
7.3 Trigonometric Substitution

Trigonometric substitution is a way to evaluate integrals that involve square roots of quadratic
expressions. By substituting a trigonometric function for the variable x, the integral can be trans-
formed into a simpler form using the fundamental Pythagorean identities. This method is especially
useful when dealing with integrals of the following forms:

√
a2 → x2,

√
a2 + x2,

√
x2 → a2.

Common Substitutions

The table below summarizes the three standard trigonometric substitutions:

Expression Substitution Bounds for ω
↑
a2 → x2 x = a sin ω →ω

2 ↓ ω ↓ ω
2

↑
a2 + x2 x = a tan ω →ω

2 < ω < ω
2

↑
x2 → a2 x = a sec ω 0 ↓ ω < ω

2 or ε ↓ ω < 3ω
2

Geometric Interpretation

Each substitution corresponds to the sides of a right triangle:

ω

Substitution: x = a sin ω

ω

Substitution: x = a tan ω

ω

Substitution: x = a sec ω

Steps for Using Trigonometric Substitution

1. Identify the form of the square root and the corresponding substitution from the table.

2. Replace x with the chosen trigonometric expression (e.g., x = a sin ω) and compute dx.

3. Simplify the square root using the trigonometric identity.

4. Rewrite the integral in terms of ω and solve.

5. If the integral is indefinite, return to the original variable x using the inverse trigono-
metric function or a reference triangle.
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Think : "How can I make the expression the side of a triangle ?
"



Example. Evaluate

∫ ↑
9→ x2

x2
dx.

2

·
② Let X = 3sind (***) .

Then dx = 3cose do

③ From the triangle,
cost= Nex = 3coso

① Jdx =S .
scosado =/

=Scoto do

cotto = cso -1 [
= /c550-1 do

= Secodo-(I do

== coto - 0 + C

⑤ From the triangle :

· cotO=d=
· sind== 0 = sin()

Final Answer : - -
sint((g) + C



Example. Evaluate

∫
1

x2
↑
x2 + 4

dx.

3

·

in
2

② Let X = 2 tand (- < Oc) .

Then dx = 2 seco do

③ From the triangle,
cost=== Zoe

④ I Catmo . 2 seco

·
Isecodo = I see

e
a

=Ido
=

= i)
U = Sind S
du= coso do =I i du

= + c

u = SinO S
= Tho + C

⑤ From the triangle ,
sino= -. + C



Example. Find

∫
x↑

x2 + 4
dx.

Remark. This example illustrates that even when trigonometric substitutions are possible, they
may not always be the simplest approach. Direct substitution is often more e!cient, so it is
important to consider all options before proceeding.

4

We cold use the trig sub X = 2 tano

The direct substitution u =X"+ 4 and du = 2xdx is simpler .

=> du = M + cI
=+ y + c



Example. Evaluate

∫
1↑

x2 → 5
dx.

5

Q : What if you didn't have a perfect square?

①

"
S

② Let x = Es seco . Then dx = Essecotec do.



Example. Find

∫ 3
→
3/2

0

x3

(4x2 + 9)3/2
dx.

6

In this example ,
we have :

· A definite integral
· An exponent of 312

· A "4x2"

Let u = 2 x. Then du = 2 dx

Bounds : when X = 0
, u = 0

.

When x= u = 35

u= 35 (z)3
= S ( du

n= 0
(n2 + 91312

· Edu = + 35
·Ina(3

①+ 9
② Let u = Stand (-Thc0 < +(2)

U du = 3seido

(0

3

③ From the tringle ,

coso===3

④ When n = 0
,
Stand = 0 -> tano = 0 => O = fant (0) = 0

When U = 353
,

3 tmo = 353 -> tano= = 0 = tan" (5) =

8 = π/z

35 du=
(stand

.
3 seco do( (3seco

·Ina(3

=
To S

&

Cost =sina
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Let v = cost =so sina

↓v = -sin O do

when 0 = 0
,

v = /

O = Tz
,

v = 1/2
=-

= - 12

=- ) - -r]

= [( -2 - 2) - 5 - 1 - 1)

=


