7.4 Partial Fractions Solutions

1
Factor the denominator:
2 —4=(z-2)(z+2)
Partial fraction decomposition: Decompose the integrand into partial fractions:

1 A n B
(x—2)(z+2) =x—-2 z+2

Multiply both sides by (z — 2)(z + 2) to clear the denominator:
1=A(x+2)+ Bz —2)
Solve for coefficients A and B:

o Let x =2: 1
1=A4(2+2)+B(0) = 44A=1 = AZZ

o Let x = —2: 1
1=A0)+B(-2-2) = -4B=1 = B:—Z

Integrate: Rewrite the integral using the determined coefficients:

1/4  1/4
/(m—Q_x—i—Z)dx
:iln|m—2|—iln|x+2|+0

1
2‘/kx—1Xw+®dx

Partial fraction decomposition:

(z -1 (z+2) - $71+x+2

Multiply by (z — 1)(z + 2):
1=A(x+2)+ Bz —1)

Solve for coefficients:

o Letzx=1: 1
1=4A1+2) = 34=1 = A:g
o Let z=-2: )
1=B(-2-1) = -3B=1 = B:fg
Integrate:

l/n<a}{?1 _’a}i?2> de

:%mu—u—ému+m+c

1
3. —d
/ 2 +3x+2 v
Factor the denominator:

2 +3zx+2=(z+1(z+2)

Partial fraction decomposition:
1 A B

(x+1)(x+2) a:—|—1+x+2

Multiply by (z + 1)(z + 2):
1=A(x+2)+B(x+1)

Solve for coefficients:

o Let z =—1:
1=A(-14+2) = A=1



o Let x = —2:
1=B(-2+1) = —-B=1 = B=-1

/ 1 _ 1 da
r+1 T+ 2

=hnjz+1|—-Inlz+2|+C

Integrate:

2x+ 3
4. ——d
/x2—|—1’—2 v

Factor the denominator:
P 4r—2=(x—-1)(z+2)

Partial fraction decomposition:
2z + 3 A B

(z -1 (z+2) x71+:17+2

Multiply by (z — 1)(z + 2):
20 +3=A(x+2)+B(x—1)

Solve for coefficients:

o Letx=1: 5
2)+3=A1+2) = 5=34 = A:g
o Let x = —2: 1
2(-2)+3=B(-2-1) = -1=-3B = B:§
Integrate:

/(j?1+;£2>“

1
:gln|x—l|+§ln|x+2|+c

dx

1
5.
/w3—x

Factor the denominator:

2 —r=z@®—-1)=z(@—-1)(z+1)

Partial fraction decomposition:

1 AJr B n C
zz—1)(z+1) =z =xz—-1 z+1

Multiply by z(z — 1)(z + 1):
1=A(x—-1)(z+1)+Bz(z+ 1)+ Cx(zx—1)

Solve for coefficients:

o Let x =0:
1=A-1)(1) = 1=-A = A=-1
o Letx=1: 1
1=B(1)(2) = 1=2B = B:§
o Let x =—1: 1
1=C(-1)(-2) = 1=2C = C:5
Integrate:

112 1/2
/(_E+x71+x+1>m

1 1
:—ln\x|+§ln\x—1|+5ln|x+l|+0

2
T
6. / e dx
Method 1: Substitution

Let v = 2% — 1. Then, du = 3z dz, which implies z? dz = %du. Substituting into the integral:

1 1 1



Substituting back u = 2% — 1:
1
= gln|m3 —-1|+C

Method 2: Partial Fractions
Factor the denominator: z° — 1 = (z — 1)(2® + = + 1).

22 A Bx+ C

(z—D(@=2+z+1) z—-1 z22+4+zx2+1

Multiply by (z — 1)(z® + z + 1):
=A@ +x4+1)+ Bz +O)(z—1)

e Letz=1:1=34 = A=3.
° Equatecoefﬁcientsofm2: 1=A+B = 1:%+B = B:%.
e Equate constant terms: 0=A4A—-C = C=A= %

1 1 1 % + 1
S N PR R
3/33—1 x+3/x2+x+1 v

Noting that the numerator (2x + 1) is the exact derivative of the denominator (z® + z + 1) in the second term:

The integral becomes:

= %ln|x7 1]+ éln|:r2+:r+1|+0
Using log properties (Ina + Inb = In ab), this confirms the result from Method 1:

:%1n|(x71)(x2+x+1)|+0:%1n|x371|+0

1
. —d
/ x(z2+1) v
Partial fraction decomposition:
1 _A Bzx+C

z(xz2+1) =z x2+1

Multiply by z(2? + 1):
1=A@*+1)+z(Bz + O)

Expanding terms:
1=(A+B)z*+Cz+ A

Solve for coefficients: Equating coefficients of like powers:

e Constant term: A = 1.
o r term: C =0.

e z2term: A+ B=0 — 1+ B=0 — B=-1.

1 T
/<Eix2+1)dx

For the second term, let u = 22 + 1, so du = 2z dz, or %du = xdx.

Integrate:

:ln|x|—%ln(m2+1)+c

(Note: |z* + 1| can be written as (2 4 1) since it is always positive.)

x
- / Bt ®
Stmplify the integrand: Before applying partial fractions, reduce the fraction:

T T 1

23 +22  22(x+1)  x(z+1)

Partial fraction decomposition:

Multiply by z(z + 1):

Solve for coefficients:



o Letz=0:1=A(1) = A=1.
o Letz=-1: 1=B(-1) = B=-L1

Integrate:

/(i%il)dw

=Injz|—Ilnjz+1|+C

1
[ e=rern®

Partial fraction decomposition: Include a term for each power of the repeated factor (z — 1):

A n B n C
(x—12(x+2) z—-1 (z-1)2 zx+2

Multiply by (z — 1)2(z + 2):
1=A(x—1)(z+2)+ Bz +2)+ C(z —1)°

Solve for coefficients:

o Letz=1: 1
1=B(1+2) = 3B=1 — B:g
o Let z=-2: .
1=C(-2-17% = 1=0(-3° = 9C=1 = C=3
e Equate coefficients of z?: Expansion gives Az? + Cz? = (A 4 C)z2. Since there is no z> term on the left side:
1
A+C=0 —= A=-C = A:—§
Integrate:

/ (_ xligl * (a:l—/gl)2 + xl—/|—92> de

:—$1n|x—1|+%/(m—1)72dx+$ln|x+2|

1

1

+éln|x+2|+0

dx

zt + 223+ 322 + 42+ 5
10.
(z—1)(x2+z+1)
Step 1: Long Division
The denominator expands to 2 — 1. Since the degree of the numerator (4) is greater than the degree of the denominator (3),
perform polynomial long division.

Dividing z* + 223 4+ 322 + 4z + 5 by 2 — 1 yields:
Quotient = z + 2, Remainder = 32> + 5z + 7

322 +524+7
/(”2)61”/(%1)(#”“)

The first part integrates to %xQ + 2x. We focus now on the rational function.

Thus, the integral becomes:

Step 2: Partial Fraction Decomposition

322 +5x+7 A Bz +C

(z—1D(@2+z+1) x71+x2+x+1

Multiply by (z —1)(z* + 2 + 1):
32° + 52 +7=A@"+z+ 1)+ (Bz+C)(z —1)

Solve for coefficients:

o Letx=1:
3(1)+5()+7=A14+1+41) = 15=3A = A=5

e Equate coefficients of z2:
3=A4+B = 3=54+B = B=-2



e Equate constant terms:
T=A-C = 7T=5-C = C=-2

5 —2x —2
/m—ldx—’—/:ﬁ—&—w—i—ldm

The first term is 5In|z — 1|. For the second term, factor out —1 and split the numerator to match the derivative of the

denominator (2x + 1):
2z + 2 2z +1 1
- ——do=—- | 5———do— | 5———d
/mQ—i—m—i—l v /x2+x+1 v /x2+x+1 v
2z+1

(a) [ g der=1In |z? 4 2 + 1| (using u-substitution).

Step 3: Integrate the Rational Part

(b) [ m dz: Complete the square in the denominator.

P rotl= (ot 2+§
B 2 4
du V3

Using the standard integral [ P Ltan~'(%), where a = 43:

e (S5 e (55

Final Answer: Combining all parts:

1 2 2 2 ,1(21‘+1)
—xz°+2x+5njz—1|—In(z"4+2x+1) — — tan +C
2 oot '~ V3
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