7.2 'Trigonometric Integrals
Integrals of Powers of Sine and Cosine

We begin with integrals built from powers of sine and cosine:
/ sin™ 2 cos" x dx.

These problems are u-substitution problems disguised with trigonometry. Our strategy is to pull
out a derivative du, then use trig identities to rewrite the leftover factors in terms of the chosen .

/ sin”™ x cos™ x dx

— ™~

Can you pull out a
factor of sinx dz?

Can you pull out a
factor of cosx dz?

yes yes

4 A 4 A

Use Use

u = sinzx, du = cosx dx. U = COS X, du = —sinzx dzx.
Try to rewrite the remaining cosine Try to rewrite the remaining sine fac-
factors using tors using
cos?z =1 —sin’ . sin?z =1 — cos? .

(. J (. J

If neither substitution works cleanly, use power-reduction identities:
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sin?g = L7008Q0) e +C(2>S<fv>
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Then simplify and integrate term-by-term. Useful identity:

sinz cosz = 3 sin(2x).



Example. Find / sin® z cos? z dz.



Example. Find / sin? z dz.



Integrals of Powers of Secant and Tangent

Now we consider integrals built from powers of tangent and secant:
/ tan™ x sec” x dzx.

Once again, our strategy is to pull out a derivative du, then use trig identities to rewrite the leftover
factors in terms of the chosen u. The key derivatives are

— (tanz) = sec? z, d—(sec x) = secztan.

dr T

/tanm z sec” xdx

— ™~

Can you pull out a
factor of secx tan x dx?

Can you pull out a
factor of sec? x dz?

yes yes

4 A 4 A

Use Use

u = tan x, du = sec? z dz. u = secz, du = secx tan x dx.
Try to rewrite the remaining secant Try to rewrite the remaining tangent
factors using factors using
sec?z =1+ tan® . tan? 2 = sec® z — 1.

(. J (. J

If neither substitution works cleanly, try to rewrite in terms of sinz and cosx

sinx 1
tanz = , secr = ,
cos T cos T

then try w = sinx or u = cosz. Alternatively, convert everything to secx and use integration by
parts.



Example. Evaluate [ tan®zsec? zdx.



Example. Find [ tan’fsec’ 0 df.



Remark. In some cases, the guidelines for integrating powers of tan x and sec x are not as straight-
forward. We may need to use trigonometric identities, integration by parts, or creative problem-
solving techniques. Two important integrals to remember for these cases are:

/tanmda: =In|secz|+C

and
/secxdm =In|secz + tanz| + C.

Example. Find [ tan®x dz.



Example. Find [ sec® z dx.
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