
10.2 Calculus with Parametric Curves

Theorem. Let x = f(t) and y = g(t) be a parametric curve, where f and g are di↵erentiable
functions of t. If y is a di↵erentiable function of x, the derivative dy

dx is given by

dy

dx
=

dy
dt
dx
dt

, provided that
dx

dt
6= 0.

Proof.

Example. A curve C is defined by the parametric equations x = t2, y = t3 � 3t.

(a) Show that C has two tangents at the point (3, 0) and find their equations.

(b) Find the points on C where the tangent is horizontal or vertical.
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By the chain rule
, dydy

If O, then Dy = dyd

(a) Findand

& = It anddy =3

Hence

= dydt = 3
If X = 3

,
then 3 =t t = = B
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If t = B :

3= We are

Y at the
The tangent line is y-o= (X-3) point (3

,
0)

If t = -5

&3 ↓
The target line is y -0 =

-Tb(X - 3)

(b) Horizontal fungents occur wheny =0 dyldt =

and dx/d+ + 0.

= -3 =0 t=

If t = 1
,

X = 1 = 1

3 Plug t back

y = 13- 3(1) = - 2 into the parametric equations
to get the point (X,7)

Point : (1
,
-2)

If + = - b
, X = ( - 12 = 1

y = (
- 1)3 - 3(- 1) = 2

Point : (1 , 2)

Vertical targets occur when dx/dt = 0

2t = 0 = t = 0

Ef t = 0
,

X = 0 = 0 and y
= 0- 3(0) = 0

Point : (0,0



Example.

(a) Find the tangent to the cycloid x = r(✓� sin ✓), y = r(1� cos ✓) at the point where ✓ = ⇡/3.

(b) At what points is the tangent horizontal? When is it vertical?
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Sing(a)dydeldoUsi
.
- I-cost

for I-cost 0

When 8=3,

Sin
the part corresponding to D =T3 is

X = v (i3 - sinits) = r) +/z - 55(z)

y = r(l - cosT(z) = r(1 - (2)=

y
- z = 5(X - v(π(3 -5(z)
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(b) Horizontal tangents occur wheny =0 , which
dy/do dx/d8

happens when Sing = 0 and I-cossO

Sing = 0 E 0 = 0
,
i
,
2, ... - O = nT for integers n

cost + 1 rules out even multiples of it

O = (2n-1) i for integers n [oddmultiple
The corresponding points are

x = r((2n -D - Sin((2) = (mb.

y
=

r(l-) = 2

((2n-Dir
,
zr)


