) Substitute back in terms of z:

Va2 —-16+C.

(f) Final Answer: vz? — 16 + C.

21

™
3

s |

16

x
———dx
vz Va2 —64

(a) Identify the form: v/xz? — a? suggests © = asec.
(b) Draw the triangle:

x2 — 64

8

(c) Substitute: Let z = 8secf, so dx = 8secf tan 0d6.
(d) Simplify:

V2 — 64 = /64sec2 0 — 64 = 8tan.

(e) Recompute bounds:

r=8V2= 0 =sec” '(V2) = 27

x=16= 0 =sec '(2) = g
(f) Rewrite the integral:
Expressing everything in terms of 6:
16 z
T 3 8secl
———dx = - 8secltan 6 db
/s\/i V2 — 64 z 8tan 6

3 2
:/ 8sec” 0 db

4

(g) Evaluate:

8/sec29d9:8tan9.

Computing over the bounds:

Jus
3

8tan9’{

s

4

Using values from the unit circle,

tangzx/g, tan%zl.

Substituting:

8(V3-1).

(h) Final Answer: 8(v3 — 1)



2
" /xijéldm
T

a) Identify the form: /2 + a? suggests x = atan§.
g8

(b) Draw the triangle:

T2+ 4

(c) Substitute: Let = 2tan6, so dz = 2sec? 0df.

(d) Simplify:

Va2 +4=+/4tan? 0 + 4 = 2sec.
(e) Rewrite the integral:

/%Qseged&

Simplifying:

4sec® 0 sec® 0
/ 16 tan* 0 6 = / 4tan* 0 .

Expressing in terms of sine and cosine:

3
/ (.14005 0) d9:/ C(?sf a0
4(sin 6/ cos* 6) 8sin* 6

Using substitution, let u = sin @, so du = cos 0d0:

du
4ut’
Evaluating:
-1 -1
—+C=—""7-+C
2u5 25’0
Substituting back sin§ = —=

\/x2+4:

1 ($2 +4)3/2

e e
2 3/2
(f) Final Answer: —% +C.

22

5 /;daj
' vV x2 — 25

(a) Identify the form: The expression va? — a? sug-
gests the substitution = = asec6.

(b) Draw the triangle:

2 — 25

5

(c) Substitute: Let z = 5secd, so de = 5sec tan 0df.
(d) Simplify:

Va2 — 25 = /25sec? § — 25 = 5 tan 6.

(e) Rewrite the integral:

1
/ (5sec0)(5tand) (5secftanf) df.

Canceling terms:
1
—df.
/3

1
-0 .
5 +C

(f) Evaluate:

(g) Express in terms of z: Since we know

Va2 —25

tanf = ,
an 5

we substitute:

_ 2—-25
6=tan' (Y22
an ( 5 )

Thus, the final answer is

fr2
1tarfl (ﬁ) +C.

5 5

5

(h) Final Answer: 1 tan™"' < v 12_25) +C.

Note: While § = sec™'(z/5) is valid, we typically pre-
fer tan~" since it also follows directly from the triangle, is
more standard in integration tables, and avoids domain re-
strictions present in sec™!. Additionally, sin™! and cos™!
could be used, but they have restricted ranges ([—7/2, 7 /2]
for sin™* and [0, ] for cos™'), which do not always align
naturally with the function’s domain. Specifically, while
cos™1(5/x) is valid for |z| > 5, it does not always give the
correct quadrant when x < —5. Since we set z = 5secf,
when z < —5, we know that secld < 0. This means 6
must be in Quadrant 111, where secant is negative. However,
cos™(5/x) only returns angles in Quadrants I and II, so it
incorrectly places 6 in Quadrant II instead of III. To correct
this, we would need to adjust using § = m+cos™*(5/x) when
z < —5. By contrast, tan~' smoothly handles both positive
and negative values without requiring quadrant corrections,
making it the preferred choice.



3V3 1
6 -
/3 zvz? +9

(a)
(b)

@

dx
Identify the form: The expression vz2 + a2 sug-

gests the substitution x = atan 6.

Draw the triangle:

249

3

Substitute: Let z = 3tan#é, so dz = 3sec? 6d6.
Simplify:

Va2 +9=1/9tan?60 + 9 = 3sec.

Change of bounds:

e When z =3, tanf =1= 0 =n/4.

e When z =33, tanf = /3 = 0 = 7/3.
Change of bounds: Since we substitute z = 3tan6,
we need to convert the limits: - When x = 3, we
solve 3 = 3tanf to get tanf = 1 = 0 = 7/4.
- When =z = 3\/3, we solve 3v/3 = 3tan6 to get
tanf = \/§:>9:7r/3.

So the new integral limits are from 0 =
0=m/3.

Rewrite the integral:

w/4 to

/3 1 9
/7r/4 (3tan 0)(3sec ) + (3sec”0) db.

Simplifying:
/3 1
/ — - cscdb.
/4 3

Evaluate: Using the standard integral result:
/csc@dﬁ = —In|csch + cot b,
we compute:
—é In | csc O + cot 6 :jz

Compute: Using known values:

cse(r/3) = % cot(m/3) = %
csc(m/4) = V2, cot(r/4) =1,
we obtain:
f% (m %Jr%‘ fln‘\/ﬁ+1‘> :

Simplifying:

—% (111

Final Answer:

%m(?«/ﬂn).

%‘-m‘ﬂu().

23

./
(a)
(b)

V4 — x?

{E2

dx

Identify the form: The expression v4 — x2 suggests
the substitution z = 2sin 6.

Draw the triangle:

2 T
0
Vi — x?
Substitute: Let x = 2sin 6, so dx = 2 cos 6d6.
Simplify:
V4 — 22 = \/4 — 45in% 0 = 2 cos b.
Rewrite the integral:

(4sin® )
2cos 6

/ 4sin’ 6 do.

Use power reduction for sin?#: Using the iden-
tity:

- (2cos ) db.

/

Simplifying:

1 — cos 26

.2
0= ,
sin 2

we rewrite the integral:
1 — cos 260

4
/X2

Integrate term by term:

de.

/(2 — 2cos20) d6.

Final Answer in terms of ux:

20 — sin260 + C.
Using = sin™'(x/2) and sin20 = 2sinfcosd =
T 4—z2
2-3 2
_ 2
2sin”" (3) —7“42 i



2V/3 23
8. / ———dzx
2/v/3 V 2 4+ 4

(a) Identify the form: The expression vx?2 + 4 suggests
the substitution z = 2tan#.

(b) Draw the triangle:

T2+ 4

(c) Substitute: Let z = 2tané, so dz = 2sec? #df.
(d) Simplify:

Vo2 +4=+/4tan2 0 + 4 = 2sech.

(e) Change of bounds: Since z = 2tan6, we convert
the limits:

e When z = 2/v/3, solving 2/v/3 = 2tanf gives
tan@ = 1/4/3, so 6 = 7/6.

e When z = 2v/3, solving 2v/3 = 2tané gives
tanf = /3, s0 § = /3.

(f) Rewrite the integral:

/3 /3 (8tan®9) 9
/ - (2sec” ) do.
«/xQ / " 2sech

Simplifying:

/3
/ 8tan® O sec 0 db.
/6

(g) Evaluate the integral: Using the identity tan®6 =
(sec? 8 — 1) tan @, perform substitution with u = sec 6:

du = secftan 6 do.

The integral transforms into:

2
8/ (u® — 1) du.
2/V3

Computing:

Expanding each term:

(39 (- 3}

Simplifying:
16 n 80
3 9v3
(h) Final Answer:
16 80

7_’_7

3 93

2 _
9, /17336@
T

(a) Identify the form: The expression vz? — 36 sug-
gests the substitution x = 6secf.

(b) Draw the triangle:

x2 — 36

6

(c) Substitute: Let z = 6sec6, so de = 6sec tan 0df.
(d) Simplify:

V22 — 36 = /365ec2 6 — 36 = 6tan 6.

(e) Rewrite the integral:

/% - 6secftanf do.
S

Simplifying:
2 2
36 tan” 6 do — 1 tan 0d9
216 sec? 6 6 sec?6
Rewriting in terms of sine and cosine:

sin? 0
/é L cos20 gp,

cos2 0

/é -sin? 0 d.

1—cos 260 .
—

1 1—-cos26
/E'Tde'

Simplifying:

Using the identity sin? 6 =

Splitting the integral:

1

1-— 2 .
5 (1 —cos20)de

Evaluating:
1 sin 26
12 {0 2 } +e

(f) Expressing sin 26: Using the double-angle identity,

sin 20 = 2sin 6 cos 6.

From the right triangle, we note:

Va? — 36

. 6
sinf = —, cosf = —.
T T

Finally, § = tan™! (7‘12_36> :

6

12

[tan_l (x/xQ - 36) _ 6v/22 =36

6 72

[+e



10
1
10. ——dz
/5\/5 x2y/2? — 25

(a) Identify the form: The expression vz2? — 25 sug-
gests the substitution x = 5sec .

(b) Draw the triangle:

2 — 25

5

(c) Substitute: Let x = 5sec6, so dz = 5secf tan 6d6.
(d) Simplify:

Vx2 — 25 = \/25sec2 0 — 25 = 5tand.

(e) Change of bounds: Since z = 5secf, we convert
the limits:
e When z = 5v/2, solving 5v/2 = 5sec gives
secl = /2,50 0 = /4.
e When x = 10, solving 10 = 5secf gives sec =
2,80 0 =m/3.
(f) Rewrite the integral:

/3 1
/7r/4 W ‘5S€C€tan9d0.

Simplifying:

/3 1
—————— - 5secftanf df.
/«/4 2sec20 Htand ool on

/3 1 &
/,r/4 25sec

1 /3
25 Jrsa
(g) Evaluate the integral:

cos 6 df.

1 ™
o5 [sin] /3

Computing:
i (sin T_ sin E)
25 3 47"
5(%-%)

25\ 2 2

ViV
50
(h) Final Answer:

V3- 3
50

25



7.4 Partial Fractions Solutions

1

(a) Factor the denominator:
2’ —4=(z-2)(z+2)

(b) Set up the partial fraction decomposition:

1 A B
(x—2(x+2) z—-2 z+2

(¢c) Multiply both sides by (z — 2)(z + 2):
1=A(zx+2)+ B(z — 2)

(d) Solve for A and B:
Substitute z = 2:

1:A(2+2)+B(272)¢1:4A¢A:i
Substitute x = —2:
1:A(72+2)+B(7272):>1:74B¢B:fi
(e) Rewrite the integral:
1/4 1/4
/(:cfQ B m+2) de

(f) Integrate each term:

iln|x72|filn|x+2|+0

1
2. /(1:7 D@12 ®

(a) Set up the partial fraction decomposition:

1 A B

G—D@+2) z-1 242

(b) Multiply both sides by (z —1)(z +2) to clear frac-
tions:
1=A(x+2)+B(x—1)

(¢c) Solve for A and B:
Substitute z = 1:

1:A(1+2)+B(1—1);»1:3A;»A:§

Substitute z = —2:
1:A(—2+2)+B(—2—1):>1:—3B:>B:—%
(d) Rewrite the integral:
1/3 1/3
/(mfl _x+2>dx

(e) Integrate each term:

1 1
§1n|m—1|—§1n|m+2|+6’

26

1
3. /73624—335—}—26@

(a) Factor the denominator:

2?4+ 3c4+2=(x+1)(z+2)
(b)

Set up the partial fraction decomposition:
1 A B

(x+1)(m+2):m—|—1 x+ 2

Multiply both sides by (x + 1)(z + 2):
1=A(x+2)+ Bz +1)

Solve for A and B:
Substitute x = —1:

1=A(-142)+B(-1+1)=1=A1)=>A=1
Substitute r = —2:
1=A(-2+4+2)+B(-2+4+1)=1=B(-1)=B=-1
Rewrite the integral:
1 1
/(m—i—l B m+2)dw

Integrate each term:

(f)

2z + 3
4. —d
/x2+:c—2 *

(a) Factor the denominator:

Injz+ 1] —lnjlz+2|+C

P 4r—2=(x—1)(z+2)
(b)

Set up the partial fraction decomposition:
2z + 3 A B

@-D@+2) o-1"z2+2

Multiply both sides by (z — 1)(z + 2):
20 +3=A(x+2)+ B(x - 1)

Solve for A and B:
Substitute = = 1:

2(1)+3=A(1+2)+B(1-1)
=2+3=34= A= g
Substitute x = —2:
2(-2)+3=A(-2+2)+B(-2-1)

:>74+3:73B:>B:%

Rewrite the integral:

[ (5

Integrate each term:

1/3
+ 1:—}—2) dx

1
gln|x—1\+§ln|x+2\+0



1
5.
/1’3—;15

(a)

(b)

()

()

()

6./m

(a) Use wu-substitution:

51

dx

Factor the denominator:
2 —r=z(x—-1)(z+1)

Set up the partial fraction decomposition:

1 _é+ B n C
zz—1)(x+1) = =x-1 z+1

Multiply both sides by z(z — 1)(z + 1) to clear
fractions:

1=A@—-1)(z+1)+Bz(z+ 1)+ Cx(zx— 1)

Expand and solve for A, B, and C: Expanding
each term:

1=Ax*>-1)+B@*+z)+ C@® —x)
Grouping like terms:
1=(A+B+C)z>+(B-C)z— A

Equating coefficients:

A+B+C=0
B-C=0
—A=1
Solving:
A=-1
1
B=0=3

Rewrite the integral:

=

Integrate each term:

1/2
+x+1>d:c

1 1
—ln\a:|+§ln\x—1|+§ln\x—|—1|—|—0

{L‘2

dx

Let v = z® — 1, so that

du = 3z2%dzx.

(b) Rewrite the integral:

2 2
T x
Since du = 32%dx, we solve for dx:

du
de = —
* 32

Substituting:
du

22
/Z " 322

1 du
/5“5

(c) Integrate:

%ln|u|+C

27

(d)

(¢)

Substitute back u = 2% — 1:
1
—In|z® —1|4+C
3

Final Answer:

1
§1n|x3—1|+0

Alternatively,

(a)

(b)

(c)

(d)

(8)

Factor the denominator:
3 2
—=1=(@-1)(z"+z+1)
Set up the partial fraction decomposition:

x> A

(z—=1D(x2+z+1)

Bx+C
24+x+1

z—1
Multiply both sides by (z — 1)(z? + z + 1):
=A@ +z+1)+ (Bx+C)(x—1)
Expand and solve for A, B, and C: Expanding:
*=A(@*+2+1)+B2* —Bx+Cz — C
Grouping like terms:
2> =(A+B)x* + (A-B+C)z+(A-C)

Equating coefficients:

A+B=1
A-B+C=0
A-C=0
Solving:
1 2 1
A=-, B== ==
3’ 3’ ¢ 3

Rewrite the integral:

/(5131 .

Integrate each term:

(22 +1)/3 du
24+x+1

1 1 2z +1
=1 -1+ | ———d
3n|x ‘+3/x2—|—x+1m

Using substitution u = >+ +1, so du = (22 +1)dz:

1 du

%ln|:c71|+§ ?:%ln|x71|+%ln|x2+x+1|+c

Final Answer:

%mﬂfo@P+m+1ﬂ+C



1
. —d
7 /a:(m2+1) v

(a) Set up the partial fraction decomposition:

1 _ A Bz+C
z(x2+1) = 2 +1

(b) Multiply both sides by x(z*+1) to clear fractions:
1= A(z® +1)+ (Bz + C)x
(c) Expand and solve for A, B, and C: Expanding:
1=Az>+ A+ Bz® 4+ Cx
Grouping like terms:
l1=(A+B)" +Cz+ A

Equating coefficients:

A+B=0
C=0
A=1
Solving:
A=1, B=-1, C=0

(d) Rewrite the integral:

1 T
/(;_:ﬁ—&—l)dx

(e) Integrate each term:

1
ln|x|—§ln|x2+1\+0

X
&/ETEM

(a) Factor the denominator:
4+ 2® =2’ (x 4+ 1)

(b) Set up the partial fraction decomposition:

T _é B c

22(z+1) =z 22 xz+1

(c) Multiply both sides by z*(z+1) to clear fractions:
= Az(z + 1)+ B(z + 1) + Cz°
(d) Expand and solve for A, B, and C: Expanding:
&= Az’ + Az + Bz + B+ Cz”
Grouping like terms:
t=(A+C)2* +(A+B)z+ B

Equating coefficients:

A+C=0
A+B=1
B=0
Solving:
B=0, A=1, C=-1
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(e) Rewrite the integral:

/(%‘xil)dm

(f) Integrate each term:

In|z| —In|z+ 1]+ C

1
» [ erern®

(a) Set up the partial fraction decomposition:

1 A B C

C—12@+2) a—1 (@=12 z12

(b) Multiply both sides by (z — 1)?(z + 2) to clear
fractions:

1=A(-1)(z+2)+ B(z+2)+ Clz—1)°
(¢) Expand the terms:
Alz® + 2 —2) = Az® + Az — 24
Bz +2) = Bz + 2B
C(a® —204+1)=Cz®> - 2Cz +C
Adding them together:
1=(A+C)z’> +(A—2C+ B)z+ (-2A+2B +0)
(d) Solve for A, B, and C: Equating coefficients:
A+C=0
A-2C+B=0
—2A+2B+C=1

(coefficient of z?)
(coefficient of z)
(constant term)
Solving step-by-step:
C=—-A (from first equation)
Substitute into the second equation:
A—2(-A)+B=0
A+2A+B=0
3A+B=0 = B=-34
Substitute into the third equation:
—2A4+42(-34)+ (-A)=1
—2A-6A-A=1

—-94=1
1
A=—=
9
Using B = —3A:
1 1
B=-3x—===
3 % 9=3
Using C' = —A:
1 1
C=-y=3

Verified by substituting back into the equations.
(e) Rewrite the integral:

/ (gl—/i + (ml—/31)2 + ml—/|—92> de

(f) Integrate each term:

1 1 1 1
Cljr—1—r —— 4 -1 2
9 nlz | 3 $_1+9 njz+2+C




4 3 2
10. / T +20" +32" +dz 45 dx (f) Integrate Each Term
(z—1)(x2+z+1)
e First term:
(a) Perform Long Division The numerator zt+ 273 +

322 +4x +5 has a higher degree than the denominator / dx =5In|z — 1.
23 —1= (z—1)(z?+241), so we perform polynomial z—1
long division: e Second term:
|| = +2 / 22
25— 1 2"+ 225 + 327 + 4z +5 > +z+1
4 f—
gx3 —|—x3x2 i T We split this integral into two parts:
—(22° — 2) 2z + 1 1
P) - | ———dx — | ——dx.

This gives the quotient  + 2 and remainder 3z2 +

. ’ The first part uses the substitution:
5z + 7, so we rewrite the integral:

u=ax>+x+1, so du=(2z+1)dz.

2
/<x+2+ 32 —|—2595—|—7 )dm.
(-1 +z+1) and so the first integral simplifies as:
(b) Split the Integral

3x2 +55+7
2)d dx.
/(er )x+/(x_1)(x2+x+l) x

—2In|2® + z +1].

We now evaluate the second integral:

(¢) Evaluate the First Integral / 1 de
2 ?4+x+1 ’
/xdw+/2dx: — +2x.
2 Completing the square:
(d) Partial Fraction Decomposition Express the frac- N? 3
tion as: $2+m+1:<m+§> +Z'
3 +5x+7 A L Bz+C
(z—D(x24+2+1) =x—-1 z24+z+1" This is now in the standard form:
Multiply both sides by (x—1)(2®+=z+1) and expand: / . i S du = 1 tan~! (E) )
a?+u a a
32° + 504+ 7=A(’>+z+1)+ (Bz+ C)(z —1).
2_3 — V3 — 1
Expanding and grouping like terms: Here, a” = j soa =3, andu=z+3.

Using the formula:
(A+B)2* + (A—B+C)z+(A—-C)=32" + 5z + 7.

/71 al:lc—ltarf1 (2w+1>
Solving for A, B, C" %_’_ ($+ %)2 /3 V3 :
A+ B =3,
Since our integral had a coefficient of —1, we ob-
A—B+C=5, tain:
ain:
A-C=T. 7imn,1(2x+1)
V3 V3 )

Solving,
(g) Final Answer
A:57 B:—Q, C:_Q.
2

(e) Rewrite the Integral % + 2z 4 5log |z — 1| — log|z® + = + 1
5 —or —2 2 (241
dz. - —t C.
/(x_1+12+x+1)m \/gan (\/g)Jr
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7.8 Improper Integrals Solutions

1./ #dx
o 1+a2

e Antiderivative:

dx

1522 = arctan x.
T

e Evaluate the Limit:

lim [arctanb — arctan 0} - _ 0=
b— o0 2

e Answer: .

2
1
1
2. / —dzx
0 VT
se . 1 —1/2
o Rewrite: Nk .

e Integrate:
/x71/2 de =22'/? + C.
e Evaluate from 0 to 1:
2(1)/2 —2(0)/% = 2.
e Answer: 2.

3./ e “dx
0

e Antiderivative:
/eil dr=—e “+C.

o Evaluate:

lim [—e"’ + eo] =(0+1)=1.

b—oo

e Answer: 1.

o0
1
1 T
e Antiderivative:

/x_2 der=—-z '+ C.

o Evaluate:

e Answer: 1.

1
1
5. dx
/o Nier

e Substitution: Let u = 1 — z so that du = —dx.

e Change Limits: When x = 0, u = 1; when z = 1,

u = 0.
e Rewrite the Integral:

1 0
/ dz :—/ w2 du
0 1-=z 1
1
:/ w2 du.
0

e Integrate:
/u71/2 du=2u"? = 201Y?-0"?*) =2.
e Answer: 2.
6 /1 71 dx
’ —1V 1-— $2
e Antiderivative:
dx
———— =arcsinz + C.
/ Vv1—x2
e Evaluate:
arcsin(1) — arcsin(—1) = g - (—E) =

e Answer: 7.

e Integration by Parts: Let

u=Inxr = du:d—m,
T

1

dv:d—f = v=——.
T T

e Apply Formula:

m—mdx:uv—/vdu

x2

_ln:c dx

x x?’
e Integrate the Remaining Term:

1
T xT

e Evaluate from 1 to oo:

e [5 ][5E2]- o0)--c) n

e Answer: 1.

8. /0 n() da

e Antiderivative:

/1nazdm =zlhhz—xz+C.
e Evaluate: Atz =1,1-In1—1=—1. At x =0, note
that lim,_,o+ zlnz = 0. Thus,
(—1) - (0) = —1.

e Answer: —1.

ad T
. —d
K / A+a2)2

e Substitution: Let v = 1 + 2 so that du = 2z dz,
hence z dzx = %du.

e Change Limits: When £ = 0, v = 1; as * — oo,
U — 00.
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e Rewrite the Integral: e Answer: 7.

oo x 1 [~ _, ™/2
——dr == du.
/o (1+22)2 =35 /uzlu U 12. /0 tanz dzx
e Integrate: e Antiderivative:
L[> 2 L[ 1]%_1 1 /tanxda::—ln|cosx\+0
5 du==-|——| =z(0-(-1))==. .
2/1 vy { uL ;0= (=) =3
1 e Evaluate the Limit: At x = 7/2, cosz — 0 so that
e Answer: ;.
2 —In|cosz| — oco. Thus,
2 dx
10. /; m :c_}i’,rl'I/lg_(—hIlCOSJID—(_IH‘COSOD =00 —0.

e Substitution: Let u = 2 — z so that du = —dx. e Answer: The integral diverges.

Change Limits: When x = 0, u = 2; when x = 2,

u=0. 13. / _ dz
1 z(nz)?
Rewrite the Integral:

) o ) e Substitution: Let u = Inz, so that du = %
d _ _
/ 7:6:—/ u 1/‘Q’cm:/u 3 du. e Change Limits: When z = 1, u = 0; as * — oo,
o 2—-2)1/3 u=2 0
U — 00.
e Integrate: e Rewrite the Integral:
/u71/3 du = §u2/3—|—C, /oo dx _ oo diL
2 1 z(lnz)? o u?
2 i3, 3[.23 3 23 .
SO U du = 5 277 =0 = 5 277, e Examine the Integral:
0
A A
d 1 1 1

e Answer: %22/3. / i; = {_7} =—_— 4+ =

. U U A ¢
12

11. ——dx + 1
/0 N Ase — 07, - = oo.
e Substitution: Let x = sinf, so that dxr = cosf df * Answer: The integral diverges.
and /1 — 22 = cos . 14 /°° dzx
e Change Limits: When = 0, § = 0; when « = 1, o Ve(l+w)
0=3. e Substitution: Let x = t* so that dz = 2tdt and

¢ Rewrite the Integral: vz =t.

e Change Limits: When z = 0, t = 0; as z — oo,

2
s e-cosedﬁ t — oo.

1 CK2 /2
=
o V1—a2 0 cos 6
/2

e Rewrite the Integral:

p— ] 2
_/0 sin” 0 d6. /00 dz :/Oo 2t dt
o Ve(+a) Jo t(1+8)
e Use the Identity: sin?6 = %(1 — cos 29): _ 2/00 dt
0

14¢2°

/2 g 1 /2
/O sin“ 0df = 5/0 (1*00529) do e Integrate:
1 sin207™/2 < gt - T
:5{0— ; L 2/0 s = 2larctant]] :2(5—0)271
1
:ﬁ'g:%' e Answer: .
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