10.3 Polar Coordinates

Definition. The polar coordinate system is defined by:

e A point called the pole (or origin), denoted by O.

e A ray starting from O, called the polar axis, usually drawn horizontally to the right

P(r,0) (r, 0)

0 L0

polar axis x (=7, 0)

e A point P in the plane is represented by the ordered pair (r,6), where:

o r is the distance from O to P.
o @ is the angle (in radians) between the polar axis and the line OP.

e An angle is positive if measured counterclockwise and negative if measured clockwise

e If r < 0, the point (r,0) lies on the opposite side of the pole, at the same distance |r|

Example. Plot the points with the following polar coordinates:

a) (1, %) (b) (2,3m)
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Remark. In the Cartesian coordinate system every point has only one representation, but in the
polar coordinate system each point has many representations. For instance, the point (1,57 /4)

could be written as (1, —3n/4) or (1,137/4) or (—1,7/4).

/L
Sm ; N o Bz 4
o A J o o
! 37 ! 4
T4 '
(1.%) (1.-%) )

(15 (-1.%)

Theorem. The relationship between polar and Cartesian coordinates is given by:
n
Y = rsd
P(r,0)=P(x,y)
j = rsin®
r
y r=J x 31.
\ ¢ tan® = 3
0] X X X

Example. Convert the point (2, §) from polar to Cartesian coordinates.

X = f‘c°se=2cos(1§)=2--';_=l PN
(1,33)
= in = in _ 2
y = 9 = 25 (I - 2-%:5’3 s
) x
The Corkesian covrdinates are (1,J3) J




Example. Convert the Cartesian point (—1, —v/3) to polar coordinates.
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Definition. The graph of a polar equation r = f(), or more generally F(r,0) = 0, consists
of all points P that have at least one polar representation (r,6) whose coordinates satisfy
the equation.

Example. What curve is represented by the polar equation r = 27

The curve  Comists ofF 4l points (r,0) with r=2
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Example. Sketch the polar curve § = 1.

—nle. cuve  Convsts of  all ro)\(v\'s (r,9) whee e ro]ﬂf M,jh s ( vadian
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Example. Sketch the curve r = 2 cos and convert it to a Cartesian equation.

o r = 2cos 0 (@,%
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o (5,2)
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From  n= reosh, we have .3:: = o059

= 230 = v=22 2 ¢r'z2x S x7’+~3"=2x
COM{ﬂeHnS‘WL squre, X — 2% +9*=0 = 22 2x 41 #90=

= <X-\)L+ ‘jl = | a cidkle centered at (),0) with @adius 1.
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Example. Sketch the curve » =1 + sin 6.

i F= 1+sin0
e In Cartesian coordinates, graph the behavior of 14
r for 0 <0 < 2.
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e Analyze the behavior of r for 0 < 6 < /2.
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e Analyze the behavior of r for /2 < 0 < .
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e Analyze the behavior of r for 7 < 6 < 37w/2.
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e Analyze the behavior of r for 37/2 < 6 < 27.
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Example. Sketch the curve r = cos 26.

e Sketch r = cos 26 for 6 € [0, 27]. This helps us visualize the values of r as 6 varies.
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e Analyze the value of r for varying values of 6.

0<B<T T<O<T I<@<i i <@<
€ decreasey from ¢ decrases from € Nereases ¢ increses
Quadrmt | Quadrmk 3 Quadant Y Quadmnt 2

e The resulting curve will have four loops, forming a four-leaved rose.




Common Polar Curves

Circles and Spiral

(1IN
1/

four-leaved rose

three-leaved rose

eight-leaved rose

r=a r=asin 0 r=acos 0 r=af

circle circle circle spiral
Limagons
r=a=* bsinb
r=a=* bcosb
(@>0,b>0)
Orientation depends on \_/
the trigonometric func-
tion (sine or cosine) and a<b a=b a>b a=2b
the sign of b limagon with cardioid dimpled convex

inner loop limagon limagon
Roses
r = a sin nf
r = acos nf
n-leaved if n is odd
2n-leaved if n is even
r=acos 26 r=acos 36 r=acos 46 r=acos 56

five-leaved rose

Lemniscates

Figure-eight-shaped
curves

C

r’=a’sin 20

lemniscate

r?=a’cos 26
lemniscate




