311.2 Practice Problems

True/False. Justify your answer or give a counterexample.

1. If Y a, diverges, then a,, must approach infinity.

Solution: False. Counterexample: a, = (—1)" does not approach infinity, yet the
series diverges.

2. If lim,, o a,, = 0, then > a, converges.

1
Solution: False. Counterexample: a,, = —
n

3. If |r| < 1, the geometric series ), ar™ converges to 2.

ar
Solution: False. The series converges to 1




Determine if the series converges or diverges. If it converges, find the limit.

L Znn+2

n=1

Solution: First, use partial fraction decomposition:

1 A B

n(n+2) n+n—|—2'

Multiplying both sides by n(n + 2), we obtain:

1 =A(n+2)+ Bn.

Thus, we rewrite the term:

112 12
nn+2) n  n+2

Now, consider the partial sum:

Expanding the sum:

111111 1
NTo\1 737271737 5 N N+2)/)

This is a telescoping series, where most terms cancel, leaving:

Ll 1 1
SN = = = — — .
N7 2 N+1 N+2
Taking the limit as N — oo,
1 1 13 3
li =—(14+=>- -.2=1
Neo N 2(+2 OO) 22 1

Thus, the sum converges to:
o0

3
nz:lnn+2 ’

Setting n = 0 gives 1 = 2A, so A = % Setting n = —2 gives 1 = —2B, so B = —3.

N =

Page 2




Solution: For a geometric series >~ ar”™, the sum converges if || < 1 and equals

2 Here,a=1and r=—21 so
T—r ) 29
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3.
; 4n? +1

Solution: As n — oo,
n? n? 1

m?+1 a2 4
Hence the terms do not go to 0; in fact, they behave like Ll; for large n. For a series
to converge, its terms must approach 0. Since they do not, the series diverges by the

Test for Divergence.

=5
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n=1

Solution: This is a geometric series with first term 2 (when n = 1) and common

>(3) -ty

n=1

|
ratio 5
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> ;( (n+1) 3171)

Solution: Split the series:

o0

=1
zjlnn%—l +;3_”

First part: Use partial fraction decomposition:

2 1 1
L — N .
n(n+1) n n+1

N 1 1
=) 2(=— .
=32 (5 i)

n

The partial sum is:

Expanding:
IV U SR B N 1
SNTA\1T272 737371 N N+1)°

This is a telescoping series where most terms cancel, leaving:

Taking the limit as N — oo,
]\}1_I>I(1>OSN:2(1—O):2.

Second part: The second sum is a geometric series:

1

n=1 3”
Using the formula for the sum of an infinite geometric series with first term a = %
and common ratio r = %:

Pl T =% 5
~3 -3 5 2
Adding the results:
5
24+ -=-
+ 2
Thus, the sum converges to:
i 2 L L1N\_5
nin+1) 3») 2

n=1
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6. Z(_l)nn i 1

n=1

Solution: For a series to converge, its terms must go to 0. Since ;25 — 1, the terms

do not approach 0. Therefore, the series diverges by the Test for Divergence.

Solution: This is a geometric series with a = 3 and ratio r = % Thus,

() -
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S IRy (5) -2 (G)

n=1

C(2\'_ 5 5
n=1 3 3
For the second: . ) )
S(3) -2r-i-3
“—~\3 -3 35 2
Hence, the overall sum is
1 3
2——=—.
2 2

So it converges and the sum is %
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