6.2-6.3 Solids of Revolution (Solutions)

6.2-6.3 Disk Method (Solutions)

1. Find the volume of the solid obtained by rotating 2. Find the volume of the solid obtained by rotating
the region bounded by the region bounded by

y=vz, y=0, =4 y=2—2% y=0, xe[o,\@}

about the x-axis. about the x-axis.
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3. Find the volume of the solid obtained by rotating

the region bounded by

about the y-axis.

4. Find the volume of the solid obtained by rotating

the region bounded by

about the y-axis.

Yy
fffffff x:%
> T
4 2
)
V= (—)d
W/O UY ay
4.9
)
=m [ =—dy
I

D\
kS
<
o
QU
<

| —
<

w

o >

w| R «l

ey R R s

>
3

|



5. Find the volume of the solid obtained by rotating

the region bounded by
y=vVar—3, y=0, =7

about the vertical line x = 7.

First, rewrite y = vz — 3 as ¢ = y> + 3. When
=17, y=+7—3=2, so using horizontal slices:
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6. Find the volume of the solid obtained by rotating

the region bounded by
y=vVx+1l, y=0 =3

about the vertical line x = 3.
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Rewrite y = vz + 1 as ¢ = y> — 1. When z = 3,
y=+3+1=2. Then,
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7. Find the volume of the solid obtained by rotating 8. Find the volume of the solid obtained by rotating

the region bounded by the region bounded by
y:2_\/57 y:27 r=1 y:_l_‘_\/ga y:_17 r=1
about the horizontal line y = 2. about the horizontal line y = —1.
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6.2-6.3 Washer Method (Solutions)

1. Find the volume of the solid obtained by rotating

the region bounded by

about the z-axis.
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2. Find the volume of the solid obtained by rotating

the region bounded by

y=2—-—z, y=x, =0

about the z-axis.




3. Find the volume of the solid obtained by rotating

the region bounded by

about the y-axis.
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4. Find the volume of the solid obtained by rotating

the region bounded by
y=z, y=4—z, and y=0

about the y-axis.
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5. Find the volume of the solid obtained by rotating

the region bounded by
r=y, x=5—y", y=-1, and y=1

about the vertical line x = 7.
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For a given y, the distances from the vertical line
x =7 to the curves are:

(5 y?) =2 +y?

(45 6) (45+6))

6. Find the volume of the solid obtained by rotating

the region bounded by
y=z—1, y=4—z, y=0, and y=1

about the vertical line x = —1.

For a fixed y with 0 < y < 1, the region extends
horizontally from

r=y+1 to z=4—y.

Since the axis of rotation is x = —1, the distances
from z = —1 to these curves are:

Thus, the cross-sectional area (washer) is

Aly) =[5 -1)* - (w+2?].
Hence, the volume is
V=7T/01 :(5—y)2—(y+2)2}dy

_ /1 (25 — 10y + y?) — (y2+4y+4)}dy
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7. Find the volume of the solid obtained by rotating

the region bounded by
Yy = xzv Yy = \/'E

about the horizontal line y = 2.

Using the washer method with vertical slices, note
that the region in x runs from x = 0 to x = 1. For
a fixed x in this interval, the y-values range from

to y=+x

‘When this slice is rotated about the horizontal line
y = 2, the distances from y = 2 to the curves are:

2

y=2x" (lower curve) (upper curve).

Outer radius: R(z) =2 — 22
Inner radius: r(z) =2 — /.

Thus, the cross-sectional area is:
A(e) = 7|2 =2%)? - (2 - Vo).
Hence, the volume is
1
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0
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8. Find the volume of the solid obtained by rotating
the region bounded by

x
y=vr, y=73
about the horizontal line y = —1.
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For a fixed x in [0, 4], the region extends vertically
x
y=35

from
5 to y=+/=.

When this slice is rotated about y = —1, it forms
a washer with

Outer radius: R(z) =z — (—-1) =z +1

Inner radius: r(z) = g —(-1) = g +1.

Thus, the cross-sectional area is

A(z) = w[(\/i+ 1)2 - (g + 1)2]

Hence, the volume is
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6.2-6.3 Cylindrical Shells Method (Solutions)

1. Find the volume of the solid obtained by rotating

the region bounded by
Yy = \/Ea y=0, xz=4

about the z-axis.
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Using horizontal shells (with y as the variable),
note that:

e Express y = /7 as = = y°.

e For a given horizontal slice at height y, the
shell extends from = = y? to x = 4. Thus,
the height is h(y) = 4 — .

e The radius of the shell is the distance from y
to the z-axis, i.e. 7(y) = y.

Then,
2
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2. Find the volume of the solid obtained by rotating

the region bounded by
y=2—-z, y=0, x€l0,2]

about the z-axis.

Rewriting y = 2 — x as ¢ = 2 — y, the region in
y is from y = 0 to y = 2 with horizontal length
h(y) = 2 — y and radius r(y) = y. Then,

2
V=27r/ y(2—y)dy
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= 27r/0 (2y — ) dy
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3. Find the volume of the solid obtained by rotating 4. Find the volume of the solid obtained by rotating

the region bounded by the region bounded by
y=2°, y=4, 2€(0,2] y=vr, y=0 z=9
about the y-axis. about the y-axis.
Y
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Using vertical shells, the radius is r(z) = = and For vertical shells, the radius is 7(z) = x and the
the height is h(x) = 4 — 2. Thus, height is h(z) = \/x. Then,
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5. Find the volume of the solid obtained by rotating

the region bounded by

y=+vz, y=0 x=1 2x=4

about the vertical line x = —1.
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Since the region is bounded vertically by y = 0
and y = y/z and horizontally by x = 1 and =z = 4,
we use the shell method with vertical slices. For a
typical slice at position x, the height is

and the radius (distance from z to the axis z = —1)
is
r@)=z—(-1)=x+1.

Thus, the volume is
4
V= 27r/ r(x) h(z) dz
1
4
= 27r/ (x + 1)Vz dz
1
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6. Find the volume of the solid obtained by rotating

the region bounded by
y=x+2, y=0, xz=-1, z=3

about the vertical line x = 5.
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Since the region is defined by —1 < z < 3 and
0 <y < x+2, we use the cylindrical shells method.
A typical vertical slice at = has:

Height: h(z) =z + 2,
and its distance from the axis £ = 5 is
Radius: r(z) =5 —z.

Thus, the volume is given by

3
V= 277/ r(x) h(z)dz
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7. Find the volume of the solid obtained by rotating

the region bounded by

For a horizontal slice at y (with 0 <y < 2):

e The radius is the distance from y to the line
y=3r(y)=3-v.
e The height is the horizontal length: h(y) =

4 — x where z runs from = = y? to z = 4;
thus, h(y) = 4 — 3>

Then,

RN
=27 |12y — — — 2 =
7T|: Y 3 +4 0
24
= 27‘( |:12(2) — y3‘2 — 2(2)2 + (4):|

=27 ([24 — 8 — 8+ 4]
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8. Find the volume of the solid obtained by rotating

the region bounded by

y=+Vz, y=

|8

about the horizontal line y = —2.

Using horizontal shells, for a slice at height y (with
y from the intersection of the curves, 0 <y < 2):

e The radius is the distance from y to y = —2:
ry)=y—(=2)=y+2.

e The height is the horizontal length between
the curves: h(y) = 2y — y>.

Then,

=27 [23/2 — f] 2
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6.2-6.3 Additional Problems (Solutions)

1. Find the volume of the solid obtained by rotating
the region bounded by

about the y-axis.

Solution via Washer Method:

Using the Washer Method with y-limits y = —2
to 2, outer radius R(y) = 4 and inner radius

r(y) = y*:
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2. Find the volume of the solid obtained by rotating
the region bounded by

2

y=x°, y=2—=x
about the vertical line z = —2.
)
€r = 2 A
y=%—z
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Solution via the Shell Method:

Using vertical slices, for « from —2 to 1 the height
of a typical slice is

h(z) = (2 —z) — 22,

and its distance from the axis x = —2 (the shell
radius) is

rx)=z—(-2)=x+2.

Thus, the volume is
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3. Find the volume of the solid obtained by rotating 4. Find the volume of the solid obtained by rotating
the region bounded by the region bounded by

y=sinz, y=0, =0, z=m y=2x2, y=+x

about the line y = 1. about the y-axis.

I y
y=1
y =sinz
> T
> T

Solution via the Washer Method:
Solution via the Washer Method:

Since the region lies entirely below y = 1, a verti-

1
cal slice at a ﬁxe.d x (with 0 < x < 7) extends from Virashors = / A(y) dy
y = 0 to y = sinz. When rotated about y = 1, y=0
this slice generates a washer with 1 4
= / (v —y") dy
Outer radius: R=1—-0=1
2 571
Inner radius: r =1 —sinzx LY
2 51,
Thus, the area of the washer is _ (1 _ 1)
2 5
A(:L‘):W[R2—T2] :7’['|:12—(1—SiIlLL’)2 . <5_2>
=T —_—
Expanding the inner square, 5 10
7r
(1—sinz)? =1—2sinz + sin®z, T 10°
so that
9 5 Solution via the Shell Method:
A(z) = 7r[1—(1—2 sin z-+sin x)} = 7T(2 sin z—sin x)
Hence, the volume is given b 1
: ' Vshells = 277/ (x3/2 — x3) dx
0

v [ s

i
= 77/ (2 sinz — sin? x)dx.
0
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= T _——_— -
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We evaluate the integrals separately: g _5
" " =2 <20>
/ 2sinz dr = 2[—60540 - 2[—(—1) + 1] — 4,
0 (3
and 20
" 3
/ sin?xdr = — - 20
0 10
Thus,



5. Find the volume of the solid obtained by rotating

the region bounded by
r=1-y* =0 yel[-1,1]

about the y-axis.

Solution Using the Disk Method:

Since rotation is about the y-axis, the radius of a
typical disk at height y is

4 2
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6. Find the volume of the solid obtained by rotating

the region bounded by

y=a? y=2-2a

about the line y = —1.

\
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y=2—z?
y = x?
> T

y=-1

Solution Using the Washer Method:

For a fixed = with z € [—1, 1], the region extends
vertically from the lower curve y = 22 to the upper
curve y = 2 — 2. When rotated about y = —1,
the distances from y = —1 are:

Inner radius: 7(z) = 2% — (=1) =22 +1

Outer radius: R(z) = (2 —2%) — (=1) =3 — 2%

Thus, the washer cross-sectional area is
A() = 7[(3=a%)? - (22 + 1)%).

The volume is

V:7r/1 [(3—x2)2—(x2+1)2}d$

=—1

:71'/1 (8—8:1;2)dx

-1

= Sw/l(l—;cQ)d;c

-1

1 1
:87r[/ ldx—/ xde]
-1 -1

- [(1 (1) - (13 _é_l)?’)]
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7. Find the volume of the solid obtained by rotating Solution Using the Shell Method:

the region bounded by Using vertical slices, the region is described by z

9 from 1 to e? and, for each z, y runs from y = 0 to

y=lhw, y=0= ro e y =Inz. A typical vertical slice at x has height

about the y-axis. h(z) =Inz,
y and its distance (radius) from the y-axis is
r(z) = x.

Thus, the volume by shells is given by

2

&
S X Vahells = 27r/ z (Inz)dx.
=1
We compute the integral using integration by
Solution Using the Washer Method: parts. Let
Since we are rotating about the y-axis, it is conve- 1
nient to express x in terms of y. From u=Inr = du= ;dx
2
y=lnzx = xz=2¢€Y dv=zdx = V=g
and note that when x = e? we have y = In(e?) = 2. Then
Thus, for a fixed y between 0 and 2, the region ex- ’
tends in x from the curve x = e¥ to the vertical Inzde — 3372 o — xj ' 1 d
line z = e2. When rotated about the y-axis, the D Rt 2 x v
horizontal slice produces an annular cross section 72 1
with :2lnx—2/xdx
. . 2 .%'2 x2
Inner radius: Riy(y) = €Y, Outer radius: Rou(y) = e”. =5 lnz — T
The area of the washer is then . 9
Evaluating from x =1 to z = e*:
Aly) = [()? = ()] = m(et = ™). . >
x x
—Inx — —
Thus, the volume by washers is 2 4o
M (2)2 22
1 1
2 = (<) ln(e2)—(e)]—[ln1—}
Viwashers = 7T/ (64 - e2y> dy L 2 4 2 4
y=0 [e? et 1
=|=-2——|—-]0—~
-2 >0l
=T7ley— — -
2 y=0 S R é + 1
1) et (0 1) T 41 4
=7 |e ———(0—-=
2 2 _ det —et 41
A =
- 4 € 1 4
—7r<2e—2+2> _3e4+1
<464 —et + 1> 4
= T —_—mmm
2 Thus,
m(3et + 1)
— -7 3et +1
2 Vshells = 27 - 1
m(3et +1)



8. Find the volume of the solid obtained by rotating

the region bounded by

4
y=—, y=0 ax=1  x=4
T
about the line x = —2

r=1 T

Solution Using the Shell Method:

A vertical slice at position z (with 1 < z < 4) has
height

4
h(z) = —
=1,
and its distance (radius) from the axis x = —2 is

rx)=z—(-2)=x+2.

Thus, the volume is

4
V= 271'/1 r(x) h(z)dz

_zﬂ/4(x+2) <i> dx
271_/1;14x+2
- ()

4 4q
877[/ 1dw+2 dx}
1 xT

4
=8r {(4— 1) —|—21n:v’ }
1

7 [3 4 21n(4)]
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