
11.4 The Comparison Tests

In the comparison tests the idea is to compare a given series with a series that is known to be
convergent or divergent. If two series have only positive terms, we can compare corresponding
terms directly to see which are larger (the Direct Comparison Test) or we can investigate the limit
of the ratios of corresponding terms (the Limit Comparison Test).

The Direct Comparison Test

Theorem. Suppose that
P

an and
P

bn are series with positive terms.

1. If
P

bn is convergent and an  bn for all n, then
P

an is also convergent.

2. If
P

bn is divergent and an � bn for all n, then
P

an is also divergent.

Proof.

When using Direct Comparison Test, we must have some known series
P

bn for the purpose
of comparison. Most of the time we use one of these series:

• A p-series
P 1

np converges if p > 1 and diverges if p  1.

• A geometric series
P

arn�1 converges if |r| < 1 and diverges if |r| � 1.

1

Convergence : Sn= i
, tri ,=

· Both ESn3 and Stn] are increasing sequences because the terms are positive

· Since a< b
;
we have in < En < t

Thus ES3 is increasing and bounded above
,
so it converges by the

Monotonic Sequence Theorem . By definition , tan convergences.

Divergence : Since az b; we have su?tn

·If Ebn is divergent , then into (since In is increasing(

· Hence Spea and an diverges



Example. Determine whether the series
1X

n=1

5

2n2 + 4n+ 3
converges or diverges.

2

· For large n
,
the dominant term in the denominator is In?

· Compare the given series to:

5 T
[

Bigger -> 2n+4n+ 3 2n2
denominator

The series& converges because

E is a p-series with p= 2 and 2

· The Series& conveyes by the Direct Comparison Test



Remark. Although the condition an  bn or an � bn in the Direct Comparison Test is given
for all n, we need verify only that it holds for n � N , where N is some fixed integer, because
the convergence of a series is not a↵ected by a finite number of terms.

Example. Test the series
1X

k=1

ln k

k
for convergence or divergence.

Remark. The Direct Comparison Test is conclusive only if the terms of the series being
tested are smaller than those of a convergent series or larger than those of a divergent series.
If the terms are larger than the terms of a convergent series or smaller than those of a
divergent series, then the Direct Comparison Test doesn’t apply. Consider, for instance, the
series:

1X

n=1

1

2n � 1
.

The inequality:
1

2n � 1
>

1

2n
,

is useless as far as the Direct Comparison Test is concerned because
P

bn =
P�

1
2

�n
is

convergent and an > bn. Nonetheless, we have the feeling that
P 1

2n�1 ought to be convergent

because it is very similar to the convergent geometric series
P�

1
2

�n
.

3

· We used the Integral Test to test this in $11
.3
,
but

we can also compare it to the harmonic series

· Observe that Ink11 for K=3 and so I + fork 3

· We know thatEt is divergent (p-series with p = 1)

· By the Direct Comparison Test,& is also divergent



The Limit Comparison Test

Theorem. Suppose that
P

an and
P

bn are series with positive terms. If:

lim
n!1

an
bn

= c,

where c is a finite number and c > 0, then either both series converge or both diverge.

Proof.

Example. Test the series
1X

n=1

1

2n � 1
for convergence or divergence.

4

· Let m and M be positive numbers such that mac >M

· BecauseAt is close to a for large n , there
is an integer N such that

m> J M whena

· Hence m . br < an < M . bu when no N

If Ebe converges , so does &M . bn
.
Thus Can converges by Direct CompansonTest

If Ebn diverges, so does &m . bn . Thus Lan diverges by Direct ComparisonTest

I

Use the limit comparison test with an = n and bn=
zu

I

Thenlimia
2 - 1

=In 2 Is It i1

zu

=No = 1

Since &th is a convergent geometric series (since Irl = 11)

& also converges by
the Limit Comparison Test.



Example. Determine whether the series
1X

n=1

2n2 + 3np
5 + n5

converges or diverges.

5

The dominant part of the numerator is In2. The dominant part

of the denominator is=not

· This suggests taking an=
h

,
b=

2n+ 3n

+S

liman = lime
2

= ImBa
n+x n-

n'z

2.512 zblz lub

= Inste

= lim
2 + 2

n+0= = 1

Since Gbn = 2 .& is divergent (p-series with p= 1)

the given series diverges by the Limit Comparison Test.


