7.8 Improper Integrals Solutions
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This is an integral over an infinite interval. We evaluate the limit:
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The integrand has an infinite discontinuity at « = 0.
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Evaluate as a limit to infinity:

b b
lim e “dr = lim {—671}
b— oo 0 b—o0 0

b b
lim z7?dr = lim [—f}
b—oo Jq b—o0 rl1l
=lim (———(-1) ) =0+1=]1
jim (5~ () =0+
1
1
5. dz
/0 VvVi—z
The integrand is discontinuous at x = 1. Let u =1 — z, so du = —dx.

e Limits: Asz — 0,u =+ 1. Asxz — 17,u — 0t.
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The new integral is improper at v = 0:
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Discontinuous at x = —1 and x = 1. Technically, we split the integral at 0.

=

= arcsinx
Evaluating the limits at the endpoints:
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Rewrite as an improper integral:
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Use integration by parts with
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u=Ilnzxr = du=—dx, dv=zx"*dx
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Now take the limit. Since n—b —0asb—ocand Inl =0,
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Discontinuous at z = 0. flnwdx =zlnz —x.
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We use L’Hopital’s Rule for the limit: lim, o+ 5% = 0.
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Let u =1+ 22, du = 2z dz.

e Limits: x=0—u=1,2 — 00 = u— 0.
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Discontinuous at £ = 2. Let u =2 — z.

(0-1)—(0-0)=[-1]
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e Limits: 2 =0—u=2,2—2" —u—0".
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Discontinuous at = 1. Trig substitution = = sin # removes the singularity.

o Limits: 1 =0—0=0,2=1—60=mn/2.
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The new integral is proper. Using sin® 6 = o
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Discontinuous at = w/2. Antiderivative is —In | cos z|.
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Asb— 7/27, cosb — 0T, so In(cos b) — —o0.
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Let u =Inz, du = dz/x.
e Limits: z=1—-u=0,x — oo = u— oco.

This transforms into fooo u~2 du. This integral must be split because it is improper at both 0 and oco.
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Looking at the first part: lim,_,o+[—1/u]l = —1 — (—00) = co. Since one part diverges, the whole integral diverges.
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Improper at 0 and co. Let = = ¢2, dx = 2t dt.
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The substitution removed the singularity at 0. We only evaluate the limit at co:
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