
Taylor Polynomials (Solutions)

For each function,

T4(x) = f(a) + f ′(a)(x− a) +
f ′′(a)

2!
(x− a)2 +

f ′′′(a)

3!
(x− a)3 +

f (4)(a)

4!
(x− a)4.

1. f(x) = x2ex, a = 0

f(x) = x2ex

f ′(x) = (2x+ x2)ex

f ′′(x) = (2 + 4x+ x2)ex

f ′′′(x) = (6 + 6x+ x2)ex

f (4)(x) = (12 + 8x+ x2)ex

f(0) = 0

f ′(0) = 0

f ′′(0) = 2

f ′′′(0) = 6

f (4)(0) = 12

T4(x) = 0 + 0x+
2

2!
x2 +

6

3!
x3 +

12

4!
x4 = x2 + x3 +

x4

2
.

2. f(x) =
1

1 + x2
, a = 1

f(x) = (1 + x2)−1

f ′(x) = − 2x

(1 + x2)2

f ′′(x) =
6x2 − 2

(1 + x2)3

f ′′′(x) =
24x(1− x2)

(1 + x2)4

f (4)(x) =
24(1− 10x2 + 5x4)

(1 + x2)5

f(1) =
1

2

f ′(1) = −1

2

f ′′(1) =
1

2
f ′′′(1) = 0

f (4)(1) = −3

T4(x) =
1

2
− 1

2
(x− 1) +

1/2

2!
(x− 1)2 +

0

3!
(x− 1)3 +

−3

4!
(x− 1)4.

T4(x) =
1

2
− 1

2
(x− 1) +

1

4
(x− 1)2 − 1

8
(x− 1)4.

3. f(x) = cos(x2), a = 0

f(x) = cos(x2)

f ′(x) = −2x sin(x2)

f ′′(x) = −2 sin(x2)− 4x2 cos(x2)

f ′′′(x) = −12x cos(x2) + 8x3 sin(x2)

f (4)(x) = −12 cos(x2) + 48x2 sin(x2) + 16x4 cos(x2)

f(0) = 1

f ′(0) = 0

f ′′(0) = 0

f ′′′(0) = 0

f (4)(0) = −12

T4(x) = 1 + 0x+
0

2!
x2 +

0

3!
x3 +

−12

4!
x4 = 1− x4

2
.
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4. f(x) = sin(2x), a =
π

4

f(x) = sin(2x)

f ′(x) = 2 cos(2x)

f ′′(x) = −4 sin(2x)

f ′′′(x) = −8 cos(2x)

f (4)(x) = 16 sin(2x)

f
(π
4

)
= 1

f ′
(π
4

)
= 0

f ′′
(π
4

)
= −4

f ′′′
(π
4

)
= 0

f (4)
(π
4

)
= 16

T4(x) = 1 + 0
(
x− π

4

)
+

−4

2!

(
x− π

4

)2
+

0

3!

(
x− π

4

)3
+

16

4!

(
x− π

4

)4
.

T4(x) = 1− 2
(
x− π

4

)2
+

2

3

(
x− π

4

)4
.

5. f(x) = ln(1 + 2x), a = 0

f(x) = ln(1 + 2x)

f ′(x) =
2

1 + 2x

f ′′(x) = − 4

(1 + 2x)2

f ′′′(x) =
16

(1 + 2x)3

f (4)(x) = − 96

(1 + 2x)4

f(0) = 0

f ′(0) = 2

f ′′(0) = −4

f ′′′(0) = 16

f (4)(0) = −96

T4(x) = 0 + 2x+
−4

2!
x2 +

16

3!
x3 +

−96

4!
x4 = 2x− 2x2 +

8

3
x3 − 4x4.

6. f(x) = tan−1(x), a = 0

f(x) = tan−1(x)

f ′(x) =
1

1 + x2

f ′′(x) = − 2x

(1 + x2)2

f ′′′(x) =
6x2 − 2

(1 + x2)3

f (4)(x) =
24x(1− x2)

(1 + x2)4

f(0) = 0

f ′(0) = 1

f ′′(0) = 0

f ′′′(0) = −2

f (4)(0) = 0

T4(x) = 0 + x+
0

2!
x2 +

−2

3!
x3 +

0

4!
x4 = x− x3

3
.
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7. f(x) =
x

1− x
, a = 0

f(x) =
x

1− x

f ′(x) =
1

(1− x)2

f ′′(x) =
2

(1− x)3

f ′′′(x) =
6

(1− x)4

f (4)(x) =
24

(1− x)5

f(0) = 0

f ′(0) = 1

f ′′(0) = 2

f ′′′(0) = 6

f (4)(0) = 24

T4(x) = 0 + x+
2

2!
x2 +

6

3!
x3 +

24

4!
x4 = x+ x2 + x3 + x4.

8. f(x) = ex
2
, a = 0

f(x) = ex
2

f ′(x) = 2xex
2

f ′′(x) = (2 + 4x2)ex
2

f ′′′(x) = (12x+ 8x3)ex
2

f (4)(x) = (12 + 48x2 + 16x4)ex
2

f(0) = 1

f ′(0) = 0

f ′′(0) = 2

f ′′′(0) = 0

f (4)(0) = 12

T4(x) = 1 + 0x+
2

2!
x2 +

0

3!
x3 +

12

4!
x4 = 1 + x2 +

x4

2
.

9. f(x) =
1√
1− x

, a = 0

f(x) = (1− x)−1/2

f ′(x) =
1

2
(1− x)−3/2

f ′′(x) =
3

4
(1− x)−5/2

f ′′′(x) =
15

8
(1− x)−7/2

f (4)(x) =
105

16
(1− x)−9/2

f(0) = 1

f ′(0) =
1

2

f ′′(0) =
3

4

f ′′′(0) =
15

8

f (4)(0) =
105

16

T4(x) = 1 +
1

2
x+

3/4

2!
x2 +

15/8

3!
x3 +

105/16

4!
x4.

T4(x) = 1 +
1

2
x+

3

8
x2 +

5

16
x3 +

35

128
x4.
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