
7.1 Integration by Parts

Every di↵erentiation rule has a corresponding integration rule. For instance, the Substitution Rule
for integration corresponds to the Chain Rule for di↵erentiation. The rule that corresponds to the
Product Rule for di↵erentiation is called integration by parts.

Theorem (Integration by Parts, Formula 1). If f and g are di↵erentiable functions, then

Z
f(x) g0(x) dx = f(x) g(x) �

Z
f 0(x) g(x) dx.

The formula for integration by parts is often written in the following form:

Theorem (Integration by Parts, Formula 2). Let u = f(x) and v = g(x) in the theorem
above. Then du = f 0(x) dx and dv = g0(x) dx. We obtain:

Z
u dv = u v �

Z
v du.

1

Recall the product rule for differentiation :

↓ [f(x)g(x)) = f'(x)g(x) + f(x)g'(x)

Integrate both sides :

J & [f(x)g(x))dx = (f'(x)g(x) + f (g'(x)dy

We obtain

f(x)g(x) + C = (f'(x)g(x)dx + ff(x)g'(x)dy

Rearranging ,

we get

(f(x)g'(x)dx = f(x)g(x) - (f'(x)g(x)dx + C

Note : We typically treat the constant of integration as implied
and neglect writing it in the formula . (After integrating ,

combine all the
"

+ c" terms into one)



Example. Find

Z
x sinx dx.

Question. In the above example, what would have happened if we had instead chosen u = sinx
and dv = x dx?
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Formula #1 .

Let f(x) = X and g'(x) = sinx
.

Then f(x) = 1

and g(x) = (sinxdx = -cosX

Sxsinx dx = (f(x) - g'(x)dx = f(x)g(x) - (f'(x)g(x)dx

= X . (-cosx) - J1 . ( -cosx)dX

= - XcoX + ScosXdX
=

=X cosX + sinx + C

Formula #2 .
Let u = X and dv = sinxdx . Then du = dx

and v = -cosX.

Sysinxdx = Su . dv = nov-gu . du

= X . ( - cosx) - f - cosx - dy

=
- XcoSX + frosXdx

= -

XCOSX + Sinx + C

In this case
,

du = cosxdx and v = Sxdx= We obtain

↓udxdx = since Ex

This is more complicated than the original problem !



Example. Evaluate

Z
lnx dx.

Example. Find

Z
t2et dt.
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choice

Y
u = (nX V = X

du = + dx dv = dx

findvex

- choice

= xInx - fldy

= XInx -x + C

u = t
2

V = 2
t

du = 2tdt dr = e
+ de

① Jedvvedt
u = 2t v = et

u . dv
v .

du du = 2dt dv = etdt

② let . ztdt = chet-Jet . zdt

= 2tet - zet + C

In total,

Stretdt = thet - (2+ et = ze
+

+ c)
= thet - 2te

+
+ ze +

+ C

=
e

+ (t2 - 2t + 2) + C



Example. Evaluate

Z
ex sinx dx.
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"Boomerangintegral"
u = SinX V = eX

du = cosxdx du = e
*dX

u . dv

Jetsinxdx =
exinx -Jexdx

U = coSX v = 2X

du = -sinxdx dv = exdx
Then

u . dv u . v v . du

Jetcosxdx = ex - cosx-Je% (-sinx)dx
= excosX + Jetsinx dx

In total,

Jetsinxdx = exsinx-(excosx + Jetsinxdx)
= exsinx-e *

cosx-Jexsinxdx

So

2 Jexsinx dx = etsinx-e*
cosy

=> Jesinxdx= (sinx-cosx) + C

* Note : remember to add the constant of integration .



Definite Integration by Parts

If we combine the formula for integration by parts with the Evaluation Theorem, we can evaluate
definite integrals by parts:

Theorem (Definite Integration by Parts).

Z b

a
f(x) g0(x) dx =

h
f(x) g(x)

ib
a
�

Z b

a
f 0(x) g(x) dx.

Example. Calculate

Z 1

0
tan�1(x) dx.
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u . dv u . v v . du

① u = tan'(x) v = X

du=
1+x dxdv = dx

U . du u . v

② %'tan"(x)dx = Start() . x] -I dX

③ We have [far"(x) .x] = fan" (1) . 1 - fam(o) . 0 =

⑪ To compute !Y dx
.

Let u=x
,

so du= 2xd

=> xdx = Edu

ThenIX dx= when X = 0
,

u = 1

u= 1
when X = 1

, u= 2

= [ Inlul] ? = In2

⑤ In total
, J'fai(x)dx = -te


