
7.7 Approximate Integration

When we cannot find an exact antiderivative, or when we only have data from a graph or table, we

estimate ∫ b

a
f(x) dx

by adding up simple geometric areas. For each method, the subintervals are uniform. That is,

a = x0, b = xn, and

!x =
b→ a

n
.

Left–endpoint approximation

· · ·

x0 x1 x2 xn→1 xn

Right–endpoint approximation

· · ·

x0 x1 x2 xn→1 xn

Midpoint approximation

· · ·

x1 x2 xn

Trapezoidal approximation

· · ·

x0 x1 x2 xn→1 xn

Ax =ba

(n = f(x) (x + f(x
,)Sx + ... + f(xn-1AX &

n
= f(x ,)xX + f(xz)DX + .. . + f(x)SX

= Ax [f(x) + f(x,
) + ... + f(xn- 1)] = Dx [f(xi) + f(xz) + .. . + f(x)]

Mn = f(x)AX + f(x2)AX+... + f(*n)AX Tn = f(xtf(x . Ax +
f(xD
+
f(x)

. Ax + ... +

f(xn-1) + f(xxx
2

= Ax [f(x) + f(x) +... + f ([n]] =* [f(x0) + 2f(x
,) + .. . + 2f(xn-1) + f(xn)]

= [hn + Pn]



Example. Let I =

∫ 4

0
f(x) dx, where f is the increasing, concave down function shown below.
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Find L2, R2, M2, and T2.

⑧

i / Tz

-

1x = 2= = 2

↳ = 2 . (1 + 15) = 32

R2 = 2 . (15 + 21) = 72

M
z

= 2 . (9 + 19) = 56

T2 = E ((2 +Rz) = = (32 + 7x) = 52



Example. Ln, for n = 2.

When f(x) is , Ln is an overestimate.

When f(x) is , Ln is an underestimate.

Example. Rn, for n = 2.

When f(x) is , Rn is an overestimate.

When f(x) is , Rn is an underestimate.

Example. Tn, for n = 2.

When f(x) is , Tn is an overestimate.

When f(x) is , Tn is an underestimate.

↳
decreasing

increasing

#
increasing

decreasing

LL i
concraen



Example. Mn, with n = 2. By rotating the top of the rectangles of a Midpoint approximation,

we can draw them as trapezoids.

When f(x) is , Mn is an overestimate.

When f(x) is , Mn is an underestimate.

Example. For f(x) shown below, put Ln, Rn, Mn, Tn and

∫ b

a
f(x) dx in order from smallest to

largest.

a b

< < < <

· I
↓ ·

Concave down Think about where

concave up 3 the tangent line is

D

key observation :

Mr
,
In

,
and Sf(x)dx

are always between

In and Rn

In Mr Cfxdx Tn Rn

& Since f is increasings (n > Sf(xdx > En

② Sincef is concave up, Mr < /Pf(x)dx < Tn



Summary of Orderings

Case Graph Order

Increasing,

Concave Up

Ln < Mn <
∫
f(x)dx < Tn < Rn

Increasing,

Concave Down

Ln < Tn <
∫
f(x)dx < Mn < Rn

Decreasing,

Concave Up

Rn < Mn <
∫
f(x)dx < Tn < Ln

Decreasing,

Concave Down

Rn < Tn <
∫
f(x)dx < Mn < Ln

1. Use increasing/decreasing to order Ln and Rn.

f increasing =↑ Ln < Rn,

f decreasing =↑ Rn < Ln.

2. Use concavity to place the integral between Mn and Tn.

f concave up =↑ Mn <

∫ b

a
f(x) dx < Tn,

f concave down =↑ Tn <

∫ b

a
f(x) dx < Mn.

Since Mn and Tn are both between Ln and Rn, combine the inequalities to order all five

quantities from smallest to largest.



Example. Suppose f is decreasing and concave up on [0, 2]. Four approximations were used to

estimate

∫ 2

0
f(x) dx. The estimates were 6, 8, 9, and 12, and the same value of n was used for all

four rules.
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Which estimate came from Ln, Rn, Mn, and Tn? Between which two approximations does the true

value of the integral lie?

Decreasing : Rn > In

Concave up : Mn < Tn

Pn
>

Mr
,
Sofidx, Tn

E
In

11 Il 1

Y g 9 12

Therefore
,
8 < jf(x)dx < 9.



Theorem. Suppose |f ↑↑
(x)| ↓ k for a ↓ x ↓ b. If ET and EM are the errors in the trapezoidal

and midpoint approximations, then

|ET | ↓
k(b→ a)3

12n2
and |EM | ↓ k(b→ a)3

24n2

Example. If we use the trapezoidal approximation with n = 10 to estimate

∫ 3

1
x3 dx, how accurate

are we guaranteed to be?

Example. If we use the midpoint approximation with n = 20 to estimate

∫ 1

0
sin(2x) dx, how

accurate are we guaranteed to be?

Example. How large should n be to guarantee that using Tn to estimate

∫ 1

0
e→3x dx gives an error

no larger than .001?

· f(x) = X 3
,
f(x) = 3x2

,
f"(x) = 6X

· On [1 , 3]
,
If "(x))-18 Since f"(x) is increasing (max, at right endpoint)

· so
, IE+

1 <
18 · (3-13
= = 0

. 1

12 . 102

(We are within 0 . 12 of the tre value !)

· f(x) = sin(2x)
,
f'(x) = 2cos(X]

,
f"(x) = -4sin(2x)

· On [0, 1]
,
If"(x71 < 1-4 sin(x))4 Since /sin(x)"I

· So
,
(Eml441-03 =to

24 . 202 (We are within 0, 00042 of the tre value !)

· f(x) = e -
3x

,

f(x) = -3
34

,

f"(x) = 92
3x

· On [0 , 17
,
f"(x) is largest at the left endpoint since 9e3x is

decreasing- If"(x)) 9

· Solve (ET) 10001=000
= 790 - n Eso = 27 . 4

n= 28



Example. Consider the following table of values.

x 0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

f(x) 2 3 4 6 7 9 10 10 11

(a) Use the midpoint rule with n = 4 to estimate

∫ 4

0
f(x) dx.

(b) Suppose that →2 ↓ f ↑↑
(x) ↓ 3 for all x in [0, 4]. Use the midpoint error bound to estimate

the error.

Assign IEm) -k(b
-a)3

24n2

midpoints

000 0

(a) Sx=a

=

My = 1 . (3+ 6 + 9 + 10) = 28

(b) /Em)xK.lba
R

=3

(We can guarantee 27 .
5

./"f(x)dx28 .5)


