Integral Test

=1
1.

Z nlnn

n=2

Let 1
f(@) = rlnz’
For x > 2, f is continuous and positive. Also,
Inzx+1
, —_—
fla) = 22(Inx)?’

Since x > 2 implies Inz > 0, we have Inx 4+ 1 > 0, so
f(z) <0 for x > 2.

Thus f is decreasing on [2,00), so the Integral Test applies.

Now compute:

[e'e] t
/ dr = lim dx.
9 xlnzx t—oo Jo xlnzx

Let u =Inz, so du = %dw. Then

t 1 Int 1 Int
/ dr = / —du=1In \u]’ =In(Int) — In(In 2).
o zlnx In2 U In2

As t — oo, we have Int — 00, so
In(Int) — In(In2) — oc.

* 1
/ dx
9 xlnz

1
222 nlnn

Therefore,

diverges, so

diverges by the Integral Test.

[e.9]

1
2. —_

Z n(lnn)?
n=2
Let

f@)=—

~ 2(lnz)?
For x > 2, f is continuous and positive. Also,
Inx + 2
! —
Jla) = 22(Inx)3’

Since x > 2 implies Inz > 0, we have Inxz 4+ 2 > 0, so
f(z) <0 for x > 2.

Thus f is decreasing on [2,00), so the Integral Test applies.

Now compute:

00 t
———dx = i —d
/2 z(Inx)? T A% 5 xz(Inz)? v



Let u =Inz, so du:%d:c. Then
t Int Int
1 1 1 1
——  _dr= 2du=|-—= - 4
/295(11095)2 ! /ln2 oo [ U]lm 1nt+1n2
Ast—)oo,wehaveﬁ%(),so
/°° (P
o x(Inz)? T e

o0

1
nZ::Q n(lnn)?

Therefore,

converges by the Integral Test.

- 1
’ 7;’ n(Inn)(Inlnn)

Let .
1@ = ) )
For x > 3, f is continuous and positive. To verify that f is decreasing, write
1
g(z)=z(nz)(Inlnx), S0 flx)=—
(@) = a(inz)(n ) @)=
Then

¢ (z) = (Inz)(Inlnz) + (Inlnzx) + 1.
For x > 3, we have Inx > 0 and Inlnz > 0, so every term on the right is positive. Hence
g (x)>0 for z > 3.

Thus g is increasing, which means f(x) = 1/g(z) is decreasing on [3,00). So the Integral Test applies.

Now compute:

o0 1 t 1
—_—— dx =1 _ dx.
/3 z(Inz)(Inlnz) R 3 z(lnz)(Inlnx) v
Let
u=Inlnz.
Then ]
du = dz.
zlnzx
So

t 1 Inlnt Inln ¢
Ay 4 = —du =1 —In(Inlnt) — In(In1n 3).
/3 z(Inz)(Inlnz) o /mm3 i n [ul nln3 n(lnlnt) —In(Inln 3)

As t — oo, we have Inlnt — 00, so
In(Inlnt) — In(Inln 3) — oo.

Therefore,

& 1
/3 z(lnz)(lnlnx) de

diverges, so

- 1
7;3 n(lnn)(Inlnn)

diverges by the Integral Test.



=1
& nZ::Q nvinn

Let 1
T) = .
/(@) zvInzx
For x > 2, f is continuous and positive. Also,
2Inx+1
! e
Jlw) = 222(Inx)3/2"

Since z > 2 implies Inx > 0, we have 2Inz + 1 > 0, so
f(z) <0 for z > 2.

Thus f is decreasing on [2,00), so the Integral Test applies.

Now compute:

00 t
/ ———dz = lim ——dx.
2 zvVinzx t—oo Jo zv/Inx

Let
u=+Vinz.
Then
du—;da: SO 1 dr = 2du
2zvInx ' xvVInx '
Therefore,

t 1 Vint Vint
/ do = / 2 du = 2u‘ — 2vInt — 2vIm2.
2 zvinx VIn2 VIn2

As t — oo, we have vInt — 00, so

2vVInt — 2vVIn2 — oo.

>~ 1
/ dzx
2 zvinz

[e.e]

1
T; nvinn

Therefore,

diverges, so

diverges by the Integral Test.

— 1
D. — 1
; np (general case)

Let 1
f@)=—=a".

P
Assume p > 0. Then for x > 1, f is continuous and positive. Also,

f'(x) = —pa~P~ L.

Since p > 0 and =z > 1, we have
f'(z) <0  forz>1.

Thus f is decreasing on [1,00), so the Integral Test applies.



We now compute

') 1 t
/ —dz = lim x Pdzx.
1

P t—oo Jq1

Case 1: p # 1.
t

tt—r —1

t 1-p
/m_pdm:[x } = .
1 1-p],y 1-p

If p>1,then 1 —p < 0, so t'P? — 0. Hence

P -1 0-1 1

lim

two 1—p 1—p p—1

So the integral converges.

If0<p<1,then 1—p>0,sot'™P — co. Hence

tt-r —1

so the integral diverges.

Case 2: p=1.

Since Int — oo, the integral diverges.

Therefore,
o0
1
n=1 nP
converges if and only if
p>1.
i Vinn
n=2 n
Let
Vinz
flz) = :
x
For x > 2, f is continuous and positive. Also,
~1-2Inz

Jlw) = 222vInx

Since z > 2 implies In2 > %, we have
1
Inz>1In2 > >

SO
1—2lnx <O0.

Therefore,
f(z) <0 for z > 2.

Thus f is decreasing on [2,00), so the Integral Test applies.
Now compute:

dr = lim
X t—o00 2 X

/°° Inzx tInx
2

dx.



Let

1
u=Inz, du = —dzx.

x

Then tInz Int Int
1 n n 2 Int
/ nxdx: \/ﬂdu:/ u?du = Zu?) .
2 X In2 In2 3 In2

So

tV1 2 2
/ BT ge = Z(nt)®? — Z(in2)3/2.
2 X 3 3

oo
1
/ nxdx
2 X

oo\/m
>

n

As t — oo, this tends to co. Therefore,

diverges, so

n=2

diverges by the Integral Test.

[e.9]

> i
: 2
=n +1
Let
f@)=
2241
For x > 1, f is continuous and positive. Also,
2x
/ .
f(I)— (1’2—|—1)2'

Since x > 1, we have f/(z) < 0. Thus f is decreasing on [1,00), so the Integral Test applies.

Now compute:

o t 1 t
/ ———dr = lim ———dr = lim tan~!(z)] .
1 Tt +1 t—oo J1 x4 41 t 1

—00

Thus .
S P 1 71 p— 7) [ —
/1 71 dr = thm (tan (t) i)=3 171

Therefore,

converges by the Integral Test.

[e.9]

>
) n* + 925
n=1
Let )
X
@)= oy es

For x > 1, f is continuous and positive. Also,

2(x* +25) — 82z 50 — 62?

f@) = —Gmy  ~ wirsp

If £ > 2, then 2* > 16, so
50 — 62* < 50 — 96 < 0.



Thus
f(z) <0 for z > 2.

So f is eventually decreasing, and the Integral Test applies.

<2 t 9
/ de: 1im/ idz
5 x4 +25 t—oo Jo xt+25

Now compute:

Let
u =22, du =2z dzx.
Then ,
toog ¢ 1 1 u\ |
2 = ———du=t *1(7) .
/2x4—|—25 v A w225 T 5 5/
So . )
2x t
dr=—tan ' — ) — —tan"!( =
/2x4+25 Te (5) 5 ot <5>
Ast — oo,
1 t2 s
tan - = =
5 2
Hence
/°° 2z 1 (m tan—1
€Tr = — — — ta —
9 T*+25 5\ 2 5
Therefore,
[o.¢]
> itm
nt + 25
n=1
converges by the Integral Test.
S
’ nb + 36
n=1
Let )
3x
/(@) 26+ 36

For x > 1, f is continuous and positive. Also,

6z (2% + 36) — 1827  12z(18 — f)
(26 4 36)2 (25 +36)2

fl(a) =

If £ > 2, then 2% > 64, so
18— 2% <o.

Thus
f(z) <0 for x > 2.

So f is eventually decreasing, and the Integral Test applies.

[e%s) 3(L‘2 t 3.’1)2
O =1 g
/2 26 136" tino“o/g 26+ 367"

u=2>, du = 32% dx.

L #oq 1 u
- dxr = = du=Zt —-1(>
/2x6+36 v /8 wr+36"" "6 (6>

6

Now compute:

Let

Then




10.

So

Ast — oo,
tan ! ﬁ — T
6 2
Hence
/°° 322 1
s 20436 6
Therefore,

converges by the Integral Test.

nd + 64
n=1
Let 5
4z
fx) = 28 + 64

For x > 1, f is continuous and positive. Also,

_ 122%(a® +64) — 32210 427(192 — 529)

f@) (a® + 64)2

If z > 2, then 28 > 256, so

(28 4 64)2

192 — 528 < 192 — 1280 < 0.

Thus
f(z) <0 for x > 2

So f is eventually decreasing, and the Integral Test applies.

Now compute:

© Y 3 t 4 3
/ % dxr = lim / A
2 A + 64 t—o00 ) $8 + 64

Let
u =z du = 423 dx.
Then .
bo4a | 1 u
o= [ du= Stan ! (5)
/2x8+64 * /16 w264 T8\
So ¢ 3 4
4z 1 t 1
dr = -tan ' — ) — = tan"1(2
/2x8+64 To g (8) g tan ™ (2)
Ast — oo,
tan™? ﬁ —>E
8 2
Hence - 5
4z 1 /7 1
— (T _tan~ 2).
/2 25 + 64 8(2 an~(2)
Therefore,
= 4nd
Z118—1-64

converges by the Integral Test.
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