7.3 Trigonometric Substitution (Solutions)

1. / — Lz

V9 + 3x2
(a) Choose a substitution. Let v = 9 + 3z2. Then du = 6z dz, so xdx = & du.
(b) Rewrite and integrate.

[ st G lan)

= 6/ —1/2 du

u1/2 + C

Vu+C.

Wl =

(¢) Substitute back.

T 1
———dr = =9+ 322+ C.
/\/9+3a¢2 3

T
2. /7(9_’_2%2)3/2 dx

(a) Choose a substitution. Let u = 9+ 22°. Then du = 4z dz, so zdx = § du.

(b) Rewrite and integrate.
i _ —3/2 1
[ @i te= | (4“)

(c) Substitute back.

[ G e = g+ C
(9+2x2)3/27"  2/9+ 222

3 /xidx
' V16 + z2

Quick note. This integral can also be done efficiently by u-sub with u = 16 4+ z® and by rewriting z*> as z°

(a) Identify the form.

\/16+x2 \/:c2+42 = x =4tanf.
(b) Draw the triangle (for tanf = § ).

Va2 +16

(c) Substitute. Let © = 4tanf. Then dx = 4sec® 0 df.
(d) Simplify the radical.

V16 + 22 = /16 + 16 tan? § = 4sec.
(e) Rewrite and integrate.
x> 4tan0 2
/ 16—|—m2 / Toocl (4sec” 0) do
= 64/tan3 0 secddf

= 64/(8602 0 — 1) secHtan 6 df.

- T.



Let u = secf. Then du = secftan 6 df, and

64/(sec29— 1) sec@tan9d9:64/(u2 —1)du

3
:64(%—u)+0

= 6—;56039—645%9—1—0.

vVaZ 416

1 . Thus

(f) Back-substitute. From the triangle, secd =

64 (\/m)i” e (W)

6—3456039—645609 = —

3 1 1
_ %(ﬁ +16)% — 161/22 1 16.

(g) Final answer.

z3 1, 5 3/2
= dr= (2> +16)*? — 1622 + 16 + C.
/\/164—1:2 3( )

4. /\/5—2x2dx

(a) Identify the form.

\/59:)2 . V2x .
V5—2z2 =15 1—( = Va?—u? withu= —=, so use u = sin#.
V5 V5

:r:\/gsine, dx:\/gcosﬁdﬁ.

(b) Trig substitution.

V2
c) Reference triangle (for sinf = .
(c) Ref gle (f 7 )
V5
V2
Vb — 2x2
(d) Rewrite the integral.
\/5*2.%‘2 = \/575sin29: \/5cost9,
SO
5
/\/5 o2 dr = /(\/S cos ) (\/;0080> do
5 2
= —— [ cos”0dF.
i/
(e) Integrate.
/cos%ﬁ’d@z/%d@z % <9+ %sinQ@) +C,

SO

5 1
_2 2 = = iy i 2 .
/ /5 x2 dx 2\/5(0+2sm 0>—|—C

(f) Back-substitute. From the reference triangle,

, V2z V5 — 222
sinf = ———, cos = ——,
V5 NG

SO

6 = arcsin ( ‘{3;) .



Also,

sin 260 = 2sin 6 cos 6
() ()

_ 2v/2 /5 — 222
- —

(g) Final answer.

x 5 V2z
V5 —2x2dr = =+/5— 222 + arcsin +C.
/ 2 2V2 ( )

5 / dx
' V5 — 2z2

(a) Identify the form.

ﬂx)Q . ﬂx .
V5—2z2 =15 1—( = +va?—u? withu=-——, so use u = sin#f.
\ V5 V5

x:\/gsinﬁ, dx:\/gcosﬁd&

(b) Trig substitution.

V2z
V5

).

(c) Reference triangle (for sin =

V5

Vb — 2z2

(d) Rewrite the integral.

V5 — 222 = /5 cos,
\/gcose

/\/fwz/\/gcosﬁdez%/d&
%/d@z%—ka

0= arcsin(‘{f;) .

SO

(e) Integrate.

(f) Back-substitute.

(g) Final answer.

[ Loin(22) s

6 / dx
' V16 + z2
(a) Identify the form.

\/16+m2:\/x2+42 = 22 4+ a? with a =4, so use z = 4tan#.

(b) Trig substitution.
r=4tané, dz = 4sec? 6 df.

(c) Reference triangle (for tanf = %)

Va2 +16




(d) Rewrite the integral.
V16 + x2 = 4sec,

SO )
4sec” 0

dx
/\/16+x27/4sec0

df = /secHd@.

(e) Integrate.
/sec@d@ =In|secf + tanf| + C.

(f) Back-substitute. From the triangle,

Va2 +16 z
sec) = ——— tanf = —,
4 4
)
Va2 +1
In|sec + tan | = ln‘%m .

(g) Final answer.

ln’w +Vx2+ 16‘ +C.

dx
/ V16 + 22

- / dx
) Ve 11
(a) Identify the form.

V8 ? . NEY
V8x2 — 11 =+v11 ( -1 = +/u?2-—a? withu=—, so use u = sec.
V \ Vi1 N

:EZ\/%SGC@ dx:M%secHtaanO.

V8z
V8r2 —11
V11

V8x2 — 11 = V11 tané,
\/%secetancS‘

dzx 1
/ V822 — 11 / V11tan6 V8 /Sec

(b) Trig substitution.

V8
V11

).

(c) Reference triangle (for sec =

(d) Rewrite the integral.

SO

(e) Integrate.

1 1
— [ secfdf = — In|secl + tanb| + C.
\/é/ v-h nf|

(f) Back-substitute. From the triangle,

V8 VEZ =11
sec = s tanf = Y—
V11 N
so
2 _
In | secd + tan 6| :hl’\/gaﬂrm‘.
VI

(g) Final answer.

dx 1
—— = ——_In|V8 V8x2 — 11| + C.
/\/83;2—11 2v/2 n‘\[m+ v ‘Jr

N —
‘ xzvx? — 16
(a) Identify the form.

\/x2—16:\/x2—42 = z2 — a? with a =4, so use x = 4secf.



(b) Trig substitution.
r = 4sech, dx = 4secftanf df.

(c) Reference triangle (for sec = %)

2 — 16

(d) Rewrite the integral.

V22 — 16 = /165ec2§ — 16 = 4tan 6,

SO

1 1
——de= | —— (4 0 tan6) do
/mm v /(4sec9)(4tan9)( sec tan 6)

1

1 0
Z/défz—ka

(f) Back-substitute (solve for 0 using tan@). From the triangle,

opposite  vz? — 16

(e) Integrate.

tanf = = ,
an adjacent 4
o)
V2 —16
0 = arctan )

(g) Final answer.

1 1
/m dr = Z arctan(

(h) Note. Our book defines sec™" to return 6 € (0,7/2) U (m,3m/2). With this convention, § = sec™' (%) automatically handles
both branches: for > 4 it returns an acute angle, and for x < —4 it returns a quadrant-1II angle. We can also solve using

2 _
\/a:4 16) )

tangent: the triangle gives the acute reference angle a = arctan(ivwifm) € (0,7/2); on the z < —4 branch the needed

angle is § = 7 + « (since tan(m + «) = tan ). But the antiderivative after substitution is 16 + C, so

1 1 1 T
10+C—Z(7r+o¢)+0—1a+(0+1>7

and C + 7 is just a new constant. Thus using arctan produces the same antiderivative (up to +C).

22
9. / ——dx
V10 — 322

(a) Identify the form.

/ \/395)2 V3zx
v/ 10 — 322 = V10 17< = Va?—u? withu=——, so use u =sinf.
V10 V10

(b) Trig substitution.

V3z
V10

(c) Reference triangle (for sinf =

).




(d) Rewrite the integral.

2? = W2 0, V10 — 322 = 1/10(1 — sin? 0) = V10 cos 0,

3
)
2 10
T sin” 6 10
" dr= 3 1/— 0| do
/\/10—33:2 v V1 Ocos@( o >
.2
= —— [ sin“ 6d6.
3\/3/

(e) Integrate.
. 9 [ 1—cos20 1 1
/sm 0 do —/72 df = 5 (0 2 sm20) + C,

—_de=—— (60— =sin20 ) +C.
/ V 1()—31‘2 v 3\/§< le >

SO

(f) Back-substitute.

0 = arcsin , sin26 = 2sinfcos = —————.
V10 5
(g) Final answer.
/ Y dr= 5 arcsin (L> z /10 — 322 + C.
V10 — 322 3V3 Vvio) 6

V92 — 16

(a) Identify the form.

V922 — 16 = \/(31’)2742 = u? — a? with u =3z, a =4, so use u = 4sech.

(b) Trig substitution.
3z =4secl = mz%sec@, dmz%sec@tan@d@.

3z
/A V922 — 16
4

(d) Rewrite the integral. From (3x)? — 4% = (4sec)? — 4% we get

4
V922 — 16 = 4 tan 0, = (%) sec* 9 = 256 sec’ 6.

81

(c) Reference triangle (for sec = ?ij)

Therefore,

o2 —
/ 9w 16 /4tan0 (ésecﬁtane)aﬁ

256

27 tan? 0 27

6 ey =1 sin” 0 cos 0 d.

(e) Integrate. Let u = sin6, du = cos 6 db.

. 2 [ 9
16 sin“fcosfdf = 16/ du = 16sm 30+ C.

(f) Back-substitute. From the triangle,

., /922 —16 C 3, (927 —16)%/2
Hence 2 3/2 2 3/2
-1 1 1
9 s, 9 (927167 1 (9% —16)"°

16 16 27x3 48 x3



(g) Final answer.

5 2 1p\3/2
VO =16, 1 (927 16 |
Tzt 48 3
11 ; dx
' 22?2 — 16

(a) Identify the form.

Va2 —16 =22 — 42 = x2 — a2 with a =4, so use x = 4secH.

(b) Trig substitution.
x = 4sech, dx = 4secftanfd.

X
//J Va2 =16
4

z? = 16sec” 6, Va2 —16 = 4tané,

(¢) Reference triangle (for sec = %)

(d) Rewrite the integral.

&)
;da:* / ! (4secftan @) do
2222 — 16  J (16sec26)(4tand)
1
=16 cos 0 df.

(e) Integrate.

1 1 .
6 cosfdb = I sinf + C.
(f) Back-substitute. From the triangle,
. x? — 16
sinf =
x
(g) Final answer.
1 Va2 —16

V/5/2
12. / V5 —2x2dw
0

(a) Identify the form.

2
2 2

m: V541 — (fx) = a? —u? with u = 7fx7 so use u = sin 0.
V5 V5

ac:\/gsinO7 dx:\/gcosﬁd&

5 ™
r=0=61=0, :E:\/;¢92:§_

(b) Trig substitution.

Change bounds:

V2x
V5

).

(¢) Reference triangle (for sinf =




(d) Rewrite the integral.

SO

(e) Integrate.

5 [ 5 /”/21+cos29 5
- 20do = — TP = 2
ﬁ/ V2 Jo 2 22

(f) Back-substitute.
5

2v2

(g) Final answer.

V5 —2x2 = /5 cosb,

\/5/72 /2 /2
V5 —2x2dx = / (V5 cos 0) \/ECOSG do = S / cos® 0 df.
0 0 2 V2 Jo

{6’ + % sin 26‘}

1 /2
{9 + —sin 29}
2 0

/2 5

5 T
L Taala )"0

\/5/2
\/572ac2dgv:5—7r
0

42"

13 / P_dz
' 0o V 16 + .T2
(a) Identify the form.

V16 + 22 = \/2? + 42

(b) Trig substitution.
r =4tan0,

Change bounds:

=

dr = 4sec® 0d0,

22 + a? with a =4, so use x = 4tan6.

V16 + 22 = 4sech.

r=0= 60, =0, x:2:>92:arctan(%>.

(c) Reference triangle (for tanf = 2)

(d) Rewrite the integral.

[
0 16 + z2 0

(e) Integrate.

Va2 +16

6o 2 62
4 sec 0d9:/ sec 0 do.
4sech 0

02
/ sec 0 df = [In|sec + tan ]S .
0

(f) Back-substitute. At 0 = 02, we have tanf, =

1 SO
23

sec92:\/1+tan202:1/1+%:§, secO+tan0 = 1.

Therefore

[In | sec§ + tan 6]]¢2 :m(‘/g + %) ~In(1) :m(‘/g+ 1) .

(g) Final answer.

2 2

/2 dx *ln(
0 \/16+$2 2

\/5—1—1)’

72

14. ——d
/(9+2x2)3/2 ¢
(a) Identify the form.

(9—1—2302)3/2 _ (32 + (\/5:5)2)3/2

=

Va2 +u? withu=+v2z, a=3, souseu=atanf.



(b) Trig substitution.
V2z =3tanf = m:itane dm:ise029d0.

vz V2
(c) Reference triangle (for tan = \/31’)
V9 + 222
V2z
3

(d) Rewrite the integral.

2% = %tan2 0, 9+ 2z )3/2 (9sec 0)3/ = 27sec® 0,

22 9 tan?0 / 3
(9 + 222) 27 sec3 0 \ /2

tan? 9 1
— sec — cosf) df.
2[/ sec@ 2\/5/( )

SO

(e) Integrate.
(secd — cosf) df = ——= (In|secd + tan 6| —sin ) + C.

(f) Back-substitute. From the triangle,

tan @ = \/ix Secezﬂ sin@zﬂ
37 3 VO + 222
=)
92
In|secd + tanf| = In 9t 2
(g) Final answer.
22
- 1‘\/9 222 + /2 ‘ S,
/(9+2x2)3/2 nv9+ 222 + V22 97+2w2+

/; dz
' (25 + 3x2)3/2
(a) Identify the form.
(25 + 3z )3/2 (5 + (\/gx)2)3/2 = Va?+u? withu=+v3z, a=>5, so use u=atané.

(b) Trig substitution.
V3z =5tanf = x:itanﬁ da::isec29d0.

V3 ’ V3
(¢) Reference triangle (for tan = \/Ex).
V25 + 327
V3z
5

(d) Rewrite the integral.
(25 + 32%)%/% = (255ec? 0)%/% = 125sec’ 0,

1 1
/de—/m<f§ec 9>d9 f/COSQda

SO

(e) Integrate.

1 1
—— [ cosfdf = sinf + C.
25\/??/ 25v/3 o



(f) Back-substitute. From the triangle,

(g) Final answer.

[ arrama o= g 4 C
(25 +322)3/2 " 25\/25 + 3a2
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