
11.6 The Ratio Test

One way to determine how quickly the terms of a series are decreasing (or increasing) is to calculate

the ratios of consecutive terms. For a geometric series
P

arn�1
, we have

���an+1

an

��� = |r| for all n,

and the series converges if |r| < 1. The Ratio Test tells us that for any series, if the ratios
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approach a number less than 1 as n ! 1, then the series converges.

Theorem (Ratio Test). Let
P

an be a series with terms an. Define the limit

L = lim
n!1

����
an+1

an
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Then:

1. If L < 1, the series
P

an is absolutely convergent (and therefore convergent).

2. If L > 1 or L = 1, the series
P

an is divergent.

3. If L = 1, the Ratio Test is inconclusive; that is, no conclusion can be drawn about the

convergence or divergence of
P

an.

Proof.

• If L < 1, show the series converges absolutely.
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· If L < / choose a numbera such that LJr > /

· For sufficently large n
,1

· This implies lantl < lanl . r

lantal <lantl - r < lan) - 22

·

lant) > ... lanl - rK for all K = 1

· In particular, antiark , so the tai ofhe e

Series and is bounded by a geometric series that converges, since ral .

· Therefore
,
[an convages absolutely

.



• If L > 1 or L = 1, show the series diverges.

• If L = 1, show the test is inconclusive.
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· If ( < 1 orL =0
,

then the ratio (a) will eventually
exceed 1.

· So there is some N such that for all neN

(1 lan > lan) *

· thuslim an 0 and & an diveges by the Test for Divergence.n+x

The harmonic series & diverges but

In/ =

The series &F converges (p-series with p=z 1)

In= = 1



Example. Test the series
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for absolute convergence.

Example. Test the convergence of the series
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We apply the Ratio Test by letting an = (1)
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Since t 1
,

this
converges absolutely by the Ratio Test.

Apply the Ratio Test . Since the terms an= are positive, we

don't need absolute values·
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Since e31
,
the series diverges by the Ratio Test.



Remark. Although the Ratio Test works in the previous example, an easier method is to

use the Test for Divergence. Since

an =
nn

n!
=

n · n · n · · · · · n
1 · 2 · 3 · · · · · n � n,

it follows that an does not approach 0 as n ! 1. Therefore, the given series diverges.

Example. Use the ratio test to test the convergence of the series
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Example. Determine whether the series
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is absolutely convergent, conditionally

convergent, or divergent.
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2/ We did this

above.

The series &F converges (p-series with p=z 1)

In= = 1

Since L = 1
,
the Ratio Test is inconclusive.

Apply the Ratio Test :

Limim CatalutedetainI
As nen,

arctan(n) ==

Since LC1
,
the Series

converges
absolutely
.


