MATH 2300 — Exam 1 Review Problems (Solutions)

§5.5: Suppose that

/05f(x) do = 10,

V5
/ 22 f(2?) dx.
0

Evaluate

Use the substitution

Change the limits: when z = 0, u = 0; when = = /5, u = 5.

The integral becomes:

/J5 27 f(22) dw = /5 f(u) du
° 0



§7.1: Evaluate the integral

4
/ Vz lnzde.
1

e Choose parts: Let
w=Inz and dv=zdr==z"?dz.

e Differentiate and integrate: Then,

1 2
du==dr and v= —z%2
T 3

e Apply integration by parts:

/\/Elnxdx:uv—/vdu

_ 2l %/xsm e

3 T
= §x3/21n3: — g/x1/2d$
= §x3/2 Ing — 2%+ C

9

2 4 2 4
=(Z.8lm4—--8)—(Z-1ln1—--1
(38n 98) (3 n 9)

1
_ 16,324
3 9 9
16
:—1n4—§.
9

e Express the final answer: Since In4 = 21n 2, we may also write:

I:3—21n2—§.
3 9




§7.1: Evaluate the integral

/e’”sinxdx.
I:/exsinxda:.

Apply integration by parts. Choose:

u=sinz and dv=—¢c"dx.

Then,
du =coszdr and v =¢".

By the integration by parts formula,

I:uv—/vdu:e’”sinx—/e:”cosxdx.

J = /excosxdx.

Apply integration by parts again with:

e Let

u=-cosz and dv=—c"dx.

Then,
du = —sinzdr and v =¢".

e Using integration by parts for J:

J:uv—/vdu

=e"cosT — /e“”(— sinx) dz

=e"cosT + /ex sin x dx
=e"cosw + 1.
e Substitute the expression for J back into the equation for I:
I =¢€"sinx —J
=e"sinx — (ez cos T + I).
e Solve for I:
I =e*sinx —e“cosx — 1,
2] = e*sinx — e cosx,
o®

I = g(sinx—cosx) + C.

. E(sinx —cosz) +C




§7.2: Compute

/ sec!(z) tan®(z) dx.

e Substitute: Let
u=tanx =— du=sec®xdxr.

e Express the integrand in terms of u:

— Write one factor of sec? z in the integrand as:
sect = sec? v - sec’ v = sec® x (1 + tan® ) = sec® z (1 + u?).
— Thus, the integrand becomes:
sect(z) tan®(z) dz = tan® z (1 + tan® x) sec’ x dz.

e Rewrite in terms of u: Replace tanz by u and sec? z dz by du:
/sec4(:v) tan®(z) do = /u3(1 + u?) du.

e Expand and integrate:

e Substitute back: Replace u by tanz to obtain the final answer:

tan®* tan® x

C|
Tt




§7.3: Evaluate
1

—dx.
2\ 1?2 + 4
e Use the substitution z = 2 tan @ so that:

dr = 2sec’0df, 2> =4tan’h, a2+ 4= 2sech.

e Substitute into the integral:

dx B / 2sec? 0 db
22V/rZ +4 ) (4tan®6)(2sech)

B 1/secﬁd0
4 tan?6

e Rewrite:
secc)  1/cos)  cosl
tan?f  sin’0/cos?f  sin*6’
e Thus, the integral becomes:
1 / cosf "
4 ) sin?6

e Let u =sinf so that du = cos8df. Then:
1 du 1 1
- —===-(—-— C.
4 ) u? 4 ( u) i

e Return to x: since x = 2tan 6, the triangle gives

x
sinf) = ——.
va?+4
e Therefore, the antiderivative is:
1 x?+4
— =— C.
4sinf 4x *
2+4
° _L +C
4x




§7.4: Find

1
—dx.
/m2—4x+3 v

Factor the denominator:

2 —dx+3 = (z—1)(z - 3).

Write the partial fraction decomposition:

1 _ A B
(x—1D(x—-3) z—-1 2-3

Multiply both sides by (z — 1)(x — 3):

1=A(x—3)+ B(z—1).

o et z=3: 1
1=A0)+B(2) = B= 5
o Let x =1: 1
1=A(-2)+B(0) = A:_i'
e Hence,
dx 1 1 1 j2—3
/x2—4x+3 pnfe =1+ 5z =3[+ C=ghn[7—|+C
1 z—3
—1‘ ‘ C
*lz™Mz =l




§7.4: Set up the partial fraction decomposition for

4o® +Tx + 3
(5x +3)3 (22 + 1)(x + 1)%

You do not need to solve for the constants; simply express the decomposition in the proper
form.

e Recognize that the denominator consists of three distinct factors:

— A linear factor raised to the third power: (5z + 3)3.
— An irreducible quadratic factor: z? + 1.
— A repeated linear factor: (z + 1)

e For the linear factor (5z + 3)3, the corresponding partial fractions are:
A N B n C
br+3  (bx+3)2  (bx+3)3
e For the irreducible quadratic factor 2 + 1, the corresponding partial fraction is:
Dx+ FE
241
e For the repeated linear factor (z + 1)2, the corresponding partial fractions are:
F G
+ .
r+1 (x+1)?
e Therefore, the complete partial fraction decomposition is:
42?2 + 7z + 3 A B C Dz + FE F G
= - - + - + .
(5x +3)3(x2+1)(z+1)2 bHx+3 (Bax+3)2 Gar+3)3 2241 z+1 (z+1)?
e (Note: To determine the constants A, B,C, D, E, F, and G, you would multiply through

by the common denominator and equate coefficients of like powers of . However, for
this problem you are only required to set up the decomposition.)



§7.7: Suppose f is continuous, decreasing, and concave down on [2,8]. Let Ly, Ry, Ty, My denote
the left-hand, right-hand, trapezoidal, and midpoint approximations to

/2 f(a)de,

using 4 equal subintervals. Order these approximations from smallest to largest.

e For a decreasing function:

— The left-hand sum L, is an overestimate.

— The right-hand sum R, is an underestimate.

e With concavity (concave down), the midpoint approximation M, overestimates, and the
trapezoidal rule T underestimates.

e Therefore, the order is:
Ri<Ty<I<My< Ly.

o | Ry<Ty<I<M,<lLy




§7.8: Given that

< 1
d
/3 214

converges, use the Comparison Theorem to determine the convergence of

Note that for all x:

00 1.2
[y,
3 xr —|—4

0 <sin?z<1.

Hence,
0< sin? 1 .
T a?+4 T 2244
‘ o0 ‘ o > sin®z
Since dx converges, the Comparison Theorem implies that / dx also
2?2 +4 3 2244
converges.

‘The integral converges.




§7.8: Determine whether the following improper integral converges or diverges. If it converges,

compute its value:
4
1
/ dx.
2 4 —z

e The integrand becomes unbounded as x — 4~. Write the integral as a limit:

/4 dx , b odx
= lim .
2 4 —z t—4= [o 4 —z

e Substitute u = 4 — x so that du = —dz. Change the limits: when x = 2, © = 2; when
r=t,u=4—t.

e Then,

bodx B = _du
/2 4—95_/u:2%
_/2 du
 Jumae VU

e Compute the antiderivative:

e Thus,

2 du
/Hﬁ—zx/é—wzl—t.

e Taking the limit as t — 4~ (so that 4 —t — 0):

lim (2[— Nﬁ) NG

t—4—

10



§7.8: Determine whether the following improper integral converges or diverges. If it converges,
compute its value:

w/2
/ tan x dx.
0
. sin x
e Rewrite tanx as tanz = ..
cosT
e Let u=cosz. So du = —sinz dzx.

When z =0, u = cos0 = 1. When z = 7/2: u = cos(r/2) = 0.

The integral becomes:

r=m/2 u=0 1
/ tanx dx = / <——> du
=0 u=1 U
B / u=0
- u=1 U
B /ul du
B u=0 u ‘

e This is an improper integral at the lower limit. Write it as a limit:
1 1
du du 1
— = lim — = lim [ln|u|] :
0o U =0t J. U e—0t €

Since In 1 = 0, this becomes:

lim (O — lne> = lim (—lne).

e—0t e—0t

Ase— 0", Ine = —o0, so
—Ine = 4o0.

e Since the limit diverges to +o00, the original integral does not converge.

e | The integral diverges.

11



