
11.10 Taylor and Maclaurin Polynomials

Taylor polynomials approximate functions locally using finite-degree polynomials. They simplify
functions and approximate their behavior near a point. They match a function’s value and deriva-
tives at a given point, making them invaluable in physics, engineering, and numerical computation.

Definition. The Taylor polynomial of degree n for a function f(x) centered at a is given
by:

Pn(x) = f(a) + f →(a)(x→ a) +
f →→(a)

2!
(x→ a)2 + · · ·+ f (n)(a)

n!
(x→ a)n.

If the Taylor polynomial is centered at a = 0, it is called a Maclaurin polynomial:

Pn(x) = f(0) + f →(0)x+
f →→(0)

2!
x2 + · · ·+ f (n)(0)

n!
xn.

Example. Prove that the nth degree Taylor polynomial Pn(x) of a function f(x), centered at a,
has the same value and the same derivatives, up to order n, as f(x) at x = a.

• Step 1: Let k ↑ n. Compute the k-th derivative of the Taylor polynomial.

• Step 2: Evaluate the k-th derivative at x = a.
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&
key idea

Calso
, why we need factorials)

Terms with degree less than I will vanish . What remains is :

((x)=(a) · K ! + "terms with (x-a) in thea

At X= a
,

all terms involving (X-a) vanish. Thus

pc(x) = f()(a)



Example. Compute the 4th-degree Taylor polynomial for f(x) = ex centered at a = 0. Graph
f(x) = ex and its 1st-, 2nd- and 3rd-degree Taylor polynomials to observe local accuracy near
a = 0.

→2 →1.5 →1 →0.5 0.5 1 1.5 2

2

4

6

x

y
f(x)
P1(x)
P2(x)
P3(x)
P4(x)

2

* You did this yesterday on the activity .

① Py(x) = f(0) + f'(d)x +=

② f(x) = eY f(d) =1 Py(x) = 1 + x+
f'(x) = eX f'(0) = 1

f"(x) = eX = f"(0) = 1 Py(x) = 1 + x+
f'"(x) = 24 f' (0) = 1

f()(x) = eX f()(0) = 1

ex
↑ (x) = 1+ x+
Pz(x) = 1+ x+
P2(x) = 1+ x + 1

P
,
(x) = 1 + x



Example. Find the 3rd-degree Taylor polynomial for f(x) = sin(x), centered at a = 0.
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① Pg(x) = f(d) + f'(d)X+

② f(x) = sin(x) f(0) = Sin(o) = 0

f'(x) = cos(x) E f'(0) = cos(o) = 1

f"(x) = - Sin(X) f"() = - Sin(o) = 0

f"(x) = - cos(X) f" (o) = - cos(o) = - 1

③ P(x) = o + x + qx - -x

Py(x) = X-



Example. Find the 3rd-degree Taylor polynomial for f(x) = 1
x , centered at a = 2.
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0 Py(x) = f(z) + f'(z)(X- 2) + =(x -2) + E (-2)

② f(x) = Y = x
+ f(z) = t

f'(x) = - x
2

= => f(z) = -i

f"(x) = 2x
3
= = f"(z) = E = 4

f(x) = - 6x
-"

= - 8(2) =E =7

③ Pz(x) = 2 - Y(x -2)+ (x-2)- (x-2

P3(x) = E - f(x -2) + j(x-2) - +(x - 2)3



Example. Find the 3rd-degree Taylor polynomial for f(x) = arctan(x) centered at a = 0.
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& Py(x) = f(0) + f(d)x+
② f(x) = arcton(x)

f(x)=x2 = (+xz)
-

f"(x) = - (+ xi)
-

2.2x=

F" '(x) = (1+xz2 . (-2) - (-2x) . 2(1+xz) - 2x
=

-2(+xz) + 8x2
=

6x- 2

(1+x2)Y (1+ x2)3 (1+ xz)3

↓

f(0) = 0

f'(d)=o

= 1
③ Py(x) = o + x+ 2

-"(0)= = 0

Py(x) = X - 5x3
f"(0) =G



Example. Find the 3rd-degree Taylor polynomial for f(x) = ln(1 + x) centered at a = 1.
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